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ON ENTIRE FUNCTIONS DEFINED BY A DIRICHLET SERIES.* 


By S. Manpetsrost and J. J. GERGEN.+ 


1. Introduction. It is a well-known fact that there corresponds to every 
integral transcendental function f(z) at least one ray L, issuing from the 
origin, such that in every angle, with vertex at the origin, containing L, 
f(z) assumes each value, with possibly one exception.{ Moreover, that there 
are certain analogies between these half-lines, which are ordinarily called the 
“lines of Julia,” or “lines J,” of f(z), and the singularities of a non-integral 
function has been pointed out by Bloch § and concretely demonstrated by 
several authors. Biernacki{] has proved that if f(z) is an entire function 
of non-zero order, at least one of its lines J is also a line J with regard 
to all the derivatives and integrals of f(z). Gontcharoff || has shown that 
if # is an arbitrary closed set of half-lines issuing from the origin, then 
there exist entire functions of order p = 1/2 whose lines J coincide with E, 
and entire functions of order p > 1/2 whose lines J coincide with the subset 
of F situated in the angle with vertex at the origin and opening equal to 
the larger of the two numbers z/p, 2r—7/p. Finally, Polya has found 
analogues to several of the theorems on the singularities of a function defined 
by a lacunary Taylor series. In particular, he established recently the second 
of the two related propositions: 


*A résumé of the theorems contained in this paper was published in a note, 
“Sur les fonctions définies par une série de Dirichlet,” in Comptes Rendus des Séances 
de VAcadémie des Sciences, Vol. 189 (1929), pp. 1057-1059. 

+ National Research Fellow. 

¢ This proposition is due to Julia. A proof may be found in Montel, Legons sur 
les familles normales de fonctions analytiques, Paris (1927), pp. 81-85. Hereafter we 
shall refer to this book by the letter M. 

§ Bloch, “Les fonctions holomorphes et méromorphes dans le cercle-unité,” 
Mémorial des Sciences Mathématiques, Paris (1926), p. 15. 

{| Biernacki, “Sur les droites de Julia des fonctions entiéres,” Comptes Rendus 
des Séances de lV’ Académie des Sciences, Vol. 186 (1928), pp. 1260-1262 and pp. 1410- 
1412. See also Biernacki, “Sur la theorie des fonctions entiéres,” Bulletin de V’Acadé- 
mie Polonaise des Sciences et des Lettres, Série A (1929), p. 529. 

|| Gontcharoff, “ Sur les fonctions entiéres et les droits de Julia,” Comptes Rendus 
des Séances de V Académie des Sciences, Vol. 185 (1927), pp. 1100-1102. 
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S. MANDELBROJT AND J. J. GERGEN. 


THEOREM A.* If the maximum density ¢ of the non-vanishing coeffi- 
cients of a power series 


re > by, 2", 


with unit radius of convergence, is equal to A, then, on every arc of the unit 
circle of length 2rA, y(z) has at least one singular point. 


THEOREM B.{ If the maximum density of the non-vanishing coefficients 
"of an entire function 


co 
¥(2)—= 


of infinite order, is equal to A, then, in every angle with vertex at the origin 
and opening 2rA, W(z) has a line J. 


Theorem A has, of course, been generalized to Dirichlet series,§ 


co 
(1) f(s)—= (s =o + it) 
n=0 
=Ny lim An =o; ay, ~ 0, n> 0. 
n=00 


In particular, it has been shown { that, if 


lim (Ans or An) = G > 0 
n=00 


*This proposition is Pélya’s generalization of a theorem by Fabry. Fabry’s 
original theorem may be found in his paper “Sur les séries de Taylor qui ont une 
infinité de points singuliers,” Acta Mathematica, Vol. 22 (1898), on p. 86. For refer- 
ences to Pélya’s generalization and related theorems, see Pélya’s paper ‘‘ Untersuchungen 
iiber Liicken und Singularitaéten von Potenzreihen,” Mathematische Zeitschrift, Vol. 29 
(1929), p. 626. 

+ That is, if 

lim lim [{N (r)— N (ré) }/(r—ré)] =4, 
€=1-0 r=00 
where W(r) is the number of \,’s not greater than r. Cf. Pélya, loc. cit., p. 559. 

t Cf. Pélya, loc. cit., p. 626. 

§ The condition that ay be different from zero for n different from zero is 
imposed for purposes of exposition. It involves no loss of generality except in 
Theorem VI. 

{ This is a particular case of a theorem of Pélya. For references to this and 
related theorems see Valiron, “Théorie générale des séries de Dirichlet,’ Mémorial 
des Sciences Mathématiques, Paris (1926), pp. 21-25. V. Bernstein has recently obtained 
some results in the same order of ideas. “Sur les points singuliers des fonctions 
representées par des séries de Dirichlet,” Comptes Rendus des Séances de V Académie 
des Sciences, Vol. 188 (1929), p. 539. 
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FUNCTIONS DEFINED BY A DIRICHLET SERIES. 3 


and the axis ¢ of convergence of (1) is finite, then f(s) has at least one 
singular point on every segment of ¢ of length 27/G. 

Theorem B has as yet, however, never been generalized to these series; 
and it is in part the purpose of this paper to consider this problem. With 
this in mind the lines of interest are clearly horizontal lines parallel to the 
axis of reals, and the regions some horizontal strips. Rather, however, than 
confine our attention to regions in which the function in question assumes 
each value, save possibly one, only once, we shall consider those in which it 
assumes each value, with the possible exception, infinitely many times. Since 
the chief weapon in the analysis is the theory of normal families this makes 
no appreciable difference in the proofs. Our propositions are concerned with 


lines J and J , defined as follows: 


Definition. A line L, parallel to the axis of reals, is a line J of the 
function f(s) af, in every horizontal strip containing L, f(s) assumes each 
value, with possibly one exception, infinitely many times. 


Definition. A ray L, issuing from the origin, is a half-line J, of f(s) 
if, in every angle, with vertex at the origin, containing L, f(s) assumes each 
value, with possibly one exception, infinitely many times. 

Theorems I to IV of Section 2 are on the lines J of the series (1). 
In Theorem II we obtain an analogue of the above mentioned theorem on 
the singularities of (1). In Theorem III we suppose that the An’s are integers 
and obtain a generalization of Pdlya’s result B, weakening the condition on 
the order of f(s). We employ in the proof a lemma of Pélya. The theorems 
of Section 3 are on the lines J; of the series (1). 


2.1. The Lines J. TuroremM I. Suppose that the series (1) is every- 
where (absolutely *) convergent and that lim (An/n)=G>0. Then, tf 
n=CO 
T, |t—t|S2/G, be any horizontal strip of width 2x/G, either f(s) has 
a line J in T, or else 
lim f(Sm)e%#" | = 0 
m=CO 


for every u and every sequence of points {8m om + ttm} such that 


(2) lim om=— ©, lim | tm—t|<7/G@. 
m=Co 
The proof depends partly upon certain results found in the theory of 
normal families and partly upon the following lemma: 


*It is known that for series of this type the axis of simple convergence coincides 
with the axis, of absolute convergence. Cf. Valiron, loc. cit., p. 3. 
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Lemma. If 0< A, and lim (An/n)=G>0, then 


co 
95(z)= DS z IT’ (1 — 22/An?) (nj), 7=1,2,-°° 


m=0 


is entire, and for every positive number « 
(3) (2m +1)!| CHome | S Ai(e) + €)/G}2™1, 


where A; (e) is independent of m and j. 
That g;(z) is entire is well known. Let then mo be chosen so large that 


An = nG/(1 + €) 
for n = mo, and let 


A2(e)= {mo(Ar +1) (G+ 1)/Ar}. 


We have for any product A= Of distinct An’s 


(4) * * Mm = Kiko: km{G/(1 + €)}™. 
In fact, if each factor dx, is less than An,, 
(5) = Azkiks kemAr™ /No™ 


= Ackike: km{G/(1 + €) }m{A1/ (Go) 
ki ke km{G/(1 + «)}", 


whereas, if no factor is less than An,, 
(6) A= km{G/(1 + €)}", 


and (5) and (6) together show that (4) holds in general. 
Now ior m=1, 


ko=k,+1 Kkm=km-1+1 
ke=k,+1 Kkm=km-1+1 


+ €)/G}?"/(2m + 1) 1, 


the last relation being deduced from the identities 


mix Il (1+ 22/n2) = sin riz = 1 (wx) ?2™*1/(2m + 1) !. 
1 


m=0 


Accordingly, since 


(3) holds with A; = GA,?. 


— 
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2.2. Returning now to the proof of Theorem I, we consider the func- 


tions * 
co 
where the C‘om,1 are defined as above. From the inequalities 
(8) | | S2(2m + (0<r), 
s|sr 8| 2r 


we deduce that the series (7) converges uniformly in every closed region, 
and hence that ¢;(s) is entire. Moreover, denoting by F(s) the series 
co 
F(s)= > | an | 


n=0 
we have for c= 0 


| An (— An) | p2mtl | Qn | 
n=1 


n=1 
= | (0) | 


S(2m +1)! F(—r), 
so that in the series (7) it is permissible, when o = 0, to replace f?™*1(s) 


@) 
by its expansion S a,(— A,)2"*1e-"8 and to change the order of summation. 


If this is done, we get 


(9) $j (s) = — = ng j (An) = —ajgj (As) e™?, 


which, being valid for o = 0, is valid throughout the plane. 
From (9) it now follows that for every positive « 
(10) | | S As(e) maximum | f(z) | = A;N(s), 
|2-s| 


-8| =TeE 


where 7, =(z + «)/G, and Ag; is independent of j and s. In fact, 
| (s) | S(2m + 1)! {G/(m + «) (s), 


and so 
| | = | o5(s) | 
= =| | | (s) | 
< A,(x)N(s) (2x + 6) 
= A;(e)N(s), 
where = €/(2r +e). 


* Functions of this type have been used in similar circumstances by several authors. 
For references see Valiron, loc. cit., pp. 21-25. 


@) 
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With the aid of (10) we prove that, if for some w the function | f(s)s** | 
is bounded on a sequence of points {8m —om -+ ttm} satisfying (2), then, no 
matter how small the positive number e, the family of functions 


(11) fn(s) = f(s-— (n =0,1,2,° °°) 
is not normal * in the square Rf; 


|o| <(w+3e)/G, |t—t|] 3e)/G. 


This, of course, is sufficient to establish the theorem. For under these circum- 
stances there is at least one point in R; at which the family is not normal,t 
and thus, since ¢ is arbitrary, there is at least one point s’ =o’ + it’ in the 
square Ry 

|o|S2/G, |t—t|S7/G, 


at which it is not normal. Accordingly,{ in every horizontal strip containing 
the line ¢?, f(s) assumes each value, with one possible exception, in- 
finitely many times. Hence the line ¢ =?’ is a line # 

We observe firstly that, if | f(s)e"* | is bounded on some sequence of 
points satisfying (2), then |f(s)]| is bounded on a set of points 
{8m’ = om’ + ttm’} such that 
(12) lim om’ =—o, |t—t|<(a4+ 2)/G. 


In fact, if the contrary were true, we should have for all n sufficiently large, 
say n= mM, 
| fn(s) | >1 
for all s in the square R, 
|o| 2)/G, |t—t|S(r4+ 2)/G; 


and thus, by a theorem of Mandelbrojt,§ for all n =m, and s and z in the 
square R, 


it would follow that 
(13) log | fx(s) | Sap, log | fn(z) |, 


* For the definition of normality see M, p. 32. 

7M, p. 34. 

¢M, p. 61. Evidently the normality or non-normality of a sequence of functions 
is independent of any finite group of functions. 

§ Mandelbrojt, “Sur les suites de fonctions holomorphes,” Journal de Mathé- 
matiques (Liouville), Vol. 18 (1929), p. 176. 
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where @p, is independent of s, z and n. But, on the other hand, because of 
(10) and our assumption as to the boundedness of | f(s)e* | , we can choose 
a subsequence {fn,(s)} from the sequence (11), and two sets of points 
{z}, {zx’}, all contained in R,, such that 


lim log | | %, 
k=00 
0 < log | fn, (z’) | < 
where A, is independent of &. We thus have 
lim { (log | | | |} = 


which evidently contradicts (13). Hence the boundedness of | f(s)e%® | 
implies that of | f(s) | itself. 

To complete the proof we have then only to show that, if | f(s) | is 
bounded on a set of points satisfying (12), the family (11) is not normal 
in R;. For this we observe that under these conditions a subsequence 
{fn,(s)} can be chosen from the sequence (11), together with two sets of 
points {z.}, {zx’}, all contained in such that 


| fay (2x) | | fn (2x’) | = As, 


where A; is independent of &. It is then evident that the sequence {fn,(s) } 
cannot converge uniformly to a holomorphic function in R2, and that the se- 
quence { | fn,(s) | } cannot become infinite uniformly there. Thus the family 
{fn} is not normal in R;; and the theorem is proved. 

2.3. In our next theorem we employ the notion of order, as defined 
by Ritt,* of an entire function f(s) represented by an everywhere absolutely 
convergent Dirichlet series. This order, which we shall call the R-order of 
f(s), ts, by definition, the t 


lim {(—o)-1 logs M;(c)}, 
o=-00 


where My(c) is the least upper bound of | f(s) | on the vertical line with 
abscissa o. It is to be noted, firstly, that the R-order is a natural generaliza- 
tion of ordinary order, inasmuch as the R-order of the entire function 


* Ritt, “On Certain Points in the Theory of Dirichlet Series,” American Journal 
of Mathematics, Vol. 50 (1928), p. 77. 
+ By definition 


__ (log log A, A>l, 
log A=} 


| 

| 
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v(s)— 
is equivalent to the ordinary order of ¥,(z)—= y(—logz), and secondly that, 
as in the case of ordinary order, we have the fundamental theorem,* that 
the R-order of 
f(s)= 
n=0 
is p when and only when 


(14) lim {(An log An)~1 log | an | }} =—1/p, 
n=00 


this conclusion holding if the series is everywhere absolutely convergent and 


lim (An/log n) > 0. 


n=00 


This formula (14) is important for us. By means of it we are able to 
eliminate the second of the two possibilities of Theorem I. We prove 


2.4. THrorEM II. If the series (1) is everywhere (absolutely) con- 
vergent and lim (Ans — An) = G > 0, and if the R-order of f(s) is =p > 0, 


n=00 
then f(s) has a line J in every horizontal strip of width 2x/a, where « is the 


smaller of the two numbers 2p and G. 
The proof rests on the two following lemmas. 


Lemma 1. If 

Pasi — = G/2>0, (n=1,2,---), 
then, for 7 = 2, 
(15) G3 16mp,j? | 95 (mi) | = | 1 — pj?/pn? | (nj). 


We have, writing pj = (j + 7)G—nG, 


| 95 (oes) | / — 1) (1 — /p? 541) (4j2/pn? — 1) II (1 — 


n=j+2 


= jG/(j + 2)? I (u?/n? — 1) TL, (1 — p?/n?) 


= jG3/{uj?(j + 2)?} (n?/n? — 1) IL, (1. — fa*). 
Hence, if 1, 
| (ms) | = | sin wy | + — )}. 


* Ritt, loc. cit., p. 78. 
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Now 
| sin | = 
so that 
| (ms) | = + 2)8} > (16) 
and (15) holds for 0<y< 1. But gj;(z) is a continuous function of 2; 
hence (15) also holds for 7 = 0. 


Lemma 2. Let « be an arbitrary positive number, and T’, |t—#] 
S (a + 2e)/G, an arbitrary strip of width 2(a-+ 2)/G. Then under the 
hypotheses of Theorem II, 


lim log, M;(c, T’)} =p, 


ao=-0CO 


where M;(o,T’) is the maximum of | f(s) | on the segment of the vertical 
line of abscissa « contained in T’. 


We first choose a positive integer mn» so large that 


—An = (2a c)= 


when n= n,.—1, and then select a sequence of numbers py, po,* * * 
taining the sequence An, * and such that 

(16) S pn <(n+1)G,, — Pn = G4 /2 

for n=1,2,-:-. 


Now, writing 


h(s)= 
n=N,, 


gi(2)—= CHom (1 —22/pn?) (nj), 


m=0 n=1 


we have, as before, 
pj (s)= > COD omy (s) > AnJj (An) 
m=0 
and, in particular, if 7; denotes an integer such that pj, = An, this reduces to 


Pin(S) = — (Min) 


Hence, by Lemma 1, 
As(e) | Angrk | = Anosk” | 3, (Ss) | 


where A, is independent of s and &. But, by the lemma of Section 2.1, 


| | (2m +1)! OP ames (G/ (w+ 


\ 
9 
| 
| 
| 
| 
| 
| | 
| 
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S Ai(«)Na(s) = [2Ga + €)/{Gi (4 + (2x + 


oO 
Ao(e)Ni(s), 
where N;(s) is the maximum of | h(z) | on the circle | s—z | =(a + 2)/G, 
k =c/(2r-+) and Ag is independent of s and j. Accordingly, we have 
for n= np and all s 


(17) 0< A;z(e) | ane*® | S An? 


where A; is independent of s and 7. 
By employing this inequality, it is not difficult to show that 
(18) lim {(—o)* log, Ma(o, T’)} =p, 
g=-00 
where M;(o, T’) has the same meaning with regard to h as M;(o, T’) has with 
regard to f. Suppose that 4 is arbitrarily small but positive. Let 


Cn =-— {(1 —$)p}7 log 


Let sn be the point on + it and let sn’ on’ + itn’ be the point on the 
circle | s— (4 + 2e)/@ at which | h(s) | is a maximum. Writing 


P exp [—p(1—8) (7 + 2)/@] 

we have, from (17), 

(19) exp [p(1—8)on’] log Mn(on’, T”) = p exp [onp(1 — 8) ] log Na (sn) 
= Pd) [log(A7An“) + log | an | + {e(1 —8) log An] 
= P log An [ (An log An)~1 log (A7zAn7?) 

log dn)“ | an | + {o(1 — 8) 

Thus, from (14), 


lim {e%'p(1-8) log M;, T’)} = 0; 
n=-00 


and this, of course, proves (18). 


To conclude the proof of the lemma it is necessary now only to observe 
that 


M;(o, F’)= My (o, T’)— Be’, 
where B is independent of o, for this implies that 
lim {(—o)-1 log, M;(o,7’)} = lim {(—o)-1 log, 7”)} = p. 
o=-00 o=-00 


2.5. As a consequence of Lemma 2, Theorem IJ, and a theorem due to 
Valiron, the proof of II is almost immediate. Let us suppose that T, 
|¢—t¢|<-/a is an arbitrary horizontal strip of the plane. Then if « is 
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arbitrary but positive, «—a(l—e), and YT, is the horizontal strip 
|t—t |< we have 


lim {(—o)-1 log, M;(o, T<)} > %/2, 


where M;(o, 7.) has the same meaning with regard to as M;(o,T”) has 
with regard to T’. In fact, 


= > 2) /G, 
whereas 


p = /{2(1—e)} > a/2. 


Now, according to Valiron,* if F(z) is holomorphic in an angle S’ 
containing an angle S, the latter having its vertex at the origin and an opening 
and if 

Tim {(—log r)~* logs Mx’(r, 8)} > ¥/2, 


where My’(r,S) is the maximum of H(z) on the are of the circle |z| =r 
contained in S, then F(z) assumes each value, save possibly one, on an in- 
finite sequence of points in S” admitting the origin as a limit point. By 
making then the transformation z= e*, we find that | f(s) | is bounded on 
a sequence of points {Sm = om + itm} such that 

lim Om = — 0, | |S +c) /ae. 

This together with Theorem I is sufficient to establish II, for 
lim 6), 


n=00 


and therefore in the strip 
|t¢—t| + 
f(s) has aline J. But ¢ is arbitrarily small and #— a tends to zero with e. 
Hence there is a line J in T. 
2.6. When the A,’s are integers the conditions on the gaps in Theorem 

II may be made more general. Polya + has shown that, if an entire function 
y(z) of order p is represented by a series 

co 

¥(z)= a,2, 
n=0 


in which the maximum density of the sequence {An} is A, then y(z) is 


* Valiron, “ Fonctions entiéres et fonctions méromorphes d’une variable,” Mémorial 
des Sciences Mathématiques, Paris (1925), p. 15. 
Cf. Polya, loc. cit., p. 622. 
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effectively of the order p in every sector S with vertex at the origin and 
opening 27A. That is to say, 


lim { (log log, My’(r, S)} =p, 
r=00 


where My’(r, S) is the maximum of |y| in the arc of the circle |z|—r 
contained in §. By observing that* lim (An/n)=1/A and employing this 
n=00 

result rather than Lemma 2 in Section 2.5, we deduce 

THEOREM III. Suppose that in the series (1) the An’s are integers, that 
their maximum density is A, and that f(s) is an entire function of R-order 
=p>0. Then f(s) has a line J in every horizontal strip of width 2x/a, 
where a is the smaller of the two numbers 2p and 1/A. 


2.7% We conclude our theorems on the lines J with the following: 


THEOREM IV. If the series (1) is everywhere (absolutely) convergent 
and lim (An1—An)= ©, and if f(s) is of unbounded R-order, then every 


n=00 


horizontal line is a line J of f(s). 
This is evidently an immediate corollary of Theorem II. 


3.1. The Lines J;. Turning now to the lines J; of a function repre- 
sented by a Dirichlet series, we prove 


THEOREM V. Suppose that the series (1) is everywhere (absolutely) 
convergent and that lim (A,n/n)=G>0. Then if L, s=re”’ (r=0), 
n=00 
be any ray issuing from the origin and lying in the left-hand half plane, 
o = 0, either L is a half-line J, of f(s), or else 


lim | f(8m) | = 


on every sequence of points {sm = such that 


(20) lim rm= lim 
m=O0 


The proof rests on the inequality (10) of Section 2.1. We show that 
if | f(s) | is bounded on a sequence of points {s»} satisfying (20), then, no 
matter how small the positive number ¢, the family of functions 


fn(s)—= f(2"s) (n= 1,2,- +) 


is not normal in the region S, 


iW2<r<1, <2 (s = re*?), 


* Cf. Pélya, loc. cit., p. 559. 
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This, as in Theorem I,.is sufficient to prove V, for under these circumstances 
there must be a point on LD at which the family is not normal; thus L is a 


line Jj. 
We observe that if the point §=«6- it and the number 7 are so chosen 
that the circle C, 
| s—s | 


is entirely contained in S as well as in the left-hand half-plane, then 


(21) lim N;,(8)= ©, 

n=CO 
where N;,(s) is the maximum of | f,(s) | on C. In fact, we have 
(22) N (8) = Nr (sn), 


where N;(sn) is the maximum of | f | on the circle Cn, 
| S— Sy | 2%, Sn = 


Now the circles C;, are, for n great enough, of arbitrarily large radii; and 
thus, by the inequality (10) of Theorem I, we have, for all large values of n, 
N;,(S»)= 

where A is independent of n. Thus, by (22), we get (21). 
From (21) and the boundedness of | f(s) | on the points {sm} it follows 
immediately that the family is not normal in S; and this completes the proof. 
3.2. The second of the two possibilities in the preceding theorem can 
be eliminated in certain cases. In particular, since 


1S Lael, 


and the series on the right converges, we have 


THEOREM VI.* Under the hypotheses of Theorem V, the upper and 
lower halves of the imaginary axis are half-lines J, of f(s). 

3.3. Another way of eliminating this possibility is to make certain 
hypotheses as to the order of f(s). Thus: 


THEOREM VII. If the series (1) is everywhere (absolutely) convergent 
and lim (Ansus—An) > 0, and if f(s) is of non zero R-order, then every half 


r=00 


line, issuing from the origin, and lying in the left-hand half-plane, 1s a line 
J; of f(s). 

This theorem is a particular case of VI when the line coincides with 
the imaginary axis. Let us then consider a line L, sre (r=0), such 
that 1/2 < 6 < 3x/2, and the values of | f(s) | in the angle 9, 


*It is readily verified that this conclusion holds for any exponential polynomial. 
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0<r, 
where ¢ is any arbitrarily small positive number. We shall show that 


| f(s) |S1 
on a sequence of points {zm} lying in S and such that | zm| becomes infinite 
with m. Because € is arbitrary, this is, by Theorem V, sufficient to prove VII. 
We prove firstly that 


(23) lim {(log r)-1 log, M’(r, s)} = 


where M’(r,s) is the maximum of | f(s) | on the segment of the circle 
| s | contained in S. For this we choose 0 < lim — An) and em- 


ploy the results and notation of the Lemma 2, Section 2. 4, with the exception 
that in this case we denote by s, the point whose real part is o, and which 
lieson L. We then have for large values of r,.rather than (19), 
log | h(sn’) | = log | h(sn) | 
= P log An [ (An log log (A7An)~? 
+ (An log An)? | an | + {o(1 —8)}*], 


where p is finite, positive and less than the R-order of f(s). Hence 


lim log | h(sn’) | ] = 0. 


But 
On = — | s,’ | b, 


where b is the smaller of the two numbers | cos (@— £) |, |cos (6+) |. 


Hence, since 
| | = | h(sn’) | — Beol'l, 


where B is independent of n, we get 


lim {(log | sn’ | )~* logs | f(sn’) | } = %, 
n=00 
which justifies (23). 

To complete the proof we now need only apply the theorem of Valiron 
for an angle, as stated in Section 2.5 for we are thereby assured of the 
existence of the sequence of points {2m} lying in S on which | f(s) | is 
bounded. 

4. In conclusion we remark that we are not prepared to state whether 
it is possible for the second of the alternatives of Theorem I to be fulfilled. 
The same may be said for Theorem V. Another problem which suggests 
itself is that of determining under what conditions a Dirichlet series has a 
line J. 
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ON SETS OF POLYNOMIALS AND ASSOCIATED LINEAR 
FUNCTIONAL OPERATORS AND EQUATIONS.* 


By I. M. SHEFFER.t 


I. INTRODUCTION. 


Let {Pn(x)}, (n=0,1,-- +) be an infinitive sequence of polynomials 
such that Pn(z) is of degree not exceeding n. As we shall be constantly 
dealing with sequences having this property, we shall refer to such a sequence, 
briefly, as a set. We consider in § II an algebra of sets of polynomials, each 
set being an element P. Associated with a set is a triangular infinite matrix, 
of the type used in summability theory for series; and the properties of sets 
are obtained from consideration of these matrices. 

We consider integral and non-integral powers of a set, and apply the 
power relations to solving linear equations in sets. Then power series in 
sets are considered, and applied to implicit functions of sets and to the char- 
acteristic equation. Characteristic polynomials corresponding to a set are 
introduced, and in terms of them a canonical form is obtained for a set. 
Finally, we take up as a particular case the set M which corresponds to the 
Cesaro matrix (in divergent series theory), and determine conditions that 
a set P be commutative with M. 

§ III is devoted to the analytic aspect of the theory of sets of polynomials. 
Each set P gives rise to a linear functional operator Z (and hence to an 
equation), which can be expressed as a linear differential operator of infinite 
order. It possesses characteristic functions which are precisely the char- 
acteristic polynomials already introduced. Associated with LZ is a second 
linear operator, &, which possesses the same characteristic numbers as L, 
but whose characteristic functions are formal power series. The treatment 
is formal. In terms of the characteristic functions of L and & we can 
obtain formal expansions of functions and solve formally the linear func- 
tional equations that arise. 

In § IV we take up the systems of linear equations in infinitely many 
unknowns which arise from sets. By replacing characteristic polynomials by 
characteristic vectors, much of the preceding theory can be applied. 


* Presented to the Society under the two titles “On Systems of Polynomials which 
are Permutable,” (Dec., 1928); “The Linear Functional Operators and Equations 
Associated with Sets of Polynomials,” (March, 1929). 

+ National Research Fellow. 
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It may be of some value to indicate the position of the present paper 
with respect to related publications. The algebraic aspect of sets is an at- 
tempt to generalize the permutability property enjoyed by the so-called Appell 
Polynomials.* 

On the subject of linear differential equations of infinite order, it is 
necessary to make mention of the fundamental memoir by Bourlet,{ where 
it is shown that linear operators are formally equivalent (in the field of 
analytic functions) to differential equations of infinite order, and where an 
equation for the “resolving” operator is obtained. Subsequent works on 
special equations have been published by von Koch, Perron, Hilb, H. T. Davis, 
the present writer, and others.{ 

The use of the adjoint equation (that is made in § III) was suggested 
by the equation for the resolving kernel derived in a previous paper § for 
quite a different equation. This concept we believe to be useful in even more 
general linear differential equations than are considered here. 


II. THe ALGEBRA OF SETs. 


1. Integral Powers and Permutability. Let {Pn(ax)} be a set of poly- 
nomials. We denote the set by P, and consider P as an element in an algebra 


subject to the two rules of operation: 

(i) Addition: P+ Q is the set {Pn(x)+ Qn(z)}, (n =0,1,:-°). 
(ii) Multiplication: Let 

Then PQ is the set {PQn(x)}, (n=0,1,-- -), where 

(1) PQn(L)= PnoQo(®) + + PnnQn(x). 


* Appell, “Sur une classe de polynomes,” Annales Scientifiques de V’ Ecole Normale 
Supérieure, (2), Vol. 9 (1880), pp. 119-144. In a later footnote we give the definition 
of these polynomials. 

7 C. Bourlet, “ Sur les opérations en général et les équations différentielles linéaires 
d’ordre infini,” Annales de Vv Ecole Normale Supérieure, (3), Vol. 14 (1897), pp. 133-190. 

t References can be found in H. T. Davis, “ Differential Equations of Infinite 
Order with Constant Coefficients,” this Journal, Vol. 52 (1930), pp. 97-108; I. M. 
Sheffer, “ Linear Differential Equations of Infinite Order, with Polynomial Coefficients 
of Degree One,” Annals of Mathematics, Vol. 30 (1929), pp. 345-372. 

§ I. M. Sheffer, “ Expansions in Generalized Appell Polynomials, and a Class of 
Related Linear Functional Equations,” Transactions of the American Mathematical 
Society, Vol. 31 (1929), pp. 261-280. 
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It is easily seen that the usual laws of association and distribution hold, 
as does the commutative law for addition; and that in general multiplication 
is not commutative. 

Definition. If PQ=QP we shall say that the sets P and Q are per- 
mutable.* A necessary and sufficient condition for permutability is given, in 
terms of the coefficients pij, qij, by expanding PQ and QP and equating like 
powers of z. 

Given a set P: pno+ put +: +++ (n=0,1,--°). 
With P we associate the triangular infinite matrix Mp: || mn ||, where 
Mnk = (kK =0,1,- -, 23 = 0, > n); and we observe that 


P+ @Q in sets becomes Mp,g = Mp + Mg in matrices; 
PQ in sets becomes Mpg = Mp: Mg in matrices. 

The algebra of sets is, then, essentially the algebra of the associated infinite 
matrices; and we can rewrite the properties of matrices in terms of sets. 

Notation. I:In(x)=2x" is the identity set; D:Dn(r)—dn2" is a 
diagonal set ; 

S: Sn(x)= sa" is a scalar set. 

I, 8, and 0 are the only sets permutable with every set. 

Definition. For every positive + integer i, P‘ = PP* is the 1-th power 
of P, and we write P+: {P,*(x)}, (n=0,1,--°). 

P+ is uniquely determined from P, and is permutable with P. 

Definition. P-1:{Pn4(x)} is defined by [—P®°—P(P"); and 
P+; {P,*(2)} by a= P(P*). 


Definition. P is non-singular if Pn(w) is of degree exactly n, 


(n =0,1,-- ; otherwise singular. 
P-1, P-*,- - - exist if and only if P is non-singular; and when this is so, 
P-1, P-2,- ++ are uniquely determined, and P,*(x) is of degree exactly n. 


Further, P+, Pi are permutable for all integers i, 7. Some immediate 


corollaries are: 


* An interesting system of permutable sets is furnished by the Appell Polynomials: 
If Q,(@) are defined by 


co 
A(t)eta= > P,,(a)tn/n!, B(t)ete => Q,, (x) tn/n!, 
0 0 
then P and Q are permutable, and, in fact, the set PQ is given by 
@) 
A(t) B(t)ete = > PQ, tn/n! 
0 


$ When negative powers are used it is assumed that P is non-singular. 
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m t 
(i) x and are permutable.* 


i=-1 j=-8 
(ii) = Ps, i,j any integers; and = PH, 
(iii) If P is non-singular then the only set Q satisfying the equation 
PQ=0 is Q@=0. 
(iv) If P is non-singular then a necessary and sufficient condition that 
Q and £ be permutable is that POR = PRQ. 
(v) If P and Q are non-singular then (PQ)-! = Q-1P-1. 
(vi) If P and Q are permutable, so are P* and QJ, i, 7 any integers; and 


m t m,t 

soaret wjQi;and > is permutable to P (and to Q). 
=-1 j=-8 i,j=-L-8 

(vii) If pan is the coefficient of a” in Pn(z), then pnné is the coefficient of 


x" in (x), any integer. 

2. Non-Integral Powers. Till now we have considered only positive and 
negative integral powers. It is however desirable to have the complete con- 
tinuum (real or complex) of powers. 


Definition. The numbers {pn = pnn}, (n=0,1,- ++) in Pn(x)= pno 
+++ are the characteristic numbers for P. 


Corottary. The characteristic numbers for P+ are {pn‘}, 1 any integer; 
and if s(X) is any polynomial, the set s(P) has the characteristic numbers 
S(pn). Moreover, if P, Q have the characteristic numbers {pn}, {Qn}, then 
PQ and QP have the characteristic numbers {pnqn}. 


Definition. P is complete § if pn, (MA n). 


Definition. Let o be any number (real or complex). Then P% is any 
set which satisfies the two following conditions: 


(i) P*% is permutable with P; 
(ii) the characteristic numbers {pn‘”} for P% are given by { pn‘? = pn’. 


* These series may extend to infinity in both directions, provided convergence takes 


place. We shall consider this point presently. 


7 See preceding footnote. 
¢ The reason for this name will appear. It should not be overlooked that the 


characteristic numbers form an ordered set of numbers. 
§ Our use of the property of “completeness” is such that its definition can be 
widened to include a more general class of sets. We shall return to this remark in 


a later footnote. 
| We may agree to choose the same determination (for all m) of the logarithm 


in Pie = e¢ log pn, 
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We observe that for o —1= integer, this definition coincides with that 
one already given for P*. 


Lemma. Let P be complete, and let {qn} be an arbitrary set of numbers. 
There exists a unique set Q with characteristic numbers {qn} which is 
permutable with P. 


The lemma follows from a consideration of the equations resulting when one 
equates PQ with QP. 


THEOREM. If P is complete there exists at least one set P* for every o 
whose real part 1s positive; and if in addition, P is non-singular there 1s at 
least one P*? for all o. 


Both parts of the theorem follow from the preceding lemma. That there 
may exist more than one P* is a consequence of the many-valuedness of pn? 
for o integer. 


Lemma. The properties P*P§ — — hold for all* a, B. 
3. Application to Equations in Sets.t Let s(A) be the polynomial 
and let P be a givn set. We seek a set X which satisfies the equation } 
(a) + +--+ =P, 


Let the characteristic numbers of P be {pn}. If X exists then P, being 
a polynomial in X, is permutable with XY. Also, {%,} being the characteristic 
numbers of X, 


(b) + + = pn, (n=0,1,--°). 


Conversely, any set X, which is permutable with P and whose characteristic 
numbers 2» satisfy (b), is a solution of (a). By a preceding lemma, if P 
is complete such an X can be found. Hence 


THEOREM. X ts a solution of (a) if and only if tt is permutable with P 
and has its characteristic numbers {tn} satisfy (b). If P 1s complete, then 
there exists: at least one solution X. 


* It is to be understood that when any determination of the many-valued functions 
involved has been made on one side of the equation, then a suitably chosen determina- 
tion on the other side will make the equation a true one. 

+ The methods here used apply equally well to equations in square matrices (say 
of order n), when the given matrix has n linearly independent invariant directions. 

tIf s(A) contains a constant term s,, we can reduce the case to (a) by trans- 
posing s,J to the right. 
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In a similar manner we can treat the set-equation 
(c) LX + =P, 
where L,,- - -, LZ, are permutable with P. Letting In, pn, tn be the char- 
acteristic numbers of Li, P, X, we obtain the 

THeorEM. If X is a solution of (c) then the xn satisfy 
(d) In Paty + In + = Pn, (n =0,1,--°). 
Moreover, 1f P is complete, there exists at least one solution X which is 
permutable with P. 


And we can equally well consider the set-equation 


r 


in the & unknown sets X,,- - -,Xz, where there is no term independent of 


the X;, and where the Li,...i, are sets all permutable with P. 


THEOREM. If a solution X,,:--+,Xx exists, then the characteristic 
numbers satisfy the equations 
(f) +++ wg, hig, (242. 7, Wir — pp, (n=0,1,---); 
and if P is complete, there exists at least one solution X1,- + -,Xx, each X4 


permutable with P. 


4. Power Series in Sets; Characteristic Equation. Let QO, Q™,--> 
be an infinite sequence of sets. We may then form the series 


(1) Q— 0», 


and ask when this symbol is itself a set. 
Definition. The series (1) converges if 
nm =0,1,2,°-- 
lim gui exists, 
and the sum is the set 
Q: {Qn(x)= Qno Qniv a. Gnnt"}. 
If Q® = f,P*, where the f;,’s are scalars, we have a power series in 
the set P: 


| 
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HP) — 


Let M be a square matrix of order n, and let its n characteristic numbers 
be *,An. Then it is known that 


LemMMaA. If di,°*+,An are distinct, a necessary and sufficient condition 
oo co 

that > frM* converge is that the series f(z) = > fxz* converge for 
k=0 0 


*,An; and if Ax,°**,An are not necessarily distinct a sufficient 
condition for convergence is that for each distinct X (of order s, say), the 
series for f(A), >, P(A) shall converge. 


To apply this lemma we make the following observations: 

If P is any set, its associated matrix Mp has the characteristic numbers 
Po, Pi,* * *+ If we denote by Mp, the matrix consisting of the first n +1 
rows and columns of Mp, then Mp, has the characteristic numbers po,* - -, pn, 
and to it the lemma applies. Furthermore, the operations P+ Q, PQ or 
their equivalents Mp,g = Mp + Me, Mpg = Mp: Mg give rise to the opera- 
tions M,p.g), = Mp, + Me,, Mire), = Mp,: Me,. As we let n tend to in- 
finity, then, there results the 


THEOREM. If P is complete, a necessary and sufficient condition that 
co oo 

the series f(P) fxP* converge is that fxz* converge for z= pn, 
0 0 


(n =0,1,---); and for any set P a sufficient condition for convergence is 
that for each distinct (say of order* s;), the series f(pi), (pi), 
++, f(D (;) shall converge. 


Corotuary. If f(P)=> converges, its characteristic numbers are 
0 
{f (Pn) }- 
CorotLary. f(P) ts permutable with P. 


Let f(z) = 1n(z) => sn(z) be two expansions for the analytic func- 
0 0 


tion f(z). If rn(A) and 5, (A) both converge one may ask if they 
0 0 


have the same sum-set. But first: what are we to mean by 1n(A), Sn(A) ? 
If mn(z) and Sn(z) are polynomials there is no difficulty. But if they are 
more general analytic functions, r,(A) and s,(A) must be defined. We make 
the Definition: Let f(z) be an analytic function. Then f(P) is any set 
satisfying the conditions 


* = is permissible. 
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(i) f(P) is permutable with P; 
(ii) the characteristic numbers fn of f(P) are related to the pn of P by 
f (pn) = fn, (1 =0,1,- *). 

It is to be noted that given f(z), f(P) need not exist for every P, and 
for two reasons: (1) some pp» may be outside the region of existence of f(z) ; 
(2) even if the f(pn) exist, it does not follow that a set with these char- 
acteristic numbers will exist and be permutable with P. Further, if f(z) 
is multiple-valued, f(P) if it exists, will not be unique. 

With this definition we can now establish the 


TueroreM. Let f(z) = > (2) converge at z=pn 
k=0 


where f(z) and the r(z) are analytic functions. Further, let > re(P) 
k=0 
converge. Then its sum-set is f(P). 
Proof. Let Q be the sum-set. 1x%(P) is, by definition, permutable with P. 
We then find by direct multiplication that QGP =—PQ. Again, the char- 
co 
acteristic numbers of rz(P) are {re(pn)}, so that gn—= re(pn). But this 
K=0 
is f(pn). Hence Q=f(P). 
Two interesting examples of power series are e? and log(1-+ P): 
eP 4+ P/1!4+ log(I+ P)—P— P2/2 + P?/3—:::. 


If P and @ are permutable then we have the functional equation e” - e@ = e?*®, 
Let f(x,y) be analytic in (x,y) in a region about (0,0), and suppose 
f(0,0)—0, 0f(0,0)/déy40. By the implicit function theorem there exists 


co 
a function y(z) = > ynv" analytic about « = 0, with y(0)— 0, which makes 
n=0 


f(z, y)=0 in x Now let P be a variable set, and consider the set-equation 


(a) f(P,Q)=9, 


in the unknown set Q. There exists a solution in the form Q = > YnP*" 
n=0 


provided the characteristic numbers of P are sufficiently small; and Q is 
permutable with P. 

Given a set P. To its components P,(x) there correspond finite char- 
acteristic equations; and to P itself, under suitable convergence conditions, 
there corresponds a transcendental characteristic equation. The precise rela- 
tions are given by the two following theorems. 


THEOREM. Let 
(1) An(A)=(A — po) (A— pr) (A— pn), (n =9,1,° +); 


| 


— 
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then 
(2) An(Pn)= 0. 


that 1s, uf 
An (A)= Sno + 8niA + 
then * 


(2’) SnoPn? (x) + §niPn} + 0, (n 0, i, 


For: Let Mp, denote again the matrix of the first n +1 rows and columns 
of Mp. Then (2’) is a restatement of the fact that Mp, satisfies its matrix 
equation. 


CoroLLary. We also have 

THEOREM. Let the complete set P have the characteristic numbers {pn}. 
If an analytic function A(z)= > &.2* exists such that the series for A(pn), 


(n =0,1,-- -) all converge, and such that A(z) vanishes at and only at pn, 
then P satisfies the “ characteristic’ 


equation 
A(P)=0: &P* —0. 
0 


oc 
Proof. By a previous theorem A(P)—= > &P* converges, and it is 
0 


permutable with P. Further, its characteristic numbers are A(pn)—0, 
whence from the fact that P is complete follows that A(P)= 0. 

It may happen that A(z) vanishes at z= pn but that the power series 
for A(z) diverges at z= pn. We cannot then use the power series. But if, 
for example, the set of numbers {pn} lies in a simply-connected region in 
which A(z) is analytic, we can expand A(z) in a series of polynomials, 
convergent in this region: 


A(z)= & Gn(z) 
and then P satisfies the characteristic equation >} Gx(P)= 0. 
0 


5. Characteristic Polynomials; Canonical Form. Associated with a 
set P is a set ® which is of importance in questions of permutability, and 
in terms of which a canonical form for P is possible. It has, moreover, an 
invariantive character under an operation soon to be considered, and we term 


*It is to be recalled that P,i(x) is the (n+ 1)st polynomial in the set Pi. 
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it the characteristic set for P; its polynomial components ®,(xz) are the 


characteristic polynomials. 
Let {pn} be the characteristic numbers for the set P, and define P* as 


the diagonal set {Pn*(x)= paa”}. Then 
Definition. © is a characteristic set for P if it satisfies the two conditions: 


(i) OP = P*O; 

(ii) @n,(2) is of degree n, so that © is non-singular. 

It is to be observed that if © is a characteristic set, so is C@ where C is any 
diagonal set all of whose characteristic numbers are different from zero. But 
this is the maximum of arbitrariness, and is for our purpose unessential : 


THeoREM.+ If P is complete there exists a characteristic set ® which 1s 
unique to within an arbitrary diagonal-set multiplier on the left with non-zero 
characteristic numbers. 

Proof. If we equate the n-th polynomials on both sides of (i) we obtain 
a set of equations for the coefficients of ©,(7). These equations permit Onn 
to be arbitrary, after which On,n-1,° °°, no are uniquely determined. The 
arbitrariness of Onn (s£0) allows for multiplication of © by a diagonal set 


on the left. . 
By its definition, © is non-singular, and @ exists. Hence 


THEOREM. If P 1s complete it possesses the canonical form 
(1) P =@"'P*@, 
We come now to a theorem on permutability: 


THEOREM. Let P be complete and ® its characteristic set. A necessary 
and sufficient condition that Q be permutable with P is that Q possesses ® 
as a characteristic set; and Q has then the canonical form Q = ©-1Q*®. 


Necessity: Given PQ=—QP. Then OPQ OQP;; that is, P*0Q — OQP, or 
(a) (0Q)P = P*(@Q). 


In other words, the set @Q satisfies the first condition for a characteristic set. 


7 It was remarked in a previous footnote that the definition of completeness can be 
enlarged. Thus, to have the set © exist it is not necessary that Pm ~ Py MN. 
What is necessary is that for each n, the matrix M P, (of order n+ 1) have n+1 
linearly independent invariant directions. The definition of completeness could be 
given to be equivalent to this property, and most of the subsequent results would 
continue to hold. 
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If we rewrite (a) in terms of the polynomial components, we find that 
(@Q)n(z) must be a multiple of @,(z), so that (b) ©Q —D®, D being a 
diagonal set. Now Onn>40 so that on equating the coefficients of x" in the 
n-th polynomial of (b) we have dy = qn, or D= Q*. 

Sufficiency: Given 9 = @1Q*@. Then 


©PQ = P*0Q = P*Q*0, OQP = Q*OP Q*P*®. 
But + P*Q* = Q*P*, whence by operating on both equations with ®71 on 
the left we obtain PQ = QP. 


THEOREM. If P possesses a characteristic set @, and s(A) ts a poly- 
nomial, then s(P) has the canonical form s(P)—=@- 1s(P*)®. Further, if 


f(P) = converges, then 


6. The Cesaro Set, and Permutability.[ Let Mp be the triangular in- 
finite matrix associated with P: 


Poo 
Pr0oP11 
Mp: 


PnoPni * * 


Such matrices are of some interest in the summability theory of divergent 
series; they give rise to the Silverman-Toeplitz methods of summation. Per- 
haps the most important method both historically and practically is the 
Cesaro method of arithmetic means. Its matrix is || mux ||, mnx—1/n +1, 
(k = + +, mux = 0, > n), and the corresponding set of polynomials 
M: {M,(2x)} is given by 


Mn(z)=(1 + ++ 2")/(n +1). 


We shall obtain the canonical form for M, and shall consider the condition 
for permutability § with M. 


+ We use the LemMMA. All diagonal sets are permissible. 

£In this section we usually omit proofs; they are easily provided. 

§ In divergent series theory, permutability is of interest, for if two “regular” 
methods of summation are permutable, they give the same sum to any sequence which 
both sum. 

From the standpoint of matrices, a characterization of sets (that is, matrices) 
permutable with M has been given by Hausdorff, Mathematische Zeitschrift, Vol. 9 
(1921), pp. 74-109; pp. 280-299. 


26 I. M. SHEFFER. 


Let P be a set, and {pn} its characteristic numbers. On equating PM 
with MP we obtain the 


THEOREM. A necessary and sufficient condition that P be permutable 
with M is that 


where = Pn— = A(Apn), ete. 


Further results on permutability are: 
THEOREM. P is permutable with M if and only if 
CoroLttary. P* is permutable with M, and 
(%)—= pn? (a — 1)" +( 2) 
THEOREM. Let P(t) be the formal power series P(t)~> pnt"/n! 


A necessary and sufficient condition that P be permutable with M is that 
(C) [t(x—1)] ~ 
0 
co 
Definition. P(t)~Sprt"/n! is the generating function for the set 
0 
P:{P,(2)}. 


CorotuaRy. If %P(t) is the generating function for M*, then 
uP (t)—=(d/dt) 
and 


(1) (t) = 


where S;(t) 1s a polynomial of degree k defined by 


(2) So(t)—=1,  Su(t)—=(¢ + 
Furthermore, 
(3) = DnoSo(t) + bniSi(t) + DnnSn(t) 


where the bni are gwen by 


and 
(5) Sn(t) = Ano + + + 


where the an; satisfy 
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Letting R, 8 denote the sets {Rn(x)}, {Sn(x)}, we see that 
In(t). 
That is, 
CoroLuary. and are inverse sets: R= S-1, 


From the recurrence relation (2) for Sn(¢) we can establish the 


Lemma. The zeros of S(t) are real, negative, and simple, and they 
separate the zeros of Sn+(t). 


THEOREM. If P and Q are each permutable with M, then P and Q are 
permutable. 

Conditions (A). (B) and (C) for permutability with M involve the 
characteristic number; {pn} of P. From (C) we obtain a further necessary 
and sufficient condition: 


and from this we get a condition independent of the characteristic numbers: 


THEOREM. All sets P permutable with M (and only those) satisfy the 
relations * 


— 
(n= 0, 


In divergent series theory, M and its positive integral powers (the Cesaro 
means of positive integral order) are very important, whereas the negative 
powers are useless since they give rise to summation methods which do not 
sum all convergent series. It is therefore rather remarkable that every set P 
which is permutable with M (and this includes M, M?, M3,---) can be 
expressed as a series of polynomials in M-?: 


THEOREM. Let P be a set permutable with M, and {pn} tts character- 
istic numbers. Let {qn} be defined by 


Then P is given by the following convergent series of polynomials in M-}: 


*In (E), primes denote differentiation. 
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dal (M-! — 1) (M-1—2)- (M-1—n). 
Proof. Set T7™ —I(M4+—1)---(M1t—n). On expanding we have 
T™ == + ++ + danM, 
so that the generating function for 7 is 


T™ (t) = ++ Ban nP(t) = tet. 


co co 
Now let Li(t)~ & lint”, (0 =0,1,- + -), and suppose & lin = 1, exists, 
n=0 i=0 


(n=0,1,- +--+); and set L(t)~ > J,t". Further, let 
0 


~ > Lin(z)t*/n!, efL[t(a@—1)] ~> Ln(z)i*/n!. 
n=0 n=0 
Then 
Ln(2) = 2 Lin(2), 
and each series is a convergent series. 


Applying this, we see that K = > qn7’™ will converge if in the formal 


n=0 
sum >» qn (t), the coefficients of 1, ¢, t?,- - - all exist. But this is true 
n=0 


since 


> ™ t” [qo/n! + qi/(n—1)! +++ ++ qr/0!] patt/nt 


oo 
Hence the sum-set K exists and its generating function is >} prl”/n!. Since 
0 


this is also the generating function for P, we must have K = P. 
The characteristic set for M is a very simple set: 


THEOREM. WM has the characteristic set 
@: 


Corottary. The set P, with characteristic numbers {pn} 1s permutable 
with M if and only tf 
P = @'P*@, 


where P*: {P,* (x)= pnv"} and ® is given above. 
We can now give a new proof of the second preceding theorem: M-* has 
the characteristic numbers {n+ 1}, (n=0,1,-- +), whence 7 has the 
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characteristic numbers {1 - k(k—1) --- (k—n+1)}, (k=0,1,---). 


Therefore K = > gn7’™ has the characteristic numbers 


-(k—n)}, 


= [qo/k! + ++ qe/O! ]} = {pe}, 
=0,1,-- -). 
That is, the K-series converges, and K = P. 


III. Linear Operators AND EQUATIONS ASSOCIATED WITH SETs. 


1. Introduction. We have considered in §II the algebraic aspects of 
sets. Going farther, it is possible to treat sets of polynomials analytically. 
In so doing we are led to associate with each set a definite linear operator; 
and this pair: the set of polynomials and the operator in turn give rise to a 
second operator and set of functions (no longer polynomials). We examine 
the relations existing between these pairs, and in general consider the formal 
solution of the functional equations on the two operators. The treatment is 
formal.* 


2. The Linear Operator L. Let P be a given set: 
P: Pn(2)= pno + (n = 0, 1,- 


We wish to determine a linear operator Z which will transform polynomials 
into polynomials and in such manner that the identity set I is carried into P: 


(1) L{a"] = P,(z), (n= 0, *). 


Such an operator may be put in various forms; for our purpose it will be 
convenient to express I, as a differential expression of infinite order. 


THEOREM. The linear operator 
(2) L= L[y(2)] = Ln(2)y™ (2), 
where Ln(x) is the polynomial 


(3) [Pa(2)—(*)2P (2) 
+ 


carries I into P. 


* Conditions under which the formal processes can be shown to hold rigorously 
are reserved for another occasion. 
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‘Proof. The method of induction can be used. Or better: define the 


formal power series 


(4) P(t;2)~ P,(2)i"/n!, 
(5) L(t;2)~ 


The right hand member of (3) is the coefficient of ¢” in the expansion of 
e**P(t;x), so that on multiplying (3) by ¢” and summing we obtain 


(6) L(t;x2)~ e-*P(t;2). 
Again, from (2), 

(7) ~ P(t; 2) ; 
and also 


L[et#] ~S (t"/n!)L[2"]. 
0 
On comparing this with (7) we have L[a"] = Pn(z). 


Lemma. If L is the operator (2), and Q is any set, then 


= QP; 1. @., L[Qn(z) ] =(QP)n(z), (n = 0, *). 


Corottary. If Lp, Le are the operators for P, Q, then Lp, Le are 


commutative tf and only if P and Q are permutable. 


In the study of linear operators one usually seeks the characteristic func- 
tions; that is, those functions which repeat themselves (with a constant 


multiplier) under the operation. For LZ we have the 


THEOREM. The linear differential equation of infinite order 


(8) L[u(z)] —aAu(z)=0 


has a polynomial solution if and only if X is one of the characteristic numbers 
{pn} of P; and if prose pm (t=-n), then to A= pn corresponds a unique 


polynomial,* which ts of degree exactly n. 


Proof. On substituting + into (8) one 
finds for u,° - -,us a set of s-++1 linear homogeneous equations, the deter- 
minant of which vanishes only when 4 ps. When A has one 
of these values there is at least one solution. If for all 7 different from n, 
pi = Pn, then to A = pp corresponds just one solution, and it is of degree s =n. 

If some of the characteristic numbers {pn} are equal there need not 


* There is however an arbitrary constant multiplier. 
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exist a polynomial solution of (8) for every degree n=0,1,---. This is 
undesirable, so we limit ourselves to the case pm=- pn, m= n. 


Corotuary. If P is complete there exists one and only one polynomial 
solution of (8) for every degreen=0,1,---. 
Moreover, 


THEOREM. If P ts complete the polynomial solutions of (8) form the 
characteristic set for P. 


Proof. Let © denote the characteristic set for P. Then OP — P*O. 
But = OP and so that L[@n(x) |] = pnOn(z). 
Let P be non-singular. Then P- exists, and if Z-1 is the linear operator 
(a) = P,*(2), 
we have 


Lemma. L4L—LL" is the identity operator; that 1s, 
(b) L[Pa*(x)] = 2". 
CoroLtitary. A formal solution of the functional equation 


=f (2) 
y (x)= L*[f(z)]. 


In general, however, this expression does not converge. 
If P =D is a diagonal set: Dn(x)= dna", L assumes a simple form: 


co 
L[y(z)] = (2), 
where 
on —=(1/n!) [dn —(*) dna (—1) 
THEOREM. If P is complete, and Lp, Le, Lp*, Lg are the operators for 


P, ©, P*, @-1, then 
Lp = LoLp* Le, 


the operations being performed from left to right. 


3. The Linear Operator &. We have defined P(¢t;x) and L(t;z) in 
(4) and (5) as formal power series in ¢. If we rewrite them as power series 


in xz, we have 


i — 
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(4’) P(t32)~ 
(5) L(t32)~ La(t)2%, 


where Py(t), Ln(t) are themselves formal power series beginning with i”: 


Definition. A sequence 3 :{ dn(t)}, (n=0,1,-° +) is a triangular 
function set if 3n(t) is a formal power series beginning with ¢” or higher 
power ; and the characteristic numbers of 3 are the coefficients of 1, - 
in 3o(t), 3i(t), de(t),- - respectively 


Corottary. The characteristic numbers for P are the same as those 
for P, namely {pn}. 
In addition to Z we consider a second operator, £, the adjoint of L: 


co 


=0 
THEOREM. & carries triangular sets into triangular sets, and in par- 
ticular, the identity QD: {Mn(t)—=t"} goes over into the triangular set 
{Pn(t)}: 
(10) [i] =Pn(t). 
The first part of the theorem is immediate. (10) can be proved in the way 


that (1) was established. 
Consider now the equation 


(11) L [D(t)] —aAD(t)—0. 
THEOREM. Equation (11) has a formal power series solution if and 

only if A=pn (n=0,1,---); and if pn is such that pi= pn, (1=-n), 

then there exists a unique formal series D (t) for \= pn, and the coefficient 

of t? in D(t) is not zero, but all preceding coefficients are zero. 

The result follows on substituting the series D (t)—d,+d,t-+--- into 

(11), and equating coefficients of like powers of t. 


Definition. The triangular set P is complete if P is complete; and it 
is non-singular if P is non-singular. 


THEOREM. If P is complete there exists for each n one and only one 
power series Q(t) whose first non-zero coefficient is that for t”. 


Let Dn(t) be the unique power series corresponding to n. Then 


| 
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(12) Dn(t) ] — pnDn(t)= 0. 
We term the power series {QMn(t)} the characteristic functions for the 
operator &. 


Since Dn(t) begins with é¢" (the coefficient being different from zero), 
we have the 


Corottary. The set D of characteristic functions is non-singular. 


Definition. Let 3 : 3dn(t)~onnt” + +: be a triangular 
set. If J is another such set, then 37 is the set 


Bd : ( BIT )n(t)~ onnT n(t) + Inar(t) + 


THEOREM. If P is complete, D: {Dn(t)} ts a characteristic set 


for Ps 
(13) DP = P*D, 


where 
P* Pn* (t) = pat”. 
Proof. For every set Q, 
(14) IP = 
Taking Q2=QD : DP=L[D) = P* 
Lemma. If 3 is non-singular then 3-1 exists such that 
(identity). 
Corottary. If P is complete it has the canonical form 
(15) P= D. 


THEOREM. If P is complete, a necessary and sufficient condition that 
be permutable with P is that 2 =D'1Q*D. 


4. Associated Functional Equations; Formal Expansions. With regard 
to Z and & we make the convention that Z operates in the variable z and 


int. 


Let P be non-singular so that P-! and L~ exist. 
THEOREM. Formally we have t 
(17) L[P-1(¢;2)] ~ ~ £[P(t; 2) ]. 


This follows from the relations 


t is the set (t)~ P,Dy(t)- 
P-1(t; is not {P(t; }-1, 
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L[P4(t32)] (v"/n!) ~ 
This result enables us to obtain a formal solution to the equations 
(18) Lly(z)] =f(z), (19) L[u(t)] =s(t). 
Let f(2)— fac be an entire function with limsup | f™(0) | 
so that P(2)— Sn! fu” has a non-zero radius of convergence (—1/c). 


Then f(z)= f =) dt, 


C being a contour sufficiently close to, and surrounding, the origin. 
THEOREM. (18) has the formal solution 


1 F(t 1 


‘ly 
I’ surrounding the origin. 


Proof. From (20), 


1 F(t) -1 F(t) a/t 
T 


Likewise we have the 


THEOREM. (19) has the formal solution 
(21) u(t)~ ae. 
r 


Formal solutions can be obtained in yet another way, namely in ®,(2)- 
expansions and 9,(t)-expansions. Consider the equation with a parameter: 


(22) = f(x)+ aL [y(z)]. 


The corresponding homogeneous equation is satisfied by ©n,(z) for A= 
n=1/Dn. 


THEOREM. If 


(28) f(2)~¥ 
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then 


(24) y(2)~ (2) /(Av—2) 
is a formal solution of (22) for every X== An. 


Proof. L[y]~ > fn@n(x) /(An — 2), so that both members of (22) agree. 
0 
Likewise 


THEOREM. If 


then 

(26) u(t) ~ 
is a formal solution of 

(27) u(t)=s(t)+AL[u(t) ] 


for every 


THEOREM. The function et* has the expansion * 


(28) et? ~ (2) Da(t). 
n=0 
Proof. Set et? ~ (x) Mn(t). From 
0 
(29) = £[e*] 
we obtain 


(2) Dn > ©, (x) LLMn(t)], 
so that 


R(t;2)~ > { (t)] — Dn (t) = 0. 


Now let Mix) be an operator commutative with Z and having the character- 
istic numbers 


(a) : jin® = pn, pe® = pp 


Having the same characteristic polynomials ®,(z) as has L, then 
co 
(M— L)[R(t3 2) ] ~ (um — pn) (t) ] — Pn 


and on using (a) this reduces to 


* Since ©, (#) and Q),,(t) are unique only to within arbitrary constant multipliers, 
it is assumed in (28) that these multipliers are suitably chosen. It suffices that the 
product of the coefficient of an in 6,,(a) and the coefficient of tn in G),(t) be 1/n!. 
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L[ (t) |] — pr (t) = 0. 


P being complete, must then coincide * with Dxz(t); which estab- 
lishes (28). 

The expansion (28) is in terms of @,(x), Dn(t). Recalling how 
P(t;z) is related to P, we see that e’* bears the same relation to the identity 
set I. Now I has the characteristic numbers {t,—1}. This suggests an 
expansion for P(t; 2): 


THEOREM. P(t;x) has the expansion 
(30) PnOn(x) Dn(t). 


(30) follows from (7) and (28). 
(30) may be regarded as a canon‘cal form for P(t;2). It puts in evi- 
dence the characteristic polynomials @,(x), functions Dn(t), and numbers pn. 


Corottary. If P is complete, a necessary and sufficient condition that 
Q be permutable with P is that 
Q(t32)—~ qnOn(z) Da(t), 


where {qn} are the characteristic numbers of Q. 
If in (28) we expand in powers of ¢ or of x we find: 


(31) = Do (0) + Di™ Dn™ (0) @n(x), 
(32) = @,™ (0) Dn(t) + Onsr™ (0) + (0) Dnsa(t) + 


From these relations can be determined the formal expansions of functions 
of x or of ¢ in @,(x)-series or Dn(t)-series respectively. 


IV. Systems or Linear Equations ASSOCIATED WITH SETS. 

The theory of the operators ZL and & has a counterpart in the related 
field of systems of linear equations in infinitely many unknowns. ‘This is 
the subject of the present section. 

Consider again the operator 


(1) L{y(2)] = Ln(z)y™ (2), 
where 


* The other alternative: 9/,,(t)= 0 is not possible, for it would mean that on the 
right hand side of (28) there was no term in «nin, 
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co 
On operating with Z on the power series y(x) = > ynv" we arrive at a system 
0 


of linear expressions to which (1) is formally equivalent: 

(2) L¥{y}= iyi H+ Gi, + +° °°, 

The quantities a;;, 1;; are related by 

(3) Ona = Ke! + —1)! ++ 

But the right hand member of (3) is seen to be precisely pxn, so that 

LEMMA. Qnx ts given by 
(5) Onk = 
In other words, if we write out the infinite matrix representing the operator 
L* of (2), then the elements in the successive columns are the coefficients 
of the polynomials P,(x), 

The operator L* carries vectors into vectors in space of infinitely many 
dimensions. In particular, if all components of a vector beyond the i-th are 
zero, the transformed vector has the same property. We term a sequence of 
vectors g*: gn* =(Qno, a Set if in gn* all components after the 
one of index n are zero. L* carries sets into sets. 

Let 1* be the identity set: 1,* —(0,---,0,1,0,---), the 1 appearing 
as the component of index n. 

THEOREM. L* carries set i* into set p*: L*{in*} = pn*. 

With (2) we consider the system of homogeneous equations 

THEOREM. A vector solution of a finite number of components exists 
if and only if X= ps, (s =0,1,- - -); and if pn is such that pi = pa, Nn, 
then to X= Pn corresponds only one vector solution with all components zero 
after that of index n (and this last component is not zero). 

THEOREM. If pm=~ pn, m= -n for all m, n, to each n exists one and 
only one solution of degree n; and the set of these solutions is the set + 

L*{0,*} 
This is a consequence of the relation (OP) n(2)= pnOn(@). 


Corresponding to & there is a second system of linear expressions. In 


It is to be recalled that 6,, (2) = is the characteristic 
polynomial of degree n for P. 
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(7) L[u(t)] (2) 
substitute wu(t)= S unt”. There results 
0 


(8) {u} = + bir, +° + (1 = 0, *). 
£¢* carries a vector, whose first & components are zero, into another such 
vector. For this operator we define a set of vectors as a sequence *q: {*qn} 
in which all components of *qn of index less than n are zero. &* carries 
sets into sets. 


Lemma. We have bij =]!pij/t!. 
Corottary. In the matriaz || bi; || which defines £*, the elements in 
the successive columns are precisely the coefficients of Po(t), Pil(t),:--- 
THEOREM. £* carries the identity set into *p: L*{*in} = *pn, 
where the components of *p, are the coefficients of 1, t, t?,- + - in Pur(t). 
THEOREM. If Pn, m=En, the homogeneous equation 
L*{u} dru 
has a solution if and only if X= pn, (n=0,1,: -); and to each n corre- 
sponds one solution *dy, and its components of index less than n are zero. 
Moreover, the set *d: {*dn} of solutions is precisely the set 
*dy ==(0, 0, den 
where 
Dn(t)~ dant” + 
Definition. If g*, r* are the sets 
Qn* == (no; dni; 0, 0, Tn* == (Tno, + 0, 0, 
then (qr)* is the set 


(gr) = + Qnifi® +: > + 


and if 


then 
THEOREM. For Pn, Nn, the vector sets p*, *p have the canoni- 
cal forms 
p* — (p**) 6*, d*, 
where t p**, *p* are the (same) diagonal sets 


PRINCETON UNIVERSITY, 
PENNSYLVANIA STATE COLLEGE. 


7 The different notation p**, *p* for the same vectors is to accord with previous 
notation. 
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CONCERNING SIMPLE CONTINUOUS CURVES AND RELATED 
POINT SETS. 


By R. L. WILDER. 


In his paper “ Concerning Simple Continuous Curves,” * R. L. Moore 
applied the term simple continuous curve to any point set which is either 
an arc, a simple closed curve, an open curve or a ray, and gave various topo- 
logical characterizations for a point set that falls within the general class of 
such curves, as well as for the individual types of curves. 

The intent of- the present paper is to supplement the work of Moore 
just cited, extending two of his results to more general spaces, and giving 
certain new definitions which the author believes may be of value.[ As 
Moore made clear in his paper, the requirement of bowndedness in a defini- 
tion of arc may introduce great difficulties in certain problems. It will be 
noted that none of the definitions of arc, simple closed curve, etc., given in 
the present instance makes use of this condition. Furthermore, the condition 
that the set in question be closed is eliminated in several cases—a feature 
that would seem to be of importance in problems concerning non-closed sets. 

To summarize briefly, before proceeding to the demonstrations: In §1, 
Moore’s characterization of simple continuous curves as a class is extended 
to any euclidean space, and is then applied to establish a new characterization 
based on a certain type of set which the author has found useful in other 
connections. In § 2 definitions are given of arc, the more general class of 
sets known as irreducible connezes,§ and of simple closed and quas:-closed 
curves. 

In this connection it is indicated how a simple proof may be obtained 
of the theorem § that every interval of an open curve is an arc; also a 


* Transactions of the American Mathematical Society, Vol. 21 (1920), pp. 313-320. 
This paper will be referred to hereinafter as C. S. C. 

+ Other definitions have been given by various authors, but no attempt will be 
made here to give a complete bibliography of these. Cf. C. S. C., however. 

¢ As indicated in following footnotes, the results of this paper were submitted to 
the American Mathematical Society several years ago, and as now published the 
details differ in some particulars from the original, due chiefly to the fact that by 
unification of treatment it is possible to present the various results in a single paper. 

§ Cf. B. Knaster and C. Kuratowski, “Sur les ensembles connexes,” Fundamenta 
Mathematicae, Vol. 2 (1921), pp. 206-255, §§ 2 and 3. 

Cf. R. L. Moore, “On the Fundations of Plane Analysis Situs,” Transactions 
of the American Mathematical Society, Vol. 17 (1916), pp. 131-164, Theorem 49, and 
C. S. C., Theorem 3. Both of the proofs given by Moore are for the plane. 
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simple proof of Moore’s first definition of arc in C.S. C. is outlined, which 
establishes it for general spaces. In §3 the notion of quasi-closed curve 
is used to obtain further definitions of simple closed curve, three of which 
require neither that the set in question be bounded nor that it be closed. 


§1 
A property which characterizes simple continuous curves.* 


It is well known + that if, in a plane S, C; and C, are two closed, mutually 
exclusive point sets and M is a bounded continuum having at least one point 
in common with each of the sets Ci, C2, then there exists a point set H, a 
subset of M, such that H is connected and contains no point of either C, 
or C2, but such that C, and C2 each contains at least one limit point of H. 
In case C, and C2 are subsets of M, we shall say that H, together with its 
limit points in C, and C2, is a set K(C,,C2)M. In general, if M is not 
bounded, there may not exist any set K(Ci,C2)M for certain subsets C., C2, 
of M, but it is easy to see that every continuum, whether bounded or not, 
contains some sets K(Ci,C2)M for the proper selections of C, and C2.t We 
shall show that a continuum in which every set K(C;, C2) M is an are § must 
be a simple continuous curve. 


* The content of this section was presented to the American Mathematical Society 
April 2, 1926. 

+ Cf. Anna M. Mullikin, “Certain Theorems Relating to Plane Connected Point 
Sets,” Transactions of the American Mathematical Society, Vol. 24 (1922), pp. 144-162. 

t For instance, if A and B are distinct points of M, let K, and K, denote circles 
with centers at A and radii d, and d,, respectively, such that d,< d, < distance AB. 
Let K;-M=C; (t=1,2). Then M, whether bounded or not, contains a set 
K(0;, M. 

Since we shall not restrict ourselves to the plane in the present paper, it should 
be pointed out that Miss Mullikin’s theorem cited above holds in euclidean space of 
any number of dimensions. 

So far as the existence of sets K(C,,C,)M is concerned, the condition of con- 
nectedness im kleinen, or local connectedness, as applied to connected sets in general, 
seems to imply more than closed. For in the case of a connected set M which is 
connected im kleinen, if C, and C, are mutually exclusive sets that are closed with 
respect to M, then M, whether bounded or not, contains a bounded set K(0;, 0.) M. 
Cf. my paper “The Non-Existence of a Certain Type of Regular Point Set,” Bulletin 
of the American Mathematical Society, Vol. 33 (1927), pp. 439-446, Theorem 4. For 
other applications of the notion of a set K(C,,C0,)M, or of related sets, see papers 
of mine in Proceedings of the National Academy of Sciences, Vol. 11 (1925), pp. 725- 
728, and Vol. 16 (1930), pp. 233-240. 

§ As our basic definition of arc, we take the following: An are is a closed, 
connected point set which is irreducibly connected between two points. Cf. N. J. 
Lennes, “ Curves in Non-Metrical Analysis Situs with an Application in the Calculus 


—«, 


CONTINUOUS CURVES AND RELATED POINT SETS. 41 


Lemma 1. A continuum M which has the property that every set 
K(C,, C2)M an arc ts a continuous curve. 


Proof. Suppose there exists a continuum M such that every set 
K(C;, C2)M is an are and which is not a continuous curve. Then by a 
theorem due to R. L. Moore and the present author * there exist two con- 
centric spheres K, and K, and a sequence of subcontinua of M, viz., Mo, M,, 
M2, M;,- - - such that (1) each of these continua contains at least one point 
of K, and Kz, respectively, but no point exterior to K, or interior to Ko, 
(2) no two of these sub-continua have a point in common, and no two of 
them contain points of any connected subset of M which lies wholly in the 
set K,+K.+J1 (where J consists of all points whose distance from the 
common center of K, and Ke is a number whose magnitude lies between the 
radii of K, and K,2 on the real number continuum), (3) Mo is the sequential 
limiting set of the sequence M,, M2, M;,---, (4) if K is that component 


of Variations,” American Journal of Mathematics, Vol. 33 (1911), pp. 285-326; 
G. H. Hallett, Jr., “ Concerning the Definition of a Simple Continuous Are,” Bulletin 
of the American Mathematical Society, Vol. 25 (1919), pp. 325-326; B. Knaster and 
C. Kuratowski, loc. cit., Theorem 27. The last two papers just referred to establish 
the fact that the word “bounded” may be omitted from Lennes’ definition. That a 
set satisfying the above definition is compact, in very general spaces, may be shown 
by a method of argument similar to that used by R. L. Moore in the proof of 
Theorem 49 of his paper “On the Foundations of Plane Analysis Situs,” loc. cit. 
(cf. footnote in Hallett’s paper in this connection). From the argument of Knaster 
and Kuratowski, it is evident that such a set of points, when imbedded in a locally 
compact metric space, is homeomorphic with the linear interval [0,1]. For their 
Lemma XXVi is true in such a space (the word “compact” being substituted for 
the word “ bounded”), and the proof of their Theorem XXIII holds in such a space 
if one recalls a theorem of Alexandroff to the effect that a connected and locally 
compact metric space is separable. Cf. P. Alexandroff, “ Uber die Metrisation der im 
Kleinen kompakten topologischen Raume,” Mathematische Annalen, Vol. 92 (1924), 
pp. 294-301. Accordingly, unless specifically stated otherwise, we shall assume 
throughout the present paper that the point sets considered are imbedded in such a 
space, although it will be clear that many of the proofs given below hold in more 
general spaces if an arc is defined as above for those spaces. 

As several of the proofs given below depend upon the theorem that every two 
points of a continuous curve (i.e., a connected and connected im kleinen continuum) 
are the end-points of an are of that curve, we point out that this theorem may be 
proved, on the basis of the above definition of are, by a type of argument introduced 
by R. L. Moore, in “A Theorem Concerning Continuous Curves,” Bulletin of the 
American Mathematical Society, Vol. 23 (1917), pp. 233-236. 

* Cf. R. L. Wilder, “ Concerning Continuous Curves,” Fundamenta Mathematicae, 
Vol. 7 (1925), pp. 340-377, Lemma 1. This lemma is true in any locally compact 
metric space whether the continuum in question is compact or not. Cf. G. T. Whyburn, 
Bulletin of the American Mathematical Society, Vol. 34, p. 409, abstract no. 18. 
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of M-: (K,+ K,+T]) which contains Mo, then all of the continua M,, M2, 
M;,: - - lie in a single component U of M—K. If we let C; and C2 be 
two distinct points of the set Mo, it is clear that the set U + C,+ C2 is 
a set K(C;, C2)M which is not an arc, and consequently the supposition that 
M is not a continuous curve leads to a contradiction. 

The same proof evidently establishes the following lemma: 


Lemna 2. If a continuum M has the property that every set K (C1, C2)M 
is an arc, then every subcont.nuum of M is a continuous curve. 


For the purposes of the present paper, we shall define an end-point of a 
continuous curve M to be a point of M that is not an interior point of any 
are of M.* 


Lemma 3. Let E be any set of end-points of a continuous curve M. 
Then M — 1s connected. 


For if M— E were the sum of two mutually separated sets M, and M2, 
an arc of M joining a point of M, to a point of M2 would contain a point 
of # as an interior point. 


Lemma 4. In any euclidean space, if no continuous subset of a con- 
tinuum M has more than two boundary points with respect to M, then M is 
an arc, a simple closed curve, an open curve or a ray.t 


Proof. It is clear from the characterization of continua that are not 
continuous curves, quoted in the proof of Lemma 1 above, that M must be a 
continuous curve. 

Suppose M contains a simple closed curve { J. If M—J is not vacuous, 


* Since this paper was originally written, it has been shown by G. T. Whyburn 
(for the plane) and W. L. Ayres (for any euclidean space and certain types of metric 
spaces), that an end-point in this sense is equivalent to an end-point as defined in 
my paper “Concerning Continuous Curves” (loc. cit., p. 358). Cf. G. T. Whyburn, 
“Concerning Continua in the Plane,” Transactions of the American Mathematical 
Society, Vol. 29 (1927), pp. 369-400, Theorem 12, and W. L. Ayres, “ Concerning 
Continuous Curves in Metric Space,” American Journal of Mathematics, Vol. 51 
(1929), pp. 577-594, Theorem 5. 

+ Lemma 4 is of course an extension of Moore’s Theorem 6 of C. S. C., which 
was proved for the euclidean plane. It is important to observe that we are using 
the definition of boundary point just as given by Moore in this connection, viz., 
if M is a subset of N, the boundary of M with respect to N is the set of all points 
[X] such that X is either a point or a limit point of M and also either a point or a 
limit point of N— M. 

t By a simple closed curve we mean a sum of two arcs that have common end- 
points, but have no other points in common. By open curve and ray we denote point 
sets as defined by Moore, C. S. C., p. 341. 
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let P be a point of M that is not on J. Then M contains an arc PQ whose 
end-points are P and a point Q on J, and such that PQ — Q is a subset of 
M—¥J. Let A be a point of PQ—(P + Q), and let B and C be points of 
J neither of which is identical with Q. Let QB and QC denote arcs of J 
that do not contain C and B, respectively. Then it is clear that the set 
AQ + QB + QC, where AQ is that are of PQ whose end-points are A and Q, 
is a continuous subset of M that has at least three boundary points with 
respect to Mf. Consequently, M=//. 


Suppose M contains no simple closed curve, and that it has at least two 
end-points, A and B. Then it is clear, from a method of argument similar 
to that used in the- preceding paragraph, that M cannot contain any points 
other than those that lie on an arc of M from A to B. 

Suppose M contains no simple closed curve and has one and only one 
end-point, A. Since every bounded continuous curve contains at least two 
points which do not cut it,* and since every non-cut point of an acyclic 
continuous curve is an end-point of that curve,t it is clear that M cannot 
be bounded. Then, by a theorem of Kuratowski,f A is the end-point of a 
ray in M. It is easy to see that M can contain no points that do not lie 
on this ray. 

If M contains no simple closed curve and has no end-point, it follows 
as in the preceding paragraph that M is unbounded. Let P be any point 
of M. Then M — P is the sum of two mutually separated sets, and 
Consider the continuous curve M, -+ P.{ It follows easily from our hypothesis 
that P is a non-cut point of M,-+ P, and hence an end-point of M,+ P. 
Consequently, as shown in the preceding paragraph, M, + P contains a ray 7; 


* Cf. S. Mazurkiewicz, “Un théoréme sur les lignes de Jordan,’ Fundamenta 
Mathematicae, Vol. 2 (1921), pp. 119-130. 

Cf. R. L. Wilder, ‘Concerning Continuous Curves,” loc. cit., Theorem 7. 
though the sufficiency proof of this theorem (the part needed in the present con- 
nection) makes use of an accessibility theorem true in general only for the plane, 
the proof is easily modified so as to avoid this theorem. However, since the present 
paper was originally written, W. L. Ayres has shown (loc. cit.) that any point of 
a continuous curve M which is both a non-cut point of M and lies on no simple closed 
curve of M is an end-point of M. We have already noted above the validity of these 
theorems for end-points as defined in the present paper. 

~C. Kuratowski, “ Quelques propriétés topologiques de la demi-droite,” Funda- 
menta Mathematicae, Vol. 3 (1922), pp. 59-64. 

§ Cf. my paper “Concerning Continuous Curves,’ 
loc. cit. 

{ That M¢@,+ P is connected follows from a theorem of Knaster and Kuratowski 
(loc. cit., Theorem VI). 


loc. cit., and W. L. Ayres, 
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with P as end-point. Similarly, M,-+ P contains a ray r2 with P as end- 
point. Evidently r, + rz is an open curve which is identical with M. 


THEOREM 1. In order that a continuum M in a euclidean space should 
be a simple continuous curve, it is necessary and sufficient that every set 
K (Ci, C2)M be an are. 


Proof. The condition stated in the theorem is necessary. For let K 
denote some set K(C,,C2)M of a simple continuous curve M, and let A and 
B be points of C; and C2, respectively. 

In case M is a simple closed curve, M—(A +B) is the sum of two 
mutually separated sets, M, and M2. Since K —(A + B) is connected, it is 
a subset of M,, say. But M,-+ A+B is an arc and therefore a set which 
is irreducibly connected from A to B. Consequently K=M,+A-+B. 

In case M is an arc, there exists only one arc, ¢t, from A to B in M, 
and every connected subset of M which contains both A and B contains ¢. 
Hence (1) K contains ¢. On the other hand, since M—(A + B) is the sum 
of the set ¢—-(A + B), and a set (vacuous or non-vacuous) which is separated 
from t—(A + B), the subset K —(A + B) of M—(A +B) must lie wholly 
in t—(A + B), a set with which (as already shown) it has points in common. 
Consequently, (2) ¢ contains K. From (1) and (2) it follows that t= K. 

The proofs for the cases where M is a ray and an open curve are similar 
to the proof of the preceding paragraph. 

The condition stated in the theorem is sufficient. For suppose © is not 
a simple continuous curve. Then it has a continuous subset, NV, which has 
at least three distinct boundary points, A, B and C, with respect to M 
(Lemma 4). We note that by Lemma 2, WN is a continuous curve. 

The points A, B and C are end-points of N. Suppose C, for instance, 
is an interior point of an arc ¢ of N, and let a and b be the end-points of ¢: 
Let R be a sphere with center at C and not enclosing a or b. Since, by 
Lemma 1, M is itself a continuous curve, there exists a sphere R, concentric 
with #& such that all points of M interior to R, are joined to C by an are 
of M which lies wholly interior to R. As C is a boundary point of NV, there 
exists, interior to R,, a point x of M— WN. Let s be an arc of M with 2 and 
C as end-points and lying wholly interior to R. On s, in the order from z 
to C, let y be the first point of ¢. It is clear that y is distinct from a and b. 
Let that portion of s from z to y be denoted by u. Then the set 
(u+t)—(a+b-+ 2) is connected andu+tisaset But 
u-+ tis not an arc. Hence the supposition that C is not an end-point of NV 
leads to a contradiction. 

By Lemma 3, N—(A+B+C) is connected. Hence N is a set 
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K(A + 8B,C)M and is therefore an are. This is absurd, since an arc is 
disconnected by the omission of any three distinct points. Hence the sup- 
position that N has more than two boundary points with respect to M leads 
to a contradiction, and M is a simple continuous curve. 


§ 2 
On connected sets which cut the plane.* 


In a recent paper + I investigated some of the properties of a connected 
set M which contains more than one point and which remains connected on 
the omission of any connected subset. I found that M is a point set having 
properties very similar to those of a simple closed curve. Thus, if A and B 
are any two points of M, M is the sum of two sets K and N which are 
irreducibly connected from A to B and such that K—(A+8B) and 
N —(A-+B) are mutually separated. Furthermore, if M lies in a plane S, 
then S is cut by M in the sense that there exist at least two points, x and y, 
of S —M which do not lie in any subcontinuum of S— M. 

For the purposes of the present paper I shall call a point set which has 
the internal properties of the set M described in the last paragraph a quasi- 
closed curve. 


Lemma 5. In order that a connected set M should be irreducibly con- 
nected between two of its points, A and B, it is necessary and sufficient that, 
if P be any point of M distinct from A and B, M—P should be the sum 
of two mutually separated sets, K and N, neither of which contains both A 
and B. 


Proof. That the condition stated in this lemma is necessary follows at 
once from a theorem proved by Knaster and Kuratowski.{ 

That the condition is sufficient is easily shown as follows: Suppose M 
is not irreducibly connected from A to B. Then it contains a proper con- 
nected subset, m, which contains both A and B. Let Q be a point of M— m. 
By hypothesis, @M — Q is the sum of two mutually separated sets, K and N, 
neither of which contains both A and B. As m is connected, and K and N 
are mutually separated, m is a subset of one of the latter sets, say K. But 


*The content of this section was presented to the American Mathematical Society, 
December 30, 1924. 

+ “On a Certain Type of Connected Set Which Cuts the Plane,” Proceedings of 
the International Mathematical Congress, Toronto, 1924, University of Toronto Press, 
pp. 423-437. 

¢ Cf. B. Knaster and C. Kuratowski, loc. cit., Theorem XVI. 
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m contains both A and B and therefore K contains both ‘A and B contra- 


dictory to the hypothesis. 
As a consequence of Lemma 5 an arc may be defined as follows: 


THEOREM 2. If A and B are distinct points, an are from A to B is 
a closed and connected set of points M containing A and B such that if P is 
any point of M distinct from A and B, M—P is the sum of two mutually 
separated sets neither of which contains both A and B. 


It is perhaps of interest to point out here that the definition of are 
embodied in Theorem 2 is sufficient to prove Theorem 3 of C.S.C., to the 
effect that if A and B are two points of an open curve M the interval AB 
of WM is an arc from A to B. The proof as given in C.8.C. shows that the 
interval AB satisfies the above definition. I mention this, since the proof 
of Def. 1 in C.S.C., upon which depends the proof of the fact that AB is an 
arc, is rather long and assumes the Zermelo Postulate. 

It may be of interest, however, to give a simple proof of Moore’s Def. 1, 
as well as to show that it holds in more general spaces than the euclidean 


plane: 


THEOREM 3. Ina locally compact metric space, let A and B be distinct 
points, ana M a closed and connected set containing A and B, such that 
(1) M—A and M—B are connected, (2) if P is any point of M distinct 
from A and B, then M— P 1s the sum of two mutually separated connected 
sets. Then M is an arc from A to B. 


Proof. The set M is a continuous curve. For if not, there exist two 
concentric spheres K, and K2, a sequence of sub-continua of M, viz., Mo, M, 
M:, Mz,- --, and sets K and U satisfying the conditions (1)—(4) outlined 
in the proot of Lemma 1 above. If we let U denote U together with its limit 
points, it is clear that U contains Mo. 

By hypothesis, all points of Mo, except possibly two, disconnect M. But 
clearly none of these points disconnects U. The set of all these points being 
non-denumerable, a violation is obtained of a theorem of R. L. Moore * to 
the effect that no continuum M contains a continuum U which contains a 
non-denumerable set of points that disconnect M but not U. Thus the 
supposition that M is not a continuous curve leads to a contradiction. 


*“Concerning the Cut-Points of Continuous Curves and of Other Closed and 
Connected Sets,” Proceedings of the National Academy of Sciences, Vol. 9 (1923), 
pp. 101-106, Theorem B*. Alexandroff has shown (loc. cit.) that every connected and 
locally compact space is perfectly separable, and hence satisfies the Lindeléf theorem, 
upon which the proof of Moore’s theorem depends. 
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The curve M contains no simple closed curve, for if it does, another 
violation of the theorem of Moore just quoted results. 

The curve M contains an arc from A to B. Denote this are by ¢, and 
consider the set M—t. If M—t is vacuous, the theorem is proved. If 
M —t is non-vacuous, let C be one of its components, and let P be the 
boundary point of C in ¢ (it is easy to see that C can have no other boundary 
point in ¢, since M contains no simple closed curve). It follows from con- 
dition (1) of the theorem that P is distinct from A and B. But then 
M — P is the sum of three mutually separated sets, viz., C, C4 and Cz, where 
C'4 is the component of M — P that contains A,.and Cz the set M—(P+ 0 
+ Ca). That Cz is not vacuous follows from the fact that it must contain 
the point B. But this is a violation of condition (2) of the theorem, and 


consequently M — ¢ is vacuous. 
As another application of Lemma 5 we have the following theorem. 


THEOREM 4. In order that a connected set M should be a quasi-closed 
curve, it is necessary and sufficient that it contain no cut-points and be dis- 
connected by the omission of any two of its points. 


Proof. That the conditions stated in the theorem are necessary follows 
from the properties stated in the first paragraph of this section, and the 
theorem of Knaster and Kuratowski referred to in the proof of Lemma 5. 

The conditions stated in the theorem are sufficient. Let A and B be any 
two points of M. Then 

M—(A+B)=—=K+N, 
where K and N are mutually separated sets. 

The set M—A is connected by hypothesis. Hence M—QA is a con- 
nected set which is disconnected by the omission of a point B, and therefore 
K-+B and N+B are connected. Similarly, K +A and N+ A are con- 
nected. Let 

k=K+A-+B, 
and n=N+A-+B. 


Clearly & and n are connected sets. 
Either K contains non-cut points of & or it does not. Suppose it does, 
and that P is such a point. Similarly, suppose that N contains a non-cut 


point, Q, of n. Then 
M—(P + Q)=(k—P)+(n—Q). 
That is, M—(P-+ Q) is the sum of two connected sets which have a point, 
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A, in common and is therefore connected. This is a contradiction of the 
hypothesis. Hence either K contains no non-cut points of k or N contains 
no non-cut points of n. Suppose the latter to be the case. Then every point 
of n, except A and B, is a cut-point of n. Hence, if x is a point of N, 


+ Ne, 


where m; and nz are mutually separated sets. 
Neither of the sets m:, nz, contains both A and B. For suppose m; con- 
tains both A and B. Now 


nz. 


The sets K and nz are mutually separated, since nz is a subset of N and K 
and N are mutually separated. Hence M—vz is the sum of two mutually 
separated sets, K +m, and me, and M is disconnected by the omission of z, 
contrary to hypothesis. Thus neither of the sets m:, m2, contains both A and B. 

Hence n is a connected set containing A and B such that if x is any 
point of n distinct from A and B, n —z is the sum of two mutually separated 
sets neither of which contains both A and B. By Lemma 5, n is irreducibly 
connected from A to B. 

Suppose K contains non-cut points of &, and let P be such a point. Let 
x be a point of N. Then 

+ Ne, 


where n, and me are connected sets such that n, contains A and nz contains 
B, and 
M—P—2=(k—P)+ m+ nz. 


But each of the connected sets n; and mz has a point in common with k — P, 
and since the latter set is connected, M—P—-z is connected contrary to 
hypothesis. Hence K cannot contain any non-cut points of k. That is, every 
point of & distinct from A and B disconnects k. That & is irreducibly con- 
nected from A to B can now be shown as in the case of n. It follows that M 
is a quasi-closed curve. 


Corotzary. In order that a closed and connected set M should be a 
simple closed curve it is necessary and sufficient that M should contain no 
cut-points and be disconnected by the omission of any two of its points.* 


* Since I presented this paper to the Society it has come to my attention that 
J. R. Kline has announced the result contained in this corollary for the case where the 
set M lies in euclidean space of two dimensions. Cf. his paper in Proceedings of the 
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§3 
On the definition of simple closed curve.* 


Lemma 6. Let M be a set irreducibly connected from A to B, and let 
K be a subset of M which consists of all points of some are, t, except an 
end-point, P, of that arc. Then P is a point of M. 


Proof. Suppose P is not a point of M. Let Q be the other end-point 
of ¢, and let x be a point of ¢ distinct from P and Q, lying between + Q and B 
on M. Denote by m that’ portion of M from Q to B. The set m is irre- 
ducibly connected from Q to B.t 

The set ¢—(P-+ Q) is a subset of m. For suppose y were a point of 
t—(P + Q) lying between A and Q on M. Now M—@Q is the sum of two 
mutually separated connected sets, M, and Mo, neither of which contains 
both x and y.§ Let K; denote the set of those points of K —Q that lie in 
M;, ((=1,2). Then Kz, and as and Kz 
are mutually separated sets, 4—-(P + @Q) is not connected. As this is im- 
possible, it follows that no points of t—(P + Q) lie between A and Q on M. 

The point B does not belong to ¢. For suppose it does. Then all of m 
belongs to ¢; for if y were a point of m not in t, it would follow from the fact 
that m—y is the sum of two mutually separated sets containing Q and B, 
respectively, that t—(P-+Q) is not connected. Consider the set ¢—B. 
Since B cannot be either P or Q, t— B is the sum of two mutually separated 
sets, ¢, and t2, which contain P and Q, respectively. Since K is clearly 
identical with m, in view of what has been shown above, we must have t, =P 
and t,==m—B. But then P is not a limit point of m, and consequently 
not of t—P. As this is impossible, the supposition that B is a point of ¢ 
leads to a contradiction. 


National Academy of Sciences, Vol. 9 (1923), pp. 7-12 (Theorem 4). Kline refers, in 
this connection, to an earlier result of Tietze, who stated a similar result but imposed 
the unnecessary condition of connectedness im kleinen on the set M, as well as certain 
restrictive conditions upon the space in which M is imbedded which do not hold when 
the space is an euclidean n-space (n>1). Cf. Mathematische Zeitschrift, Vol. 5 
(1919), p. 289. In the same connection Tietze has a result (for the same type of 
imbedding space) similar to Lemma 7 of the present paper. 

* The content of this section was presented to the American Mathematical Society 
January 1 and September 8, 1926. 

t We are of course referring here to the linear order on M. Cf. Knaster and 
Kuratowski, loc. cit., Theorem XX. 

¢ Knaster and Kuratowski, loc. cit., Corollary XXIV. 

§ Cf. Knaster and Kuratowski, loc. cit., pp. 219-220. 
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Denote the set ¢— P by m, and the set m— m, by mz. As mz contains 
B, mz is non-vacuous. Since we have supposed P not a point of M, mz can 
contain no limit point of m,. Then since m is connected, m, contains a limit 
point, C, of mz. Let D be a point of ¢ between C and P. It is easy to see 
that D is between C and B on m. Denote the portion of t from Q to C by QC. 
The set m2 being connected,* it follows that QC + M2 is a connected set 
containing Q and B. But this set does not contain D, and hence is a proper 
connected subset of m containing Q and B, contradicting the fact that m is 
irreducibly connected from Q to B. Thus the supposition that P is not a 
point of M leads to a contradiction. 


THEOREM 5. Let M be a connected im kleinen continuum which is the 
sum of two sets N,; and Ne, each irreducibly connected from A to B, such 
that Ni: N2=A-+B. Then M is a simple closed curve. 


Proof. Let 
N,—(A+ B)=n, 
N.z—(A + B)= nz. 


If m,; and nz are mutually separated, it follows at once that N, and N2 are 
closed sets and therefore arcs with end-points A and B. In this case M is 
a simple closed curve. 

Suppose that m; and nz are not mutually separated, and that, for the 
sake of definiteness, m2 contains a limit point, P, of n;. I shall show that 
in this case M cannot be connected im kleinen. 

The point P is a sequential limit point of a set of distinct points, 
P,, P2, all belonging to n,;. There exists, between the points of 
and the points of the linear continuum 0 = 7 <1, a one-to-one correspond- 
ence 7’ in which order is preserved. For every positive integer n, let the 
point of the linear continuum corresponding to P» under the correspondence 
T be denoted by x»; suppose the point whose abscissa is zero corresponds to A, 
and is denoted by a, and that the point whose abscissa is 1 corresponds to B 
and is denoted by b. The set of points {2} has at least one limit point, 2, 
and x is a limit point of some subset of this set which is contained, say, in 
the interval az. Call this subset XY. Then wz is a sequential limit point of a 
sequence of distinct points of X, viz., a1, d2, d3,° - *, where for every positive 
integer n > 1, dn lies on the interval dn-12. 

For every positive integer n, let the point of the sequence P;, P2, P3,° °° 


* Knaster and Kuratowski, loc. cit., Theorem XV. 
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which corresponds to d under the correspondence T' be denoted by yn. Clearly 
P is a sequential limit point of the sequence ¥;, yo, ys,- °°. Let that point 
of VN, which corresponds to x under the correspondence -7’ be denoted by Y. 

The point Y is a limit point of that portion of N, from A to Y, and 
there exists a sequence of distinct points of Ni, viz., 21, 22, 23,° - * having Y 
us a sequential limit point, and such that for every positive integer n = 1, 
the point Zn lies between yn and Ynii on N;. Let that portion of N, from 
Yn to Zn be denoted by tm. The limit set * of the sequence of sets ¢,, to, ts,° °° 
is a closed and connected + point set t, containing P and Y. 

Let K be a spherical neighborhood with center P and such that Y is 
exterior to K. Denote the point set consisting of K and its frontier, I’, by k. 
There exists a continuum N which is a subset of ¢ and of &, and contains P 
and at least one point of F.[ The set N contains no points of N;. For 
suppose @ is a point of N; belonging to N. Then Q is a point of that portion 
of NV, from Y to B, and, since it is a point of t, a limit point of that portion 
of VN, from A to Y. The point Q is therefore identical with Y. But this is 
absurd, since Y is not a point of &. Hence N contains no points of Nj. 

As M is closed, N is a subset of M, and therefore of n2. Then N is an 
arc, since every closed and connected subset of an irreducible connexe is 
an arc.§ Let C be a point of this arc distinct from its end-points. There 
exists a spherical neighborhood 7, with center at C such that if ¢, denotes 
the point set consisting of 7;, plus its frontier, then ¢, contains neither 
Y, A, B, nor any points of N2 that are not also points of N. As M is a 
continuous curve, there exists, concentric with and lying interior to T,, 
a spherical neighborhood 72, such that if a and 6 are points of M lying 
interior to 7, there exists an arc ab whose end-points are a and }, is a 
subset of M, and lies wholly interior to 7. 

There exists a positive integer j such that yj; and yj4: lie interior to T2 
and z; lies exterior to 7,. There exists an are s which is a subset of M, 
has y; and yj,1 as end-points, and lies wholly interior to T;. No points of s 
belong to Nz. For suppose such points exist. Call the set of such points r. 
All points of r are obviously points of N, and r is closed, being the set of 
points common to two closed sets. Hence, as y; is not a point of r, there 


* By the limit set of a sequence of sets M,, M., M,,- - - is meant the set of all 
points {7}, such that 2 is a limit point of some set of points m,, ms, m;,- - - where 
for every positive integer n, m, is a point of M,. 

+ Cf. S. Janiszewski, “Sur les continus irreductibles entre deux points,” Journal 
de L’Ecole Polytechnique (2), Vol. 16 (1912), p. 98, Theorem 1. 

¢ Cf. Anna M. Mullikin, loc. cit., Theorem 1. 

§ Cf. Knaster and Kuratowski, loc. cit., Corollary XXVIII. 
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exists on s, in the order from y; to yj, a first point, D of r, and D is dis- 
tinct from y;. That portion of s from y; to D is an are e. All points of e 
except D belong to Ni. Hence D is a point of Ni, by the above Lemma 6. 
But as D is obviously distinct from A and B, it must be a point common 
to m, and nz. This is a contradiction of the hypothesis. Hence the sup- 
position that s contains points of Nz leads to a contradiction. It follows 
that s is a subset of N;, and is identical with that portion of NV, from y; to 
Yju. But as z; is a point of this portion, z; is therefore a point of s. This 
is impossible, as s contains no points exterior to 7’. 

Thus the supposition that ni and nz are not mutually separated leads 
to a contradiction, and the theorem is proved. 


Lemma 7. If M is a connected im kleinen set which ts irreducibly con- 
nected from A to B, then M is a simple continuous arc having A and B as 


end-points.* 


Proof. It is necessary to prove only that M is closed. 

Suppose UM is not closed. Then there exists a point P which is a limit 
point of M and does not belong to M. There exists a correspondence, T, 
preserving order, between the points of M and the set of points of the linear 
continuum 021, in which A and B correspond to the points whose 
abscissas are 0 and 1, respectively. Denote the latter points by a and 6, 
respectively. As in the proof of Theorem 5, it can be shown that there exist, 
on M, two sequences of points, Yo, Ys,° and 21, 23,° °°, such that 
(1) the set of all points on ab corresponding, under the correspondence 7’, 
to points of these sequences has a sequential limit point, z, whose transform 
in M is a point Y, (2) all points of these sequences lie between A and Y 
(or Y and B) on M, and for every positive integer n= 1, Zn lies between 
Yn and Yn on M, (3) Y is the sequential limit point of the sequence 
Z1 Z2, Z3,° * *, and P is the sequential limit point of the sequence y;, Yo, ys,°**. 

Chat M is not connected im kleinen at Y is shown very easily by con- 
sidering a spherical neighborhood 7 with center Y and such that P is ex- 
terior to T. 


THEOREM 6. If M is a quasi-closed curve which is connected im kleimen, 
then M 1s a simple closed curve. 


* Since this paper was originally written, the result stated in this lemma has 
been given with a different proof by G. T. Whyburn, in his paper “ Concerning Regular 
and Connected Point Sets,” Bulletin of the American Mathematical Society, Vol. 33 
(1927), pp. 685-689; also, a different proof of the lemma has been given by the 
present author in his paper “On Connected and Regular Point Sets,” ibid., Vol. 34 
(1928), pp. 649-655. 
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Proof. As M is a quasi-closed curve, it is the sum of two sets M, and M, 
which are irreducibly connected between two points, A and B, of M, and 
such that M,—(A +B) and M,—(A-+ 8B) are mutually separated. That 
M;, say is connected im kleinen at all points distinct from ‘A and B is evident. 
To show that it is connected im kleinen at the latter points, consider the 
point A in particular. If M, is not connected im kleinen at A, there exists 
a spherical neighborhood K, with center at A, not enclosing B, such that if 
Kz is any neighborhood concentric with K, and lying interior to K;, then 
K, encloses a point x of M, such that the portion of M, from x to A contains 
points exterior to K,. Since M is connected im kleinen at A, there exists a 
neighborhood C with center at A, such that if P is any point of M interior 
to C, P is joined to A by a connected subset of M which contains no points 
of M exterior to K,. Now there exists a point x of M, interior to C, such 
that the portion of M, from z to A contains points exterior to K,. But there 
does exist a connected subset, N of M, containing both x and A and lying 
interior to K;. Obviously N is not a subset of M,. Let 


(M;—A)=Mi, (jun 


Then NV — A is the sum of two sets N; and N>2, where N, and N2 are mutually 
separated sets. The set N,-+ A is.a connected subset * of M, containing x 
and A and lying wholly interior to K,, which is clearly impossible. Thus 
M, is connected im kleinen at A and similarly at B. Likewise M2 is con- 
aected im kleinen at both A and B. The theorem now follows as a conse- 
quence of Lemma 7. 

LemMa 8. Let M be a connected point set such that tf A and B are 
any two distinct points of M, then M—(A-+ B) ts the sum of two mutually 
separated connected sets. Then M is a quasi-closed curve. 


Proof. The set M contains no cut-points. For, suppose there exists 
in M a point A such that M— A is the sum of two mutually separated sets, 
K and N. Then K and WN are connected. For if K, say, is the sum of two 
mutually separated sets K, and K2, then, if B is a point of N, 


M—(A + B)=K,+ -+(W—B), 


and the sets Ki, K. and N—B are mutually separated, thus contradicting 
the condition of the theorem. 


*Knaster and Kuratowski, loc. cit., Theorem VI. 
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The sets K and N contain no cut-points. For if K, say, contains a point 
B such that K — B is the sum of two mutually separated sets K, and Ko, 


where K,, K. and N are mutually separated sets, thus contradicting the 
condition stated in the theorem. 

Then, if P is a point of K, and Q is a point of N, K—P and N—Q 
are connected sets which have a common limit point, A. Hence 


and therefore M —(P-+(Q) is the sum of two connected sets (K — P)-+-A and 
(N—Q)+ A having in common the point A, and is therefore connected, 
contradicting the condition stated in the theorem. 

Thus the supposition that M contains a cut-point leads to a contradiction, 
and the fact that M is a quasi-closed curve follows from Theorem 4. 


TuxroreM 7. In order that a continwum M should be a simple closed 
curve, tt is necessary and sufficient that if A and B are any two distinct 
points of M, then M—(A-+B) is the sum of two mutually separated con- 
nected sets. 


This theorem is a consequence of Lemma 8. 


THEOREM 8. In order that a connected and connected im kleinen set M 
should be a simple closed curve, it is necessary and sufficient that if A and B 
are any two distinct points of M, then M—(A-+ B) is the sum of two mu- 
tually separated connected sets. 


Theorem 8 is a consequence of Lemma 8 and Theorem 6. It will be 
noted that the definition of simple closed curve embodied herein does not 
require that the set M be either closed or bounded. This is also characteristic 
of the following two definitions. 


THEOREM 9. In order that a point set M should be a simple closed curve, 
it is necessary and sufficient that it be connected and connected im kleinen, 
and that it should contain no cut-points and be disconnected by the omission 
of any two of tts points. 


Theorem 9 is a consequence of Theorems 4 and 6. 


THEOREM 10. In order that a connected and connected im kleinen point 
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set M shouid be a simple closed curve, it is necessary and sufficient that it 
remain connected upon the omission of any connected subset. 


Theorem 10 is a consequence of the result referred to at the beginning 
of § 2, and of Theorem 6, 


Theorem 10 is perhaps more striking than any of the others, in view of 
the fact that there exist * connected and connected im kleinen point sets 
which contain no continua whatsoever and in that the addition of the simple 
condition that the set remain connected upon the omission of any connected 
subset is sufficient to render the set into such a simple continuum as a simple 
closed curve. 

It seems to me probable that the following theorem is true: Let M bea 
connected im kleinen point set which is the sum of two sets M, and Mz which 
are irreducibly connected between two points A and B and which have only 
A and B in common. Then M is a simple closed curve. I have not yet 
been able to establish it, if true, but it obviously includes Theorems 5 and 6, 


and is more general than either. 


UNIVERSITY OF MICHIGAN, 
ANN ARBOR, MICHIGAN. 


*Cf. R. L. Wilder, “A Connected and Regular Point Set Which Has No Sub- 
continuum,” Transactions of the American Mathematical Society, Vol. 29 (1927), 
pp. 332-340; also B. Knaster and C. Kuratowski, “A Connected and Connected im 
Kleinen Point Set Which Contains No Perfect Subset,” Bulletin of the American 


Mathematical Society, Vol. 33 (1927), pp. 106-109. 
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NOTE ON FUNCTIONS OF R-TH DIVISORS. 


By E. T. BELL. 


1. The term r-th divisors of n (r, n integers, r=0, n >0) is used 
by D. H. Lehmer * to designate the set of positive integers defined as follows: 
5) =n; 8-==the set of all divisors of all the integers in the set 6,.. (r=1). 
The set d, of r-th proper divisors is defined similarly with the restriction 
that a proper divisor of an integer m > 0 is a divisor << m of m. If r is not 
an integer = 0, the definition can easily be extended, and in fact r may be 
any real or complex number provided that uw’, which is defined presently, 
is interpreted in the irregular field J¥ of all numerical functions as demanded 
by the postulates of the field; namely as exp (rlogu). The theory of trans- 
cendental analytic functions in IF is developed in a paper to appear shortly.f 


2. The entire theory of functions of the numbers 3,, d, is implicit in 


the equations in IF. 
2.1 —(u—1)'f 


in which ; is an arbitrary numerical function (or arbitrary element of JF), 
u is defined by u(n)—1 for all integers n > 0, and the definitions of ,f, ,f’ 
are (for ali integers n > 0), -f(n)=Df (8), (n)= (dr), of = of’ =f. 
The notation in 2.1 is as in any of the papers cited in § 5; the >’s refer to 
all numbers of the respective sets 6,, dr. To prove 2.1, it is sufficient to 
translate the definitions of ,f(n), f’(m) into the notation of JF; namely 


f=Uraf, 


for all integers r>0. As in IF, the equations 2.1 then define ,f, -f’ for 
all real or complex numbers r. 

Since wu is regular in JF it has a unique inverse, u-! =p, (Mobius’ or 
Mertens function). To develop the properties of ,f, +f ad libitum it is 
sufficient merely to manipulate the right-hand members of 2.1 according to 
the rules of elementary algebra, not dividing by f if f is irregular (f is 
irregular in IF if and only if f(1)— 9), as IF is an instance of an abstract 
irregular field. If at any stage it be required to interpret the results in 


* American Journal of Mathematics, Vol. 52 (1930), pp. 293-304. 
{ Transactions of the American Mathematical Society. Further references are 
collected in Section 5. 
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terms of -f, ,f’, this may be done (for all 7) by the substitutions, equivalent 


to 2.1), 
2.2 f= =f 


3. A few examples will suffice to show how the properties of +f, -f’ 
follow by elementary manipulations of 2.1. First may be noted the alterna- 
tive definitions for all integers r: wu’f is the 7 th so-called numerical integral, 
and (w—i)’f the r-th proper numerical integral of f. If +f, +f’ be regarded 
as having been obtained by this process, instead of by summations over 4,, 
dr, we shali write f,, fr’. Thus 


3.1 


and as in 2.1 we take for all real or complex numbers r as definitions of 
fr, fr’ the elements u’f, (u—1)"f of JF. In passing it may be repeated 
(as pointed out in the papers cited in Section 5) that the numerical integral 
uf of Bugaieff is in no way distinguished from any other simple (binary) 
product in JF’, and similarly for the Liouville-Dedekind inversion; namely, 
if uf =F, then f=F/u—xzF, which is on the same footing as gf =h, 
f =h/g = where g is any regular element of JF and is its reciprocal 
in IF, 

Let r be an integer. If in IF a product gf is factorable( see Section 5, 
references}, and one of its factors, say g, is factorable, then f is factorable. 
Since u” is factorable, a necessary and sufficient condition that f-(—~-,f) be 
factorable is that f be factorable. Hence if for any particular integer r, 
fr is factorable, it is factorable for all integers r. 

As a second example, since u’** = u’u* = usu", and similarly for w—1, 
we see from 2.1 that 
rash = = rhs = shy (h=f orf’). 


Again, if F = uf, and it be required to express the inversion formula 
f=F/u in terms of functions Ff, we write w—1=—v for convenience, 
so that 


(— 


The last series obviously terminates when f has the argument n (an arbitrary 
finite integer), as F;(n)—0 for 7 =a certain finite integer, from the defini- 
tion of dj. 

The connection between -f, -f’ is obvious from 2.1. For simplicity let 
r be an integer = 0. Then, (v=w—1), 
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As another identity suggested by 2.1 we have 


and hence, if F = uf, 


(-1) 


j=1 
An alternative form has fF; instead of ;/’, since 


The binomial theorem for a positive integral exponent r has a variety 
of interpretations. To take only one, w—v—1; hence 


= (— 1) G) worry, 


and we write u/v™Jf in either of the forms (among others) w/(v"“f), 
v’-i(uif), and hence as any one of 


Wrif’, 
that is as any one of the eight 


(rsf’)i, (rif), a 
Gf’) r-iGf)’ r-j(fi)’. 


Hence f has (among many more) the eight binomial expressions 


f= > (—1)/ FY, 


where /’‘/) denotes any one of the above functions. The forms of the I’! (n) 
are immediately written out from the notation: a prefix s denotes a sum 
over s-th divisors, a suffix s an s-iterated numerical integration, an accent 
indicates proper, lack of an accent all divisors of the set, and operations 
within the ( ) are to be performed before those outside. This example illus- 
trates the commutative, associative and distributive laws in I’, which are 
abstractly identical with the like in a field. 


| 
| 
| 


FUNCTIONS OF R-TH DIVISORS. 59 


Finally, by the simple properties of what were called functional powers 
in If’, all formulas for f,, -f’,- - - can be transposed from sum to product 
forms without computations. In the papers cited in Section 5 the extension 
to functions of elements in any commutative semigroup having a unique- 
decomposition theorem (as for example in any finite abelian group) was noted 


and developed. 


4. The explicit forms of -f, -f’ (and hence of f,, fr’) are written down 
at once from the generator (see papers 5.3 and that of 1915) of f. If f is 
factorable, and F(z, z) is its generator, the generator of -f is F(x, z)/(1—z)". 
If ha(x) is the coefficient of z2* in the formal development of this generator 
as a power series in 2, the explicit form of f,(n) is 


4.1 fr(n)=TIha(p), 


where n = [[p* is the prime decomposition of n. If f is not factorable, 
u'f is the essentially simplest form of ;f; the form corresponding to 4.1 can 
be obtained as in the papers cited. To find the explicit form of -f’ we apply 
to the explicit form of f, the theorem (—1)"-f/ = }(— 1)/(5 ) sf. 

The simple, general method for obtaining the generator of a given f from 
its arithmetical definition was given in the previous papers, and in that of 
1915 a list of the generators of practically all of the factorable numerical 
functions in the literature, with many more, was written out. Some of the 
simplest are: the generator of uw is 1/(1—z); that of Euler’s ¢ is 
(1—2z)/(1—2z); that of o, (sum of k-th powers of all divisors) is 
1/(1—2z) (i —a*z) ; that of w is 1—z; that of the unit function 7 in IF 
is 1; that of the zero function in JF is 0. 

The definitions of -f, -f’ connect an arbitrary numerical function with 
the very special ones u, u—1. If for the latter any elements g, h,--- 
of IF be substituted, the treatment is precisely the same. From the stand- 
point of JF, which is the irregular field of all numerical functions, there is 
no particular reason for distinguishing u, w—1,--- from any other ele- 
ments of If’. 


5. A concise account of the theory is given in Algebraic Arithmetic, 
(American Mathematical Society Colloquium Publications No. 7, 1927), and 
an adequate summary in The Journal of the Indian Mathematical Society, 
Vol. 17 (1928). It was however developed first in University of Washington 
Publications in Science, Vol. 1, No. 1 (1915), pp. 1-44, where there are 
numerous applications. For the specific parts used in this paper we may 


refer to 
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5.1 Tohoku Mathematical Journal, Vol. 17 (1920), pp. 221-231. 


5.2 Bulletin of the American Mathematical Society, Vol. 28 (1922), 
pp. 111-122. 


5.3 Transactions of the American Mathematical Society, Vol. 25 (1923), 
pp. 135-154. 


5.4 L’Enseignement Mathématique, t. 23 (1923), pp. 305-308. 


The last contains everything necessary for the present paper except the 
theory of generators, which will be found in 5. 3. 

It may be pointed out that the generalizations to any systems having 
unique-decomposition theorems are not true generalizations in the sense of 
modern algebra; they are merely other solutions of a certain set of postulates. 
To obtain true generalizations, the set of postulates must be modified in the 
direction of weakness. 

For the theory of irregular fields, see either Algebraic Arithmetic 
above, or 


5.5 Annals of Mathematics, Vol. 27 (1926), pp. 511-536. 
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THE UNIFORM APPROXIMATION OF A SEQUENCE OF 
INTEGRALS. 


By R. L. JEFFERY. 


Let 1, J2,* * *»9p be p functions of « summable on (a,b). It has been 
shown by Lebesgue.* that there exists a finite sub-division a of (a,b), and 
on each interval of this sub-division with length «; a point & of x such that 


b 


Lebesgue remarks + that such an approximation can evidently be made for 
an infinite sequence of functions. Our investigation seems to show that this 
remark needs some qualification, even when the sequence is bounded in # 
and n. In Lebesgue’s results, for a given ¢, both a; and &; are fixed. We show 
that it is always possible to find €; on each interval with length a; so that 
(1) holds, for any a with norm sufficiently small. Conditions are also 
determined under which the approximation can be made, independent of n, 
for an infinite sequence of functions. The paper concludes with some applica- 
tions to functions of two variables. 

It will make for brevity if we agree once for all that a shall represent 
a finite sub-division of (a,b), and B a sub-set of the intervals of a; a; and &i, 
8; and &; shall denote the length of and a point on an interval of « and B 
respectively. 

THEOREM I. Let gi, be p functions of x summable on the 
measurable set E contained on (a,b). Then fore > 0 and & > 0 it ts possible 
to choose from « with norm sufficiently small a sub-set of intervals B, and on 
each interval of B a point &; of E, such that 


J 


and at the same time |mE—mB|<¢. If E is the interval (a,b) then the 
approximating sums can be taken over all the intervals of a. 


We shall first establish the theorem for two bounded functions, gi, and ge. 
Let J and L be the bounds of the set defined by gn (A =1,2). Divide (1, L) 


* Annales de Toulouse, (3), Vol. I, p. 33. 


t loc. cit., p. 34. 
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into n equal parts each of length y, where n is large enough to insure the 
following results: 

(a) n(b —a)< «/3. 

(b) | (V+ <3 (b= 1,2), 
where e;* has the usual significance. Let ei; be the set of points common 
to e;1 and e;?._ Let ¢ be greater than zero but otherwise arbitrary. Following 


the method used by Lebesgue, we can associate with each set ei; a finite set 
of non-overlapping intervals aj; with the following properties: 


(1) Each interval of ai; contains at least one point of ei;, and the 
measure of the part of e;; not on aj; is less than ¢. 


(2) The measure of the part of e;; on ai; differs from the measure of aj; 
by not more than t. 

(3) There are no points common to any of the n? sets aij (1,7 —1, 2, 
Nn). 

(4) The measure of ai; and ei; differ by not more than ¢. This follows 
from (1) and (2). 


If U is the larger of the two numbers | Z| and |7|, and 
{+ 1)q} mer? (h =1,2), 
then from (4) and the fact that 
ja 


we get 


(5) | < (h=1, 2). 


Let M be the largest number of intervals in any of the n? sets aij. Let § > 0 
be less than the length of the-smallest interval in any of these n? sets, but 
otherwise arbitrary. Let « be any finite sub-division of (a,b) for which 
a; < 6, and let ui; be the intervals of « which have a part in common with 
aij, and which contain points of e;;. Then muj;; can neither be greater than 
maij by more than 2M6, nor, on account of (2), can it be less than maj; by 
more than ¢. Hence in any case we have 
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(6) | muij — mai; | < 2M8 + 1. 
Consequently, if we write 


and 
{1 -+(j —1)} MUij, 
jz i= 
it is easily seen that 


(7) | 8," | < n?U (2M8 + (h = 1,2). 


If now for all combinations of 1,7 we fix in each interval of the set wij a 
point of e;;, and in the expansion of S;' and S;* we replace J +-(1— 1)» and 
1-+-(j —1)» by the value of the corresponding function at the point so fixed, 


we arrive at 


Bi (h—=1, 2), 

where £ includes all the intervals of the n? sets wij From (4) and (6) 
we get 
(8) | mE — mB | < nt + n?(2M8 + t)—=). 
It is also easy to verify that . 
(9) | | <4(b—a)—p. 
Combining (5), (7), and (9), we get 
(10) | — 8,"| << UA+ p (h =1, 2). 
Then from (a), (b), and (10), we have 


and at the same time the right hand side of (8) is less than ¢’, provided 
first ¢, and then 8 has been fixed sufficiently small. 

In the case of p bounded functions the procedure would be the same, 
except that in the place of the n? sets ej; there would be n? sets similarly 
defined. 

Now suppose the functions - gp unbounded but summable on £. 
For WN a positive integer let Ey be the part of H at which —N=g9,=N 
(h=1,2,--+,p). It is clear that Hy is measurable, and that the limit as 
N becomes infinite of Hy is all the points of Z. Hence for N sufficiently 


large, we have 
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(1) | mE — mEy | < ¢/2, 

and at the same time 

E By 


The functions g, are bounded over Hy, and we have seen that if the norm 
of « is sufficiently small, then from « we can pick a sub-set of intervals B 


and points é; of Hy, for which 


(3) gndz — | <¢/2 (h=1,2,---,p), 
N 

and at the same time 

(4) | MEy — mB | < ¢/2. 


Combining (2) with (3), and (1) with (4), we get the first part of the 


theorem. 
Now let E be the interval (a,b). It is evident that there exists § > 0 


such that if e is any measurable set on (a,b) with me < 4, then 


Also, on account of the first part of the theorem, if the norm of « is suffi- 
ciently small, we have 8 a sub-set of «# such that 


b 


and at the same time |b —_a—mB| <8. If y=a—B, then my < 8, and 
it is easy to show that there exists & on each interval of y with length yz 


such that 


Hence 
| < ¢/2 (A=1,2,°--,p), 


and this with (1) gives 


None of the foregoing results hold, in general, for an infinite sequence 
of functions. We give three examples which throw light on this point from 


various angles. 
Let gn=n(1—nz) on 0<2@=1/n, and g,—0 elsewhere on (0,1). 


Then for every n we have 


| 

| 
| 
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1 
gndx = 1/2. 
Jo 


It is easily seen, however, that for any sub-division # whatever of (0,1), and 
for any choice of £;, we have 
gn(si)=0 

for all n sufficiently large. 

In this example the sequence converges for each 2, but it is not bounded 
in z and n, nor is it integrable.* 

Let gu: = log n on k—1/nSxSk/n, and gnzx = 0 elsewhere on (0,1) 
(k—=1,2,---,n, n=1,2,---). In this case 


1 
f = log n/n 1/e. 
a 


But if M is arbitrarily large, then for any sub-division whatever of (0,1) 


and any choice of é;, it is possible to find gnx so that 
D (Ei) > M. 


In this example the sequence is neither bounded in x and n, nor is it 
convergent. We conclude with an example of a sequence which is bounded 
in and n. 

Divide the interval (0,1) into m parts and bisect each of these parts. 
Let gnx be zero at the irrational points of one-half of each sub-division, and 
unity at the irrational points of the other half. Doing this in all possible 
Ways gives rise to 2” functions gnz (k=1,2,--°-+,2") on the irrational 
points of (0,1). For a rational on (0,1) let gnx—0 for all n and 
k=1,2,---,2". We thus arrive at an infinite sequence of functions 


bounded in z and n, and such that 
1 
Ineda = == 1, 2,- + +, 2%, n==1, 2,- - -). 


But it is not difficult to show that if (é, &,---,&:) are any 7 irrational 
numbers on (0,1) then there exists at least one function gy» such that 
gnu (€i)==0 (t= From this it would readily follow that for 
any sub-division « of (0,1) and any choice of & there exists at least one 
function gnx for which 


Gn & = 0. 
We now prove 


* Hobson, Functions of a Real Variable, second ed., Vol. 2, § 201. 
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THEOREM II. Let g:, g2,- - - be a sequence of functions, measurable on 
(a,b), bounded in x and n, and such that as n increases gn(x) converges to 
g(x). Then there exists 8 > 0 such that if a < 8, it is possible to choose &; 
so that 


b 


For an arbitrary > 0 let S(y,1) be the set of 2z-points for which 
| gn(x)— g(x) | <<y for n=I. It can be shown that this set is measurable, 
and that as 7 increases the measure of S(y,1) approaches b—a. This, and 
the fact that gn is bounded in z and n allows us to fix ]—=T’ so that, 


7) 

(1) | fo 1,2,-- >), 
a e 

and at the same time 

(2) b—a—mS(n, 1’) <4. 


Also, we can find n’ =I such that, 


(3) gndx — ae | <7 (nZn’). 
8 


(9,1) 


Then, on account of Theorem I, from « with norm sufficiently small we can 
choose a sub-set of intervals 8, and on each interval of this set a point &; of 
S(m, 7) such that both the following inequalities hold: 


(5) | mS (n,1)— mB | <4. 


Since n’ =I’ and é; belongs to S(y,/) we have, 
(6) |Z gw (nZn’). 
j j 


Since (4) holds for n =n’, then by taking into consideration (3) and (6), 
we have 


j 


and this with (1) gives 


(8) | — gn ($s) Bi | < 3y + —a) (n ==1,2,-- -). 
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Let y =a— £, and let M be the least upper bound of | gn | for all n and a. 
Then, on account of (2) and (5), for any choice of & we have 


| (Ge) | < (n=1,2,- °°), 


and since 7 is arbitrary, this with (8) gives the desired result. 

If the sequence g1, g2,° - - is not bounded in z and n, but is such that 
the sequence of integrals is equi-convergent,* then g is summable,t and the 
sequence of functions is completely integrable.{ With these facts established, 
it is not difficult to obtain inequalities (1) and (2) above. We can then 
proceed as above to inequality (8), thus getting 


I. Let gi, g2,° be a sequence of functions, summable on 
(a,b), convergent to a summable function, and such that the sequence of 
integrals is equi-convergent. Then fore > 0 and ¢ > 0 tt 1s possible to choose 
from « with norm sufficiently small, a sub-set of intervals B and on each inter. 
val of B a point €; such that 


| — | <« 


and at the same time |b —a—mB| < ¢. 


The question now arises as to whether or not the conditions of Corollary I 
are sufficient to permit the approximating sums to be taken over all the inter- 
vals of any set a with norm sufficiently small. An example answers this 
question in the negative. This example also brings to light a class of func- 
tions, satisfying the conditions of Corollary I, for which there exists no § > 0 
such that for every « with a; < 8 it is possible to find € for which 


b 
(1) | <e 


but for every 8 > 0 it is possible to find at least one « with a; < 8, and a choice 
of é so that (1) holds independent of n. 

Divide the interval [1/(4 + 1),1/k] (k = 2; 3,---) at the points t,x, tox, 

+ where 1/k, and where ¢(n-1)x — tnx = 1/k* so long as the point 

falls to the right of or on 1/(k +1) + 1/k*. If by making ft n-1)x — tnx = 

1/k* the point tnx would fall to the left of 1/(k +1) + 1/k® then place the 


* Hobson, Functions of a Real Variable, second ed., Vol. 2, § 208. 

7 de la Vallee Poussin, Transactions of the American Mathematical Society, Vol. 
15, Theorem I. 
t Hobson, loc. cit., § 209. 
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point tnx half way between and 1/(k-+ 1). Let gn = on tnx, 
(k = 2, 3,- - and gn = 0 elsewhere on (0,1). 

It is easily shown that gn converges to a summable function g, that for 
all n 


gndx < = (1/k?), 


and that the sequence of integrals is equi-convergent. But if M is arbitrarily 
large and 6 is any positive number, it is possible to find a sub-division @ of 
(0,1) with norm less than 6, and a value of such that 


(1) D > M. 
Fix k = k, so that 
+1) > M, and 1/k, (ki +1) < 8. 


Take any sub-division « of (0,1) with norm less than 6 and such that one of 


its intervals is (1/k,-+1,1/k,). Denote this interval of the set « by aj, 


and fix é; any point on a;. Then for some n we have 
gn = = hy (ky +1) =U, 


and inequality (1) follows from this. 
Nevertheless, for « and 8 any two positive numbers, it is possible to find 
a sub-division of (0,1) with norm less than 6 and points é; such that for this. 


particular sub-division and choice of & we have 


if grdxz — gn(&i) | <6 
0 4 


It is easily verified that 


(1) gndx <> (1/k*) 
0 k’ k’ 


for all n, provided k’ is sufficiently large. 

On (1/k’, 1) gn is bounded in z and n, and consequently satisfies the 
conditions of Theorem II. Hence there exists & < 8 such that for any sub- 
division @ of (1/k’,1) with norm less than & it is possible to find & for 
which 


1 
(2) gndxz — gn (Ei) | < (n = 1, 
1/k’ A 


To any such sub-division of (1/k’,1) adjoin the interval (0,1/k’), thus get- 
ting a sub-division « of (0,1). If on this adjoined interval of a we fix 


| 
7 
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€, = 0, the desired result readily follows from (1), (2), and the fact that 
gn(9) = 0 for all n. 
We now state 


THEOREM III. Let the sequence of functions 91, g2,° be summable on 
(a,b), and converge uniformly to the summable function g. Then on each 
interval of any finite sub-division a of (a,b) with norm sufficiently small, it is 
possible to find & so that 


b 
if. gnda & <e (n=1, 


This readily follows from the uniform convergence of the sequence, and 
the fact that Theorem I applies .to any finite number of functions of the 
sequence. 

A study of the sequence gn = log n/n for 0=2=1/n, and gn—0 else- 
where on (0,1) shows that the uniform convergence requirement of Theorem 
III is not necessary. 


THEOREM IV. Let gi, go,° °° be a sequence of functions summable on 
(a,b) which converges to the summable function g. Let < be the points of 
non-uniform convergence of the sequence. If & has zero content, tf gn is 
bounded on & and n, and tf the sequence of integrals is equi-convergent, then 
there exists « and & such that 


b 
gndxz — > gn | (n= 1, 


Under the conditions, of the theorem the set Z can be put in a finite set 
of intervals B such that if € is a point of ¢ then 


(1) | gn(&;) Bi | 
Jj 

and at the same time 

(2) | f, | <¢/3. 


If (aj, b;) 1s one of the p closed intervals of the set complementary to f, then 
on (a;,b;) the sequence converges uniformly to g. Hence by Theorem III, 
for any sub-division « of (a;,b;) with norm sufficiently small, we have 


bj 


We can now combine (1), (2), and (3), to obtain the desired result. 
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Applications to a Function of Two Variables. Let f(z,y) (arb, 
¢SyZ24) be bounded, continuous in y for each xz, and measurable in x for 
each y. For 8 and », two arbitrary positive numbers, let Gs, be the set of 
a-points for which | —f(«,y”) | < for every pair of values y’, 
for which | 7’— 9” | <8. The set Gs, is measurable.* 

To show this let y be an everywhere dense countable set on (a,b), and 
let Gs be the set of 2-points for which | f(z, 9’) —f(«, 9”) | < for any 
two values ¥’, y” of for which | 9” | <7». That G5, is measurable 
readily follows from the countability of y and the fact that for a fixed y, 
f(x,y) is measurable. The continuity of f(x,y) in y for a fixed x can then 
be used to show that Gs, and G5, are identical. As 8 approaches zero, Gop 
tends to include all the points of (a,b); this and the boundedness of f(2,y) 


give, for 8 sufficiently small, the following two inequalities: 


(2) b—a— mG < 7. 
The function F(y) = f f(z, y) da is continuous.+ 
Hence there exists & < 8 such that 

(3) | F(yY) —F(y") 


for any two values y’, y” of y which satisfy | y’—y”|<&. Let (c,d) be 
divided at the points yo>=C, 491, *;Yp=d where 0 < yx— <8 
(k =1,2,--+,p). Applying Theorem I to the function f(z, y.) (k = 0,1, 
- ++, p) and x on G,, we can select from a finite sub-division of (a,b) with 
norm sufficiently small, a sub-set B, and é; a point of Gs, such that 


(4) f(z, yx) da — p> f (Ei, yx) Bi | <7 (k = 1, 
67 Jj 


and at the same time | mB — mG, |<. The above inequalities, together 
with the boundedness of f(z,y) and the fact that é; belongs to Go, readily 


gives the following theorem: 


Let f(x,y) satisfy the conditions stated above. Then for any finite sub- 


* Concerning the non-measurability of sets defined in a manner very similar to 


that of G; , See Hobson, loc. cit., third ed., Vol. 1, p. 727. 
+ W. H. Young, Monatshefte fiir Mathematik und Physik, Vol. 21 (1910), pp. 


126-127. 
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division « of (a,b) with norm sufficiently small, we have, for a proper choice 


of &i, 
b 
If f(z, y) is unbounded but summable in x for each y, and such that for 


e any measurable part of (a,b) with me sufficiently small, if f(a, y) dz | 


is arbitrarily small independent of y, we shall say that F(y) is equi-convergent. 
The continuity of F(y) would then follow from Vitali’s theorem,* and this 
gives inequality (2) and (3) above, while (1) would follow from the equi- 
convergence of F(y). We could then proceed to (4), thus obtaining the fol- 
lowing theorem: 


Let be continuous in y for each x, sum- 
mable in x for each y, and such that F(y) is equi-convergent. Then fore > 0 
and ¢’ > 0 it is possible to select from « with norm sufficiently small a sub-set 
B, and on each interval of B a point €; for which 


and at the same time b —a— mB < 

If it is known that f(z, y) is continuous in y at yo only, the other con- 
ditions in either the first or second case above remaining unchanged, it does 
not follow that the set of z-points for which | f(x, yo) — f(z, y) |<» when 
| yo— y | <8 is measurable.+ But if we assume further that f(z,y) is such 
that this set is measurable for each pair 6 and y, it is then possible to establish 
the first theorem above for some interval about y if f(z, y) is bounded, and 
the second theorem in case f(z,y) is not bounded but is such that F(y) is 
equi-convergent. 


* Rendiconti del Circolo Matematico di Palermo, Vol. 23 (1907), p. 137. 
+ Hobson, loc. cit., third ed., Vol. 1, p. 727. 
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NON-INVOLUTORIAL BIRATIONAL TRANSFORMATIONS 
BELONGING TO A SPECIAL LINEAR LINE COMPLEX. 


By H. A. Davis. 


Introduction. The most general non-involutorial Cremona space trans- 
formation which belongs to a special linear line complex has been studied 
synthetically by M. Pieri.* He finds the general transformation to be of 
order n + 2n’— 3. In the present paper a transformation of the same order 
is discussed which has properties quite different from the one studied by Pieri. 


1. Synthetic Discussion. Denote by ZT and I respectively the non- 
involutorial transformation and the special linear complex to which it belongs. 
Consider two superimposed ordinary spaces and such that ~ under 7’. 
To each point P of % (or P’ of &’) corresponds the unique I-ray PP’. These 
two representations of the lines of T upon the points of & and of >’ shall be 
designated by M and M’ respectively. It is clear that T—M-4M’, and 
T-1—= 

A T-pencil (A,@) with vertex A on the directrix d of I and plane « 
not containing d corresponds in M to a curve A,,:A"?, and in M’ to 
A’n' 1: A™-1, hence, under 7’, ~ A’n'_,: A T-pencil (B, B) 
with vertex B not on d and plane £:d corresponds in M to a conic A;: B, , 
and in UM’ to A,’: B, hence, under 7, Az: B~A,’: B. Two pencils, one of 
each type, with a line in common form a composite T-regulus, hence a T- 
regulus R corresponds in M to a curve An, of genus 0, and in M’ to a A’n' 41 
of genus 0, and, under 7, Any; ~ A’n' 41. 

The surface F’, image in M of a linear T-congruence Q, with directrix g 
is cut by a plane through d in d"* and a A.; and by a plane through g in g 
and a Ay; Hence, Q, corresponds in M to a surface F,:d"-*g, and in M’ 
to : d”-2g, hence, under 7’, Pn: ~ F'n : 


2. The Equations of T. There are in all o*|F,| and of| F'n |, 
associated with the oo* linear T-congruences. But a single pencil | /, |, 

together with the corresponding pencil | F’,’ |, is sufficient to determine 7. 


The base of a pencil | Q, | of linear T-congruences is a T-regulus R on 


*“Sulle trasformazioni cirazionali dello spazio inerenti a un complesso lineare 
speciale, Circolo Matematico di Palermo, Vol. 6 (1892), pp. 234-244. 
loc. cit. 
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a quadric H. The directrices of the congruences | Q, | form the regulus R’ 
associated with R on H. The directrix d of T belongs to R’. Associated with 
| Q1 | are the pencils | F’, | and | F'n | . 

Through a generic point P of space passes a single surface F',: d"?q, 
where g is the directrix of the @Q,; associated with F,. The corresponding 
surface is F’,':d”-*g. The unique transversal of d and g through P meets 
I’, in one residual point P’, image of P in T. 

Denote by 7 — 12%, = 0, 41/42 + 44/43, =k, and 21/24 
= 2/23 = m, the directrix d, the quadric H, the regulus R, and the regulus 
R’ respectively. 

If we select the pencils | Fn so that neither contains d as 
a tact locus, we obtain the T discussed by Pieri. We shall consider the case 
in which d is a tact locus for both pencils. They may then be written 


and | 


(1) | | >= U (a, — pus) + V (22 pt3)= 0, 
(2) | | =U" (2, — pts) + V' (t2— pts 0, 
where 
i=2 i=2 i=2 
n! 4 + 
i=2 k=1 k=1 
4 4 
ui’ = = W = 
k=1 k=1 


Each surface of the pencils | F, | and | F’n | contains a line g =2, — pr, = 0, 


Le — pt; =O, of Rk’. Through a point P(y) of space passes a single surface 
of | Pn | for which 


(3) p= (y) + (y) (y) + ysV (y)]- 

The transversal ¢ of d and g through P meets d and g in points whose 
coordinates are (0,0,U,—V) and (py1, Yo, Yi) respectively. Any point 
of ¢ has coordinates 
(4) = ppyi, T2—=ppys, +AU, 


When (4) is substituted in (2) factors Ap, (up)”-?, and H = yiys — Yos 
cancel out leaving 


(5) — VU = 0, 
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where now 


ti’ = [ + ais) + (Wisp + Vis) 
= [ (Wisp + ys + (0 isp + yo] — V)A, 


p having the value given by (3). 
The values of A and p» obtained from (5) may be written 


(6) A=Ji:H +(Uy. + Vy2)K, w=JIi(Uys + Vys), where 
7 7 77 
4 


When (6) is substituted in (4) a factor Uy, + Vy2 appears, leaving 
for the equations of 7-}, 


(7) YW, Le = Yo 1, = + UK, = Ys 1 — VE. 
The equations of T are 
(8) 1’, Lod 1’, U(x) K(x), 1’ + V(«)K(z), 
where 
Jy’ = U’ (x) [V’ (x) dU (x) — U’ (x) dV (x) 
— V’ (x) [V’ (x) 0U (x) /dx, — U’ (x) dV (x) 


2 


It is evident that 7 aind 7-1 are of orders n+ 2n’—3 and 2n+ n’—3 
respectively. 


3. The System o4|F,|. The Pliicker equation of T is piz=0. The 
Pliicker coérdinates of any T-line PP’ are 


9, Pis= — Uys, Vir, — pa=— P= Uyst 
The linear I-congruences | | are the intersections of with 
These | Q,| correspond in M to the o4|F, |, 
(9) + — U —( — + V = 0. 
The directrix g of a Q; of this system has codrdinates 


(10) Pi2 = %34, fis == Pia Pos %14, = %13, Psa %1z2, 


+ + = 0. 
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The equations of g may be written 


Each surface F, of (9) evidently contains d"? and g, the directrix of its 
associated congruence. 
Consider two surfaces of (9), 


F, = (1341 + U — — + V =0, 
F, = (BisY1 + BosYo BssYs) U — — + BssYs) V=0. 


The elimination of U and V from F; and F»2 gives the quadric 


H=(e1341 + G23Y2 — — + BsaYs) 

— — + ) (Bisys BosY2— = 0. 
This quadric H contains d, g; and go, the g; and gz being the directrices of 
the linear T-congruences Q; and Qs, images in M-! of F, and F.. These 
lines d, gi and g2 determine a regulus R’ on H. The T-regulus F associated 
with R’ on H is the base of the pencil of linear [-congruence defined by Q: 

and Q2. [F,H] = d"*gAn,1, where An; is the image in M of R. 

3 

A generic plane $=y, = > kiyi meets Fy, in a curve C,: D™?, where 


i=1 


[8,d] =D. In 4, the equation of C,, is 


3 
(41341 + A34 2 kiyi) U — 441 — + V=0, 


3 
where y, in U and V is replaced by > kiyi. The tangents to C, at D as given 
1 


by the coefficient of y,? in Cy are 
dU dU dV 
Since this expression is independent of ax, it follows that the oo*| F,| are 


mutually tangent in d. Hence, = Where Con-s 
and d form the base of the system o4| |. 


4. The Pencil | Fn. |. Suppose the directrix g of a linear I-congruence 
Q: meets d. Then from (10), and @3%42 + = 0. The asso- 
ciated surface /, is then composite, being 


(11) + + 0. 


The + 0 is the plane (d,g). The surface = + 
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= 0 is the image in M of the I-bundle on G(0, 0, 42, @3), the point of inter- 


section of d and g. 

The section of Fn. by a generic plane — oe is a curve 
Cn-1: where [d,8] =D. In 8, the equation of Cn-1 + GeV = 0, 
where y, in U and V is replaced by S kiyi. The tangents to Cn. at D as 
given by the coefficient of y; in Cn_, are 


dU aV 
Since this expression depends upon ax, it follows that the o1!|/,.| are 
not mutually tangent in d. [Raa, Pana] =a"? "Cons. This pencil of sur- 


faces | Fn-.|, together with the associated pencil | F’n’-1|, image in M’ of 
the oo! T-bundles on d, furnishes a simple way of setting up the equations of 
the T. Let 


where U, Y, U’, and V’ have the values given in section 2. 

Through a generic point P({y) of space passes a single surface F'n, of 
the pencil | |, for which V(y)/—-U(y). The line ¢ through 
P and G(0, 0, &42, 3) meets F’n'_1, image in M’ of the bundle G, in a unique 
point P’, image in T of P. Any point of ¢ has codrdinates. 


AY15 AY2; H AYs pu, L4 = pv. 
When the ratio A/p» is determined so that this point lies on F"n'-,, the 
result is (7). 


5. The T:,3 1 a Plane Through d. A plane y=2,—o2, through d 
cuts | | == Go3U (x) + (x)= 0 and | =] | = (x) V" (x) 
= 0 in residual pencils of lines 


| | == @og(ax)+ and | =a53(a’x) + = 0 


respectively, where d2%2 + + 


n n 
+ =D aizso"*, ay= ete. 


i=2 


The vertices of | 7 | and | 1’ | are respectively L(A) and L’(d’), where A; = 
As—=—| As—|a2bs|, Ar” = Ac’ |, 
As’ = | |, ra’ =| | . 

Through a generic point P(y) of y passes one line of |7|, for which 
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=(by)/—(ay). The corresponding line =(by) (a’x)—(ay) (b’x) 
= 0 is met by the line through P(y) and G[0, (ay),—(by)] in a point P’, 
image of P in T. The 7; in y is thus found to be 


(12) > Ys)r + (ay)k, —(by)k, 
where —=(ay) (by) — bs’(ay)] —(by) (by) — be’ (ay) ], 
and k =(ay) (b’y)—(by) (ay). 

The 7’; is 


where =(a’x) [a3 (b’%)— bs (a’x) —(0’x) [as(b’x)— (a’z) ]. 


The conic k: LL’ is pointwise invariant under 7,3. 

The points LZ and L’ are evidently fundamental under 7; and T;7} 
respectively. 

The points P;’ and P.’, intersection residual to L’ of 0 with the 
pair of lines 0, are fundamental for T,71. 

Since (13) may be written 


Y2 = 
Ys = [a4(a’x) + ] [bs (a’x)— a4 (b’x) ] + a2 22 (ax), 
Ys = — [a4(a’x) + 23 (b’x) ] [03 (a’x)— a3 (b’x) |] + [b2(a’x)— a2(b’x) | 


it follows that the points P;’, P,’, intersection of the conic 2,(a’x)-+ 23(b’z) 
= () with the line 2, = 0, are fundamental tor 7371. 
The homaloidal nets of 7’; and 7’, are respectively 


002 | fe’ |: and - 0? | f, |: L?P,P2PsP.. 


The images in of 0, k(x)= 0, and f;’(x)= 0 are respectively 
(ay)j2=0, kjojg = 0, and = 0. The factors (ay)=—0, k=0, 
(ay)=0, = 0, jo—=0, and j; are the images respectively of the 
proper points of (a’x)=0, the proper points of k(2)—0, the proper points 
of fs3’(z)—=0, the pair of points P;’P,’, the point L’, and the pair of 
points P,’P,’. 


j2 = (ay) [as’ (b’y)— bs’ (a’y) | —(by) Las’ (b’y)— (a’y) J, 
je =(ay) [as (by)— bs (ay) |] —(by) [as (by)— (ay) 


The images in of 7;’(4)= 0, jo’(x)= 0, and 0 are respec- 
tively = 0, = 90, and = 0. The jacobian of. is now seen 
to be made up of 7;: jo: DL’P,P2P3Ps, and Simi- 
larly the jacobian of is composed of j,’: L’?P,’P2’, jo’: 
and js’: 


} 
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As the plane y generates the pencil on d, the 73,3 generates the space 
T ns2n' -3,2n+n'-3- The equations of the latter may readily be obtained from (12) 
and (13) by replacing (ay), (by), (a’x), (b’x), and o by U, V, U’(x), V’ (x), 
and respectively. 

Since the point L is the section by y of Con-s, the latter may be represented 
by od2, L2=As, Te Ay. Similarly, C’on'-3 may be written 

6. The Homaloidal Webs in the Tnson’-s,2nsn'-3- The image in 7°! of 

4 4 
a generic plane cizi = 0 is a surface Fonyn'-3 =J1 Dd +(¢3U 
i=1 i=1 
3 
=0. A plane 8=y,=— > kiyi meets Ponin'-s in a curve C: D?"*"’-6, where 
i=1 
[8,d] =D. The tangents to C at D as given by the coefficient of y,° in C are 


where 
U =0U /dys + k30U /dy,, V = 0V/dys + k,0V /dys. 


Since the factor k,0 + V is independent of ci, it follows that, of the 


2n + n’—6 sheets of the surfaces of the homaloidal web through d, n —2 
are mutually tangent there. It follows that the homaloidal web of 7? is 


77 , , 
8 | -3 | -3Y 4n+2n' -10° 
Similarly, that of T is 


%. The F- and P-Systems of Tonsn' -s,nsen'-3'. As the plane y of section 
5 describes the pencil on d, the points L, L’, P,:P2, P3Ps, and 
describe respectively the curves Con-3, Yonsan'-10) 10, and d. 
It is evident that Con-s (or C’sn'-3) meets d in 2n —4 (or 2n’—4) points, 
and is rational. Also, yonsan'-10 (OF y’anson'-10) meets d in 2n 4n’— 12 
(or 4n + 2n’—12) points. It is of genus n’—3 (or n—83). 

The images in T-! of d, U’(x) = 0, and K (x)= 0 are respectively J; = 0, 
UJ,"-2J, = 0, and KJ,"*"’-4J,J3 = 0, where 


7? 
0 OYs 
au’, 


ott) 
OYs 
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The factors K=0, J, =0, and are the images 
respectively of the proper points on U’(x)= 0, the proper points on K(z)= 0, 
the line d, the curve C’on'-3, and the curve y’gns2n' -10- 

These surfaces J;==0 can also be obtained from the curves 7; —0 of 
section 5. 

The jacobian of 7-1 is composed of 


J 12; syonsan"-10 

Je: on’ -3Y2n+4n' -109 

Js: anson' -10° 
The Ji, Jo, and J; are of orders 2n + n’—4, n-+ 2n’—4, and 3n—4 
respectively. 

The J;—0 and Jz—0 are ruled I-surfaces generated by the pairs of 
lines = 0 and 7; of section 5. The J2=0 is not ruled but is gen- 
erated by the conic j.==0. The image in 7-! of a line g is a curve of order 
n+ 2n’—3. If g meets d, its image in the 7,1 in the plane (g,d) is a 
cubic curve. Hence, a point of d corresponds in T-! to a curve of order 
n+ 2n’—6. The J; = 0 contains a single infinity of such curves. 

The pointwise invariant surface is 


e 
Knsn' -2: 4Con-3C an’ -2Y2n+4n' -10Y 4n+2n" 


A plane meets J2=0 in a curve C,: D™*2"’-6, where 


[8,d] =D. The Sines to C. at D as given by the coefficient of y;? in 
C2 are 


ave OU =) = 
ks k onl 


Similarly, the tangents to C3 = [J3,8] at D are 
av’ aU’ av’ [ dU is) (= ~) | 
k == 0. 

It follows that J. and 0 are tangent n— 2 times in d. 


J2| '2ntn’-6) (720, -10 (2n’ 4) li, 


where the (2n’—4)l; are the images in T-! of the (2n’—4) points of 
intersection of C’sn'-3 and d. 


[J1, J3| q(2ntn’-6) (3n-6) (2n + Qn’ — 8) li, 
where the J; are the images in T-1 of (2n + 2n’—8) of the points of inter- 
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section of y’snsen'-10 and d. Each of the remaining 2n — 4 points of inter- 
section corresponds to d itself and is already counted. 


= q(nt2n’-6) (3n + 4n’ — 12) Ii, 


where the J; are the images of the points of intersection of C’sn'-, and 
ansen' -10° 


[ Js, K | == (n+n’-4) 
The jacobian of 7 is composed of 


J2. 2n’-6 (12 
-3Y 4n+2n' -109 
Jo: d2™* an’ -3Y 4n+2n' 


Js’: -3Y2n+4n'-10, Where 


nau (v yo), 


023 023 024 02. 
ou OV aU er 
in, 


Js me U ( 02 U (1 0x4 


where U = U(z), etc. 
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ON THE POSSIBLE FORMS OF DISCRIMINANTS OF 
ALGEBRAIC FIELDS I. 


By R. THompson. 


Let K,g) be an algebraic field of n-th degree, and let d be the discrimi- 
nant of the field. Furthermore, let 


(1) p= II where Nip y= pt, 


be the prime-ideal decomposition of an arbitrary rational prime, p > 1, in 
the field. Then Dedekind* has shown that the rational integer, «= 0, 
such that p® exactly divides d, is dependent upon (1) and that if none of 
the exponents (e;) are divisible by p, then 


(2) e— fi(es—1). 


Ore + has treated the general case, where all or any of the exponents (e;) 
may be divisible by p, and given the possible values of ¢ for any given prime- 
ideal decomposition. Furthermore, he has given the maximal value of « for 


fields of n-th degree. 
Let Nin,p) denote this maximal value. Then if we have the representa- 


tion of n in a p-adic system 
q 

(3) n= > dbap*, where 
a=0 


and bg is a rational integer; and J is the aggregate number of these coeffi. 
cients (ba) which are different from zero; then Ore has shown that 


q 
(4) Nine) = [ba(% + 1) p*] —J. 
a=0 
The equivalent of the above is given in the paper { previously mentioned 


wherein Ore has suggested the interest of ascertaining what other values are 
possible for ¢ for algebraic fields of the same degree. It is the purpose of 


*R. Dedekind, Abhandlungen der Kéniglichen Gesellschaft der Wissenschaften zu 
Gottingen, Vol. 29 (1882), pp. 1-56. 

76. Ore, Mathematische Annalen, Vol. 96 (1927), pp. 313-352. 

t Ore, loc. cit. 
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the present communication to present the solution of this problem, which may 
be stated briefly as follows: 


A. If p> 2, € can assume all values from zero to Nin,p) inclusive except 
only as follows: 
és4ap*—1 (where « is a positive rational integer) if 
n= p* or if >1 and n= p*+1. 
B. If p=2 the result is formally the same as given for p > 2 except 
that ¢=41 always. 


During the course of the proof of these relations which follow, it will 
become evident that certain other relations are developed which make possible 
a partial reversal of proof in order to establish criteria whereby, in certain 
cases, a knowledge of the power of p exactly dividing the discriminant of a 
field of n-th degree suffices to determine uniquely the prime-ideal decom- 
position of p in any such field. The statement and proof of these relations, 
however, will be given in another communication. 

1. Let Ki, n, d, p, € and Nn») be defined as above; and let p have 
the prime-ideal decomposition (1). Then let the representation of nm in the 
p-adic system be given as in (3) and accordingly Nin,» will be given by (4). 
Then it is well known that 


(5) n= >> efi, and @ >0< fi, 


i=1 

As indicated above, the foundation of the proof to follow is found in 

certain theorems given by Ore.* These may be stated in the following form: 

For each prime-ideal, P;, there exists a rational integer pj = 0, (called 

the supplemental number) such that if S;=0 be a rational integer such 
that e; is exactly divisible by p‘* then p; is determined as follows: 


(6) If S;—0, then pj —0; and if 8; 0, then 1 =p; S ei, and in this 
latter alternative p; is restricted by the condition that if there exists a positive 
rational integer, vi, such that p; is exactly divisible by p”, then 1% shall not 
exceed pi/éi, i.e., vi S [pi/ei], and in any case, 


(7) files —1 + 
This theorem will be designated as Ore’s First Theorem. The following 


existance theorem given in the same article will be called Ore’s Second 


Theorem: 


* Loc. cit. 
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For any set of rational integers, designated by 


f 
(8) 

and satisfying the conditions of (5) and (6) there exists an algebraic field 
of n-th degree such that its discriminant is exactly divisible by p® where 
é has the value given in (7). Furthermore, in such a field the prime-ideal 
decomposition of p is gwen by (1). 

2. We may proceed from these two theorems and that relative to Nin») 
given in (5) and- (4) to find what other values of ¢ are attainable for fields 
of n-th degree. Accordingly, let €)“ be defined as the set of rational in- 
tegers which are attainable, values of ¢ for algebraic fields of n-th degree. 
Then, obviously, 

(9) N¢n,p) is the greatest component of €,™. 

Now in (8), obviously, by taking e; —1 for every 1, then S; —0 whence 

by (6) pi =O for every i whence (7) gives ¢ =0, whence 


(10) 0 is a component of €,‘” for every n and p. 
(9) and (10) by Ore’s Theorems then give the obvious but useful 


THEOREM 1. &), the set of attainable values of ¢ for fields of n-th 
degree, is a set of a finite number of rational integers including 0 and Nn») 
as least and greatest component respectively. 

Obviously, there are instances [where n 1 in (3)] where these two 
extremes are equal, in which case 0 is the only component of €,™ but the 
set is never void. 

Now consider the case, p>. Then by (4) we have 
(11) Niny=n—1; 


and in (8) we may choose fj —1 for every 1; and as p>, (5) gives p > @ 
whence by Ore’s First Theorem or that of Dedekind we have in this case 
(12) 
where r can be any positive rational integer not exceeding m whence by 
Theorem 1 and (11) we have proved the 

THEOREM 2. For p>n, €)™ N¢np). 


3. Now, before we attempt the proof of the general theorem stated in 
the introduction, it is expedient to prove certain incidental theorems some of 
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which have a wider application than that to be utilized at present, as has 
been mentioned above. 

Consider the set of numbers in (8). It consists of three arrays of 
rational integers, each containing r numbers; the three arrays (the orders, 
degrees and supplemental numbers, respectively, of the prime-ideal divisors 
of p) being arranged in the form of a matrix. Obviously any permutation 
of the columns of this matrix gives the same value to ¢. Such a matrix 
satisfying the conditions given in (5) and (6) as indicated under (8) will 
be called a critical matrix. Furthermore, it is evident that the set of possible 
values for each p; depends upon p and ¢; only. 

Accordingly, if r > 1, we may take any positive rational integer, 7’ < 1, 
and form the two critical matrices for fields of degree less than n 


Now, let n’, n”, «’ and &” be defined by 


r’ r 
(14) n= efi, > eifi, 
i=1 i=r’+1 


& tei), and + pi). 


Then by (5) and (7) we have 
(15) n=n +n” and 6”, 


Now, in the present discourse, if A and B are sets of rational integers, 
let A + B be assigned the following meaning: 


(16) If » is a component of A-+ B; then there exists a component of A, 
say a, and a component of B, say b, such that 7 —a- bd; 
and if a is a component of A, and bd is a component of B, then (a+ b) 
is a component of (A+ B). 

Now, if we have any two critical matrices whatever, we may write them 
in the form of (13) and employ the definitions under (14) ; but with no prior 
assumption as to the matrix in (8). However, let n’ and n” be restricted 
by the equation 

n +n” =n 


then, obviously, by a reversal of proof we may construct the critical matrix 
(8) by the fusion of those of (13) and thus establish the existence of a field 
of n-th degree wherein the discriminant is exactly divisible by p®’*®”, i.e., 


| 
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te”, 
Accordingly, we have proved the 


THEOREM 3. If n’ and n” are two positwe rational integers such that 
their sum is equal to n then Ep™ includes Ep” + €,”?, 


Alse, inasmuch as by Theorem 1 zero is always a component of €,“™ for 
any n, we have to Theorem 3 the 


1. includes provided n= n’. 


4, In order to facilitate calculation let us divide the set, €,“ dichoto- 
mously as follows: 

Let Hp“ be a set such that if and only if 7» is a component of H,™ 
then there exist two positive rational integers, nm’ and mn”, such that 
n=n’-+n” and is a component of + €,”?, 

Obviously, by Theorem 3, therefore 


(17) €&™ includes H,™. 

Accordingly, let Ap“ be defined as the set of rational integers such that 
if and only if y is a component of €,™ but not of Hy, then y is a com- 
ponent of 


Then €,™ is the union of the two mutually exclusive sets, Hp‘ and 
A,™, which we may call the heritage and the acquisition respectively of Ep>™. 

Now, by (13), (14) and (15) and the above definitions any value of ¢ 
obtained from a critical matrix (8) wherein r > 1 lies in the heritage, H,™, 
and not in Ap“. Otherwise stated we have proved 


(18) if ¢ is a component of Ap, then r—1. 


Now in (8) let us consider the case r 1 and let the superfluous sub- 
script, 7, then be dropped. Then the critical matrix becomes simply 


(19) and e=—f(e—1+p). 


Now, if in (19) f >1 then there exists another critical matrix under 
(8) where r= 2, namely 


é, é 
(20) 1, f—1 and e=f(e—1-+p), 


P> P 


{ 
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which value of ¢ is the same as in (19) but by. (18) this is not a component 
of Ap™. Accordingly, by (18) we have in (8) 


(21) if is a component of then r= f;—1, and —n.. 
Therefore, by Ore’s First Theorem we have the 


THEorREM 4. If € is a component of Ap” it corresponds to a critical 


matria of the form 
n 

1 and «=n—1-+,, 


where p is a rational integer defined by the relations: 
If S=0 is a rational integer such that n is exactly divisible by pS, then 
if S=0, then p=0, 
and if then 1Sp=n8 


and in this latter alternatwe p is restricted by the condition that if there 
exists a positive rational integer, v, such that p is exactly divisible by p’, 
then v shall not exceed p/n. 


Accordingly, by the definition of Ap“ and Ore’s Theorems we have 


THEOREM 5. That € be a component of Ap” tt is necessary and suffi- 
cient that the conditions of Theorem 4 be satisfied and that « be not a com- 
ponent of H,™. 

5. In Section 2 we have obtained a solution for the case p> and in 
the succeeding sections have prepared for certain phases of the handling of 
the other cases (pn). However, before attempting the general solution 
there are a few additional contingencies for which provision should be made. 

In order to illustrate this need as well as to extend the domain of the 
solution, let us consider the case, p—=n. Then by Theorem 2 and the defini- 


tion of H,‘“” we have 
(22) = + where n’-+n” =p 
whence, by the definition in (16), we have 


(23) H,® = > 


Now in Theorem 4 for n= p we have 


(24) S=1 and p=1l,---,p and 
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(25) 
whence (as Np») = 2p—1) we have by the definitions of Section 4 the 
THEOREM 6. except p—1. 
Here we note the first instance of a number, y, a rational integer such that 
(26) 0 Nn and yet y is not a component of 


Such a number will be called an exceptional number relative to €)™. 
Furthermore, in (26) by Theorem 1 we have 0 Ay Nin»). 

Now, if 7 in (26) is also an exceptional number relative to €,“ for 
every » > % (where yw is a positive rational integer) then we shall call y 
a universal exception relative to p. Obviously, by Cor. 1 of Theorem 3, then y 
is not a component of €,™ for any positive rational integer, yp. 

On the other hand, if y is an exceptional number relative to €)™ but 
2,97—1,y-+1 and 7+ 2 are components of ; then 7 will be called 
a regular exception relative to E,“. 

Obviously, by Theorem 6 we have 


(27) €,” has the single exceptional number, p— 1, 


which is regular for p> 2; and for p—2 the exception (y—1) is not 
regular. 
Now, suppose that 1 is not a component of €. for »<n. Then by 
definition 1 is not in H2“; and by Theorem 4 
1 is not in A,“™; whence 
1 is not in &€,; whence, obviously, by complete induction we 
have the 


THEOREM 7%. The number 1 is a universal exception relatwe to the 
rational prime, 2; that is, the number 1 is not a component of E. for any n. 


Obviously, from the definitions we have to this theorem the 


CoroLtuary 1. (mod 4). 


This is merely a restatement of Theorem 7 and is essentially the same 
as part of a result obtained by Stickelsberger * concerning the discriminant 
of the equation, D. The equation here as usual being by implication the 
equation of 6, there exists the well known relation 


(28) 


*L. Stickelsberger, Proceedings of the International Congress, Ziirich (1897), 
pp. 182-193. 
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where & is a rational integer called the index of @. Obviously, then by the 
corollary above we have 


(29) (mod 4) 


which is a part of the result of Stickelsberger mentioned above. Another proof 
of the Theorem of Stickelsberger has recently been given by I. Schur.* 

Now, let us assume that for any two positive rational integers, n’ and n”, 
such that n’ + n” =n, the sets €)” and €)” have at most one regular 
exception each and no other exceptions unless p—2 and that in this case 
the only other exception is the universal exception, 1. Then, obviously, by 
Theorems 2 and 6 we have 


(30) Ifw>1< then +- =0,° °°, (Nap) + Ninny) 
except 1 if p= 2. 


and if either n’ or n” —1, then + €, €,-)), 


6. We are now prepared to prove by the method of complete induction 
the following general theorem. 


THEOREM 8. If @ is a positive rationai integer and p> 2; then, if 
n = p*, then =0,-- +, Nin,p) except ap*—1, if « >1 and n= p*+1, 
then E,™ and in every other case +--+, and tf 
p=2 then E,™ is formally the same as given for p> 2 except that 1 is a 
universal exception. 


Now, by Theorem 2 and 6 we have verified Theorem 8 for the case, n = p. 

Let k& be a positive rational integer such that Theorem 8 is verified for 
the case, n= p*. By the statement preceding there is at least one possible 
value for &; namely, the number 1. It remains, accordingly, but to establish 
that given a value for & above then the Theorem 8 can be verified for the 
case, n S p*1; and, obviously, it suffices to make the demonstration for the 
case, p*+1=nS p*1; and in so doing we may refer to Theorem 8 for 
the enunciation of the components of any set, €)“, provided that pw is a 
positive rational integer not exceeding p*. Furthermore, €,“ dves not 
contain 1. 

Accordingly, let us consider the case, n= p* +1. Then Nn») = Nip" py 
and =0,-- +, except kp*—1 and except 1 if p=—2. 

Now, if k =1 and p= 2, then kp*— 1 —1 whence 


(31) €, = V,° ° N.3,2) except 


*I. Schur, Mathematische Zeitschrift, Vol. 29 (1929), pp. 464-465. 
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and if k 1 and p> 2 we have 

(32) contains + which contains p—1, whence we have, 
for n= p* +1 and k = 1, 

(33) Ep™ =0,- Nin) (except 1 if p—2) 

which verifies Theorem 8 for the case, n= p-+ 1. 

Now, if & > 1 in this same case (n = p*-++-1) it may readily be verified 
that there exist no two rational integers greater than one, n’ and n’”, such that 
+n” and + = 
whence by (30) as €)"? does not contain kp* — 1 we have in this case 

H,™ does not contain kp*—1 


and by Theorem 4 for n==p*-+ 1 we have Ap™ does not contain kp*—1 
where k >1. Therefore, by Theorem 8, restricted, and 1 of Theorem 3 we 
have, as = 


(34) If &>1, then if n— p* +1. 


Now, consider the case, n= bp* where b is a rational integer, and 
1<b<p. Obviously, p—2 is excluded from this case. Then by the 
definition of & and (30) if we set n’ —(b —1)p* and n” = p* then if E,‘" 
is as given in Theorem 8 we have 


(35) as n= +n”, includes - (Nen',p) + ) 


but by (3) and (4) we have in this case N¢n',p) + Non',p) = Neng) —1 
whence (35) and Theorem 1 give (if €)‘” is correctly given by Theorem 8 
where n’ =(b —1)p*) then 


(36) =0,° +, Neng); 


(where n = bp* as provided above) which is as given by Theorem 8. But 
for b = 2, n’ = p*; whence by definition of &, €)“ is in this case correctly 
given by Theorem 8; whence by complete induction we have by (36) for any 
rational integer, b > 1 and < p 


(37) if n = bp* then —0,- +--+, 


which is as given in Theorem 8. 

Now consider every other case for n < p*1; i.e, n > p*-+1 and such 
that there exists no positive rational integer, b, such that n= bp*. Then 
n is given in p-adic form by (3) where g =; then 
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k 
(38) n= > bap*, where 0b, < p 

a=0 
and bg is a rational integer. Obviously, as n > p* +1 we have b, #0. Now, 
let b = by and n’ = bp*, Then in (30) by substitution we have n” = n — bp* 
whence (38) gives 


k-1 
(39) n= > bap* << p* and, if b—1, then n”>1; 
a=0 


whence by (30), (37) and the definition of & we have in this case 

(40) = 0, N (except ab if Pp = 2). 
Accordingly, we have shown that if Theorem 8 is verified for nS p*, 

then it can be verified for n < p**1. It remains but to show that then it can 


be verified for n = p**1, 
Consider this case, n = p**1. Then for any two positive rational integers, 


n’ and n”, such that n—=~n’ + n”, it can be deduced from the definition of 
N.n,p) and the relations (3) and (4), by replacement of n by n’ and n” in the 
argument successively, that in any instance we have 


(41) setting then —2 => + Ninp); 


and, indeed, that equality exists only when n’=0 mod p*). 
Now, let n’ =(p—1)p*. Then n” = p*, and in (41) we have 


(42) Kp —2=Na';p) + 

whence by (41), (30) and the definition of H,™ we have by Theorem 8 
(restricted to the domain verified ) 

(43) if n= then —0,---, —2), (except 1 if p=2). 


We now turn to a consideration of the components of A,“ for n = p*. 
These are given by Theorems 4 and 5 by reference to (43) by 


(44) if n =p’, then Ap™ = Ning); 


whence by (43) we have verified Theorem 8 for the case, n= p**!, which 
was all that remained to be done in order to establish this theorem completely. 


Theorem 8 is stated in another form in the introduction. It may be 
verified readily that the two statements are equivalent and that every possible 


case is covered. 


YALE UNIVERSITY. 


TWO-DIMENSIONAL CHAINS. 
By A. ARWIN. 


In the present paper I have set myself the problem of finding a gen- 
eralization in two or more dimensions of the usual chains of fractions, which 
we may briefly speak of as one-dimensional chains, and their periodicity. 
Of earlier papers on this theme I mention those of Berwick* and Daus,+ 
and above all those of Perron,{ who has done close investigation of the chains 
which he calls “ Jacobi-chains,” and of their convergence, periodicity and order 
of approximation. The two-dimensional Jacobi-chains do not, however, enjoy 
the property of periodicity in conjunction with that of the “best possible 
order of approximation,” § as the one-dimensional chains for a quadratic 
irrationality do. It is therefore of interest to know that it is possible also 
in the case of cubic irrationalities to form chains of periodicity together 
with the highest order of approximation by following up a generalization of 
the one-dimensional chains along lines, which will be explained below. The 
best order of approximation of two cubic irrationalities y,, pw. is the one 
given by 
(1) | — | S Yr | S ke/2,3/2, 


where xz, y, 2 are rational integers, k, and kz constants +> 0, greater than 
a readily assigned numerical quantity. 

The principle to be applied may briefly be characterized as follows. Let 
us have the one-dimensional chain, homogeneously written 


(2) wy‘)? == Wr + Ors? Lr, + Ze, 
and, as known, the order of approximation 
wo) — ap / = / Zr? 


where wo”, wri: are quadratic, algebraic integers and the constant $, 
limited, possibly -0. On account of this equation the relations (2) will 
give 


* W. E. H. Berwick, Proceedings of the London Mathematical Society (2), Vol. 12 
(1912). 

+P. H. Daus, American Journal of Mathematics, Vol. 44 (1922). 

tO. Perron, Mathematische Annalen, Bd. 64 (1907); Siteungsberichte der Kénig- 
lischen Bayerschen Akademie der Wissenschaften zu Miinchen, Bd. 37 and 38. 

§ 0. Perron, Irrationalzahlen, 1921, s. 135. 

7 0. Perron, Mathematische Annalen, Bd. 83 (1921). 
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(—1) 


and for the conjugate of 


With increasing r we have the norm 


As however ,;,;°? is an algebraic integer, its norm is a rational integer and 
therefore +> 0. Hence, since the chain cannot break off, 6-+> 0 and N (or.1) 
as well as N (or) are limited for all r, from which we easily infer that 
in the one-dimensional chain from a quadratic irrationality the formation 
is periodic. From this point of view, we are going to investigate the two- 
dimensional chains formed by cubic irrationalities. Let us therefore take py; 
and we from a cubic field and let us assume, as is usually done (a proof of 
this statement however we omit here) that 


(4) 0, Y — poz = 0 


form a vector in space. Then we have to determine a set of points Ar(2r, yr, Zr) 
which shall approximate the vector (4). Let us have, for example, con- 
structed A,(2,, yr, %r) in the shortest distance pr from (4) and h, from 2 
plane at right angles to (4). Proceeding from A, with the circular dise 
a(pr—e€)?, €: >0 but otherwise arbitrarily small, we move it along the 
vector (4) until the next point Ay; with pri: < pr falls on it. In this way 
we construct a set of points A,r, Ars etc. with decreasing pr > prii >* °°. 
The existence of such a sequence follows from the theorem of Minkowski,* 
that says: A convex body with a “lattice point” as centre and volume 8 
must always without this centre have at least one further lattice point. But 
we may infer more than only the existence of the set Ay. Then, since no 
point is given on or within the cylinder 2ap,"/r.1, Ar and Ars excepted, we 
may contract pr and h,,; arbitrarily little «, and e2, and have no lattice point 
at all on or within the cylinder 27(pr— (Aris — 2). By reason of this 
theorem of Minkowski we therefore infer the following important inequality 


(pr — (Aras — €) 8. 


or, since e, and e2 are arbitrarily small, for example, also 


* H. Minkowski, Diophantische Approximationen, s. 60. 
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The plane 

(6) + Yp2 + 

is perpendicular to the vector (4), whence h,,; is computed as 
(7) = + / (pa? + + 1)” 
and also 


— per)? + (Yr — peer)? + — 
+1 


From our construction of the set A, it immediately follows that 


pr? R,? sin? by = 


(8) pa — = — Yr/ e,‘2), and — 0. 


Hence we have 


E — + (Yr — + (or Yr — 
<(8/m) (ur? po” + 1)% 


and therefore, for example, 


(tr — ptr)? < constant/z,,1, const. = (9/2) + po? + 1)%, 


that is, 

(9) | pa — 2r/2r | < constant/Zr41. 

Proceeding as above the set of points A, will give the following approximations 
(9’) pr — / Zp = /2,3/2, — Yr/ Sr = ler’? /2,3/2, 


where &,‘“ might eventually tend to zero; but, as already said, if w, and pe 
are cubic, independent irrationalities, Mr. Perron * has proved that actually 
kr does not tend to zero but has the order of a numerical constant. From 
this fact and (9’) we also conclude, and this is important, that in 


(10) Sra. = 
tr for all r is limited since 
< (9/7) (yr? + po? + 1) 
Let us now put = 


(11) = — Yrersiy = — 
= LriiYr — 


and by means of (9’) compute for example 


*©O. Perron, Mathematische Annalen, Bd. 83 (1921). 
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from which we further conclude, that B,,:,- has an order of infinity of at 
most 2; and in the same way all Amn, Bn, Cnn (mn=—r,r+1 and 


r-+ 2). Hence we write 


where now all 2m,n‘” are limited, eventually +0. Let us further set 
) 
(13) = pe = (wo? /wo® ), 
where wo are algebraic integers, form with z,, yr, 2 the expressions 
and solve with regard to o,‘” 


= + Bos1,r09? + Crs1,r09?, 
(14 ) — A + + Cr42,r09?, 
9 


Let us set 
(14”) wy? A) Pw, + a, we + (a 1, 2, 3) 


1, w; and w, forming a base in the cubic field; A,,20,“ are from (14’) also 
algebraic integers. By (9’) and (12) the first relation (14’) yields 


From this relation we infer that A;,.0," is for increasing r at least of the 
order 1/z,, or possibly of a less order 1/z,!**,¢ > 0. Let us further with (12) 
and (14”) form the conjugate integers A,,.0,%) and A,,.0,". We have for 
example 
(15) == 2% [ (Ao do? do 


and a similar expression in Araginr)?, from which we infer that these con- 
jugate values are of an order of infinity of at most z-* each. Hence the 
norm N(A,;,20;") must either tend to zero or rest limited, different from 
zero. In the same way we have N(A;,2,-‘??) zero or limited and finally 
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N (Ary20r). We shall in the following deduce an upper limit for A,,2. 
Since however A,,.0,‘” are algebraic integers the formation of A, would in 
the former case go to an end, and this must occur for quadratic irrationalities 
wo‘ with the order of approximation (9’), but it presumes that a linear 
relation between the initial elements ,‘’ is existing. In general the latter 
must therefore occur, whence the two expressions (15”) must have the order 
of infinity of precisely z,# as (15’) of precisely 1/z,. Hence the above rela- 
tion must lead to a set of algebraic integers of limited norm just as formerly 
in the one-dimensional case and quadratic irrationalities. In two dimensions, 
however, the periodicity is not yet proved. But, writing 


(16) = cig = ® (i=1,2). 

whence 


we see, since A;y,.w,“ (41, 2, and 3) are just proved to have the precise 


order 1/z,, that in 


not only Ry < M and N + + j-) M, but 2,“ itself must 
be limited and hence also the expression ¢,“o; + Br“w2 + j-. From this 
fact we are able to conclude that the formation must become periodic. We 


write namely for 


the numerators of 0,“” after multiplication with Ry Ry 
Ayo" b,@ Cr = n°? 
where a,, by, cr are rational integers, 7,‘ limited for all 7, and compute, 
since +0 + =—A,, + + + As = 0, three relations 


But these three relations are in contradiction if | a; |—> oo. Hence ay, br, Cr 
are limited, and the formation periodic. But it is remarkable that the same 
elements need not follow in the same order in the set of periods; that is, 
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the periods need not hold the same elements in the same order. The periodicity 
can be mixed. If w)“ belong to a field higher than the cubic we get ques- 
tions and problems almost as in the case of cubic and higher irrationalities 
in the one-dimensional chains, questions as these, if R, in (16’) be limited, 
if 2,“ themselves are limited, ete. We shall now prove that A, for all r 
is limited. From 


Trig 
= Yr Lr = ker) /2,3/2, Yr/ er = ky) /z,8/2 


Ser 


where &,‘ and 7, are limited ->0 for increasing r, we infer 


€ 


— /Zr423/2, ja — /2r413/2, — ) 
1, a 1 
and further 
ora, dor, (ur — /z,3/2) 2,3/2 
Arse = dri, dr, /z,8/2) 2,8/2 

0, 0, 1 
that is in 


Ars2 — (2) (2) 


all elements limited. Hence an upper limit of A;,. is readily deduced. By 
means of the above geometrical considerations it is yet in general possible 
to limit A,,2 to the values of some few of the smallest integers. 

Let us then propose any relation 


given in rational fractions «, 8 and y with 


| Trig | = Aris, 


| tree Yrs. Sr | = Arse. 


(19”) 


Then we compute y = A;,3/Ar,. and hence the recursion formula 
(19) = + + Arastr, 


for if 2’r48, Y'r+3, 2r43 be any solutions of (19’) we can always determine mr4s 
and mrss as integers from (19”), whence this formula must afford all solu- 
tions of (19). Let us then substitute r+ 1 for r in (14’), whence the 


relations 
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(20) wr Y + Y ray + wr? yy @rs1) + Ors + 
9 


Solving this system with respect to ors‘ we have proved the following 


relations 


also written in form 


(21’) = Mriz + Arse 
= + Arse (1/Or), 


which suggests that we search for m,,,; and mr,3 as characteristic integers 
in 2,“. Consider the plane 


LA + + 2C = 


carrying all points Zr43, Yrss) 2r+3, and determine the intersection of this plane 
with the vector (4). We find the coordinates 


22 Broar 
( ) Y rss Crs2,r41 ? 
1 


0 
Zz r43 => - 
+ + Crs2,r+1 


and by varying mr.3, ris so as to make (22) satisfy (19”) we compute 
further 


0 Arat,rpa + + Cratr toy 1) 
M43 == — Aras == (ay ArysQr 
+ Brio, + 
9 
0 + + Crs2,9 ‘2) (2) 
Arso,rs1p1 + + Wr 


m°r,; and 4,3 are easy to characterize as the way that we have to proceed 
along the edges of a tetrahedron in order to reach just the point Ar,2 2°rs3, 
and consequently m,,3 and are rational integers in m°r.3, 
which lead to the “best ” approximating point Yrss, Close by 
Yrss, 2rs3- To determine the integers m,,; and mryg as well as A, we have 
to proceed from A,,3 = 1, decide, as above explained, on the “ best” integers 
in and 0, , compute 2riz, Yras, and test, if prio > pres is true. 


? 
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If so, the point A,.3 is found; if not, we have to repeat this process with 
Ar.g = 2, 3 etc. until Ar,3 will be determined; but we have no algorithm. 
which gives us m, and n, automatically, as in the case of the one-dimensional 
chains. As a special case of this mode of forming chains we may consider the 
“ Jacobi-chains,” in which without any exception A, is equal to one, and 
Mrs3, are determined as greatest integers in 0,“ and But, what 
in this manner is won in simplicity, is a loss in generality, namely loss of 
periodicity in connection with the best order of approximation, and of this 
simple proof of convergence. Hence, in order to attain the generalization 
of the one-dimensional chains to two dimensions we have to release the con- 
ditions A, = 1 and permit mixed periodicity. As already indicated, a forma- 
tion with any quadratic irrationalities must break off, and this is readily 
proved directly also with k,“ —+0. For if w)“ are quadratic irrationalities 
there exists in integers a, bo, co a relation 


Ag + Do (wo /wo ) + Co = 0 
from which by the approximation (9) it follows that 


+ boyr + Cozr > 05 
that is 
Aotr DoYr = 0 


for n > N, which is impossible. But as the Jacobi-chains in two dimensions 
also possess the same property,* and as they are easy to form, we shall use 
them for the purpose of solving in general a problem from the theory of 
numbers. It is however of some interest to show that also with quadratic 
elements a periodic chain is possible to construct in the following simple way. 


—(7)% 
3(7)#+7 +7 
14 14 
2 
+7 1 7 —(7)% 1 
1 1 
1 (7)%+2 14 
1 1 
14 14 


*O. Perron, Sitzungsberichte der Kéniglichen Bayerschen Akademie der Wissen- 
schaften zu Miinchen, Bd. 38 (1908). 
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5 + 2(7)*% 
14 +7" 14 +7 
1 1 


We shall now treat the named problem of solving any ternary, quadratic form 
in a quadratic field. Let us therefore have the general ternary form 


a a’ a 
f (xyz) b b’ =A) 
= ax? + ay? + a’2? + 2byz + 2b’x2z + 


and let us assume that by means of any substitution 


L= + au, 
(23) y = Bot + Bru, 
Yot 


the binary quadratic form (p,q,r)—y(t,u) is brought into the quality 
(24) f(x,y, 2)= Y(t, u). 


This problem is treated already by Gauss. Putting the root of y(t,u)—0 
in (24) we have from (23) to each substitution a diophantine solution of 


(25) f (x°y?2°) = 0 


in the quadratic field K[(d)*], s2d or d = p? — qr, and we observe that the 
solutions of (25) in K[(d)*] can, when existing, be arranged after classes 
of forms in K[(d)*]. Now it is interesting that conversely from each solu- 
tion of (25) it is possible to derive a substitution (23). For, having found 
the solutions p = x°/2z°, v= y°/2°, where 2°, y°, z° are algebraic integers in 
K[(d)*], we form as above the Jacobi-chains, and from the stopping chain 
we shall see, that a substitution (23) is readily constructed. Hence: The 
necessary and sufficient condition that any ternary, quadratic form may have 
diophantine solutions in a quadratic field K[(d)*] is the existence of rela- 
tions (24), which give all solutions. Let us have the ternary form 


(26) x? +- 2y? + 32? + 4yz + 4a2 + 32y 


and seek for example solutions in K[(7)*]. For »—2/z, v= y/z we find 
a pair of solutions from 


yv=4+(12 + a?)*%, 


(v? + 8y-+ 4 =a?) 
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with, for example, a = 4, yielding — p = 3(7)*— 6, v= 2(7)*—4. From 
them we form the following. chain 
1 . 
1 
% mae 
3 [(7)#+ 2]/1 
and the chain is breaking off, as it should, already with a,"?? = 2 falling in 
K(1). Hence we compute the following equivalences 


a2) + ? a2 + 3a, 


Returning to homogeneous coordinates p=2/z, v=y/z, 
the unimodular substitution 


by +12 
(27) +4y +07 
+ 37 + 07 


transforms (26) into the equivalent form 


y/2 2/2 — 122’y — 52/2’ + 82'y’, 
and by means of the substitution 2’ = 2t, y’ =u, 2’ =t this form is trans- 
formed in the binary form 
(28) —u2 + 4tu + 32 
having just the root a.) =2-+(7)% from the chain above. Hence the 
substitution 


— z= 3t + bu 
(29) y = 2t + 4u 
2t+ 3u 


formed by the chain lead directly from (26) to (28). The transformations 
of (28) into itself, and the transformations of it into equivalent forms gives 
rise to further solutions; and we see, how all solutions of (26) must he 


reached. 
I will finally simply sketch the following generalization in the four 


| 
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dimensional-space (xyzt). The definition of an angle w between two lines 
is, as in euclidean space, also here given by 


cos w = > cos §; cos gi, 


where 6; and ¢; represent the direction angles of the two lines with the axes 
x,y, 2, t. Any “plane” has the equation 


and cuts a three-dimensional space out of (zyzt). A three-dimensional cube 
can therefore, for example, exist in this “plane.” Its distance from the 
point 21, ¥1, 21, t is 

Ait, + + + Agti +A; 


After these preliminaries we assume jx, p2 and ps; to belong to the same 
algebraic field and let 


(30) = 0, — pot = 0, pst = 0 


represent a vector in (ryzt). A plane perpendicular to this vector at the 
vertex has the equation 


(31) Ypo + + t= 0. 
Let further a,‘ (1 = 1, 2, 3, 4) represent any lattice point; then we compute 


the cosine between (30) and the line from the vertex to a,” as 


‘ pian’? 

(32) [D> Da, = 1, 
that is 

pi? > 

3 3 
(an — 2 + DS (pean — pian” )2 
T=i=1 


and the length dn. from (t= 1, 2, 3, 4) to (31) 


sin? On >= 


4 


(33) = Tee]? 


Any plane (31’) parallel to (31) has a point common with (20), and around 
this point in (31’) we lay, as we have already laid a circle in the plane of 


| 
| 
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the three-dimensional space, a sphere of radius 7, and of volume 4/3zr,3. 
Also here we let this sphere glide along the vector and get a convex figure, 
by which the above theorem of Minkowski is to be proved with a constant 24 
instead of the above 2%. We then deduce the inequality 

(4/3) wdniitn® < constant 
where 


(i) 
tn =Rysinon, [XD daa = 


From this our way of constructing new lattice points it follows that 
Hence, as above 


3 3 
i=1 


and, since all six terms are positive, so much the more 


| — | ke /any (4 = 1, 2, 3) 
and because of the theorem of Mr. Perron @n41°4? = tn“ an’, that is 
(34) ® — wy = ken Jain? Gin? (i == 1, 2, 3) 


tm and kn» limited, and this is exactly our fundamental formula, from 
which other data follow. In the same way we may also give the generalization 


to any higher dimension than four. 


JULY, 1929, 
MA.LM6, SWEDEN. 


| 
| 
| 


TENSORS OF THE CALCULUS OF VARIATIONS. 


By Marie M. Jounson. 


In this paper tensors are discussed which are connected with the non- 
parametric problem of the calculus of variations. The integral 


is taken along arcs whose equations are yi~yi(@) (4% i=], 
-+,n) and which join two fixed points in the (2, y1,- - +, Yn) space. 
For the parametric problem with the integral 


Murnaghan * has shown that the functions /’,,' form a covariant tensor of 
rank 1 and that there is a contravariant tensor associated with the equations 
of the geodesics. It is also possible for the parametric problem to prove that 
the expressions in Euler’s differential equations form a covariant tensor. The 
Weierstrass E-function, the quadratic form used in the Legendre condition, 
and the expression in the transversality condition are all invariants. 

In the following pages it is shown that when the non-parametric case 
is considered the n + 1 functions — yi’Fy,' yn’ Fy,'), Fy,', instead 
of the n functions Fy," of the parametric case, are the components of a co- 
variant tensor. Likewise a function has to be added to the n expressions in 
Euler’s differential equations to form a covariant tensor. An application is 
made of this latter tensor to deduce very simply the relations between canonical 
differential equations and their transforms by a canonical transformation of 
codrdinates.{ It is found further that the expression in the transversality 
condition is an invariant, while the quadratic form of the Legendre condition 
and the Weierstrass E-function transform so that a factor is introduced. In 
addition te these results it turns out that there is a covariant tensor of rank 1 
which is connected with Jacobi’s differential equations. Furthermore the 
laws of transformation of the two determinants which are used to find the 
conjugate points of Jacobi’s condition are discussed. 


*F. D. Murnaghan, Vector Analysis and the Theory of Relativity, pp. 86-90. 

+G. A. Bliss, Lecture Notes, Autumn 1926. 

tSee for example, the chapter by Carathéodory in Riemann-Weber, Die Dif- 
ferential- und Integralgleichungen der Mechanik und Physik, Teil 1 (1925), pp. 201-205. 
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1. Preliminary notions. In this section we shall describe the integral 
of the non-parametric problem of the calculus of variations and the trans- 
formations of codrdinates to which the necessary conditions of this problem 
are to be subjected. The laws of transformation of tensors in non-parametric 


space are also stated. 
In the non-parametric problem of the calculus of variations the integral 


to be minimized has the form 


The symbols y and y’ stand for the sets (y1,-*-°,Yn) and (y:’,°* *,Yn’), 
respectively, and the primes indicate derivatives with respect to x. The in- 
tegral is taken along arcs Hy. which join two fixed points 1 and 2 and whose 


equations are 


(2) y= (1 

Let wu. V1," * *,Un be new codrdinates for which u is the independent 
variable The two systems of codrdinates are related by means of a point 
transformation 
(3) Yi = Yi (U, Vn) =Yi(u, v) 


whose Jacobian 


(4) F =4(z,y)/0(u, v) 


is different from zero in the region of the (mn + 1)-dimensional space under 
discussion. The transformation sets up a one-to-one correspondence between 
the points of a region of the (x,y) space and the points of the corresponding 
region of the (u,v) space. Also it possesses all the continuity properties that 
are needed in the following arguments. By a transformation (3) the deriva- 
tives yi’, yi’,* * + with respect to x along an arc in the (z,y) space can be 
expressed in terms of the derivatives with regard to u, vi’, vi”,- - +, taken 
along the corresponding arc in the (u,v) space. This gives the equations 


yi , 
du 


and further similar formulas for y;”, etc. 
Whenever a Greek subscript or superscript occurs twice in a term, it is 
intended that a sum of terms shall be represented. The sum is procured by 
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letting the index take on the values 1,- - -,n and by summing the resulting 
expressions. 

The inverse of transformation (3) and the solutions of equations (5) 
for vi’ are given by the following equations: 


Ov; Ovi , 

dx Ya 


The Jacobian of this transformation from (z,y) to (u,v) codrdinates is the 
reciprocal of the determinant in (4). 

Every arc (2) in the (a, y) space has in the (u,v) space a corresponding 
arc whose equations are found as follows. By substituting equations (2) in 
the first equation of (6) we obtain 


(7) u—=u(z, y(z)). 


In order to be able to solve for we make the assumption that du/dx ~0 
along the arcs considered. This is fundamental throughout the succeeding 
discussions. Let the solution for x of equation (7) be given by r—-a(u). 
By means of this result and equations (2) the first group of m equations in 
(6) becomes 4, = SuSuz; i—1,---, which are the equa- 
tions of the corresponding arc in the (u,v) space. On this are the images of 
the points defined by 2, and 22 are determined by values wu; and wu, which are 
found by putting z, and z2 in equation (7). 

We will now define tensors whose components in the (x,y) space are 
functions of x, y; and the successive derivatives yi’, yi’’,- - - of yi with regard 
to x. Suppose that a set of n + 1 functions A(z, y, y’,---), Ai(~yy’,°**) 
is transformed by every transformation (3) and associated equations (5) into 
a new Set ai(u,v,v,°°*) m) in such a way that 


= + Agdya/Ou, ai = + 
2). 


Then the functions A», A; are the components in the (x,y) space of a covari- 
ant tensor of rank 1 and the functions a, a; are the components of the same 
tensor in the (u,v) space. If n+ 1 functions ), 
-++) are transformed so that 


a® = + A%du/dya, at = + A%Ovi/dYa 


| 

| 
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then A°, A‘ are the components of a contravariant tensor of rank 1. These 
definitions can be extended readily to those of tensors of higher rank.* 


2. Tensors associated with Euler’s differential equations. The non-para- 
metric problem of the calculus of variations in the (2, y) space is transformed 
to the (u,v) space by equations (3). First we state the relationship between 
the integrands of the integrals in the two spaces. By differentiating this rela- 
tion n components of a covariant tensor are obtained. With these results it is 
easy to find the covariant tensor of rank 1 which is associated with Euler’s 
equations. 

In the (u,v) space let the integral to be minimized be 


(8) f(u, v, 0’) du. 


The integrals in (1) and (8) will have the same value provided they are taken 
over corresponding arcs in the two spaces and provided 


(9) f(u,v,v’) =F (a, y, y’) dx/du, 
in which the right side is a function of (u,v,v’) by means of equations (3) 
and (5). 

Differentiation of relation (9) with respect to v;’ shows that 
(10) (F — ya’ va’ + (1=1, 0), 
and then it can be verified that 
(11) (f —Va'fra’ ) = (F — ya’ Pug’ 


Equations (10) and (11) and the definition of a covariant tensor of rank |! 
establish the following theorem. 


THEOREM 1. The functions (F —ya’F yy), Vy" are 
the components of a covariant tensor of rank 1. 


The function 
(F — ya’ )dx + dya; 
in terms of which the transversality cond:tion is stated, is an invariant. 


For the differentials dz, dy; form a contravariant tensor of rank 1. The 
inner product ¢t of this tensor and the tensor in Theorem 1 gives the ex- 
pression in the transversality condition which is, therefore, an invariant. 


*L. P. Eisenhart, Riemannian Geometry, p. 10. 
7 L. P. Hisenhart, loc. cit., p. 13. 
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The tensor associated with the Euler differential equations * may now 
be obtained. The Euler equations for the integral I are df,y,"/du — fy, =0. 
The expressions in these equations can be computed with the help of formulas 
(9) and (10) and hence we find for 1—1,- --,n, after some computation, 


d 0x 


These equations together with the equation formed by multiplying the above 
equations by (— vi’) 1=1,- - +, respectively and adding give the following 


theorem. 


THEOREM 2. The n-+ 1 functions 


are the components of a covariant tensor of rank 1. 


3. Canonical variables, equations, and transformations. In this section 
we consider canonical variables and the Hamilton function. The Euler 
differential equations are replaced by canonical equations. Lastly, a dis- 
cussion of canonical transformations is given with an example in which the 
variables are canonical. 

The canonical variables + (2, y,z) which are introduced by the equations 


(13) 2,=F,, (2, y, y’) -,n) 


are used in place of the element (z,y,y’). If the functional determinant 
of these equations with respect to y;’ is different from zero, we expect to find 
solutions yi’ = Pi(z,y,z). Now the definition of the Hamilton function is 


(14) A (a, y, 2)=Ya Fy, — F, 


in which Pi(z,y,z) is substituted for y;’. We may prove readily that 
P; = H:, so that the solutions of equations (13) for y;’ in terms of (z, y, z) 
are also expressible in the form y;’=H:,. In changing from the element 
(z,y,y’) to the canonical variables (2, y,z) the following property is im- 


portant. Every solution yi(x) of class { C” of the Euler differential equa- 


* 0. Bolza, Vorlesungen iiber Variationsrechnung, p. 51. 
+ Riemann-Weber, loc. cit., p. 186. 
£0. Bolza, loc. cit., p. 13. 
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tions defines a set of functions y;(z), 2i:(z) by means of equations (13) 
which satisfy the canonical equations * 


(15) dy:/de —H,,—=0, dzi/de + Hy,=0 (i=1,---,n), 


and conversely. 
Let u, vi, wi and h(u,v,w) represent the canonical variables and the 


Hamilton function in the transformed space. After inserting in equations 
(10) and (11) the notations of canonical variables we can solve for H and 2j. 
This gives the equations f 


16 — H =— héu/dr + 
(16) 2, =— hdu/dyi + wadva/dyi 


We may state now Theorem 1 in terms of canonical variables. It says that 
the set of n-+ 1 functions, —H, 2; (‘—=1,:--,n), are the components of 
a covariant tensor of rank 1. 

If canonical variables are used, the invariance of the expression in the 
transversality condition which is given in the corollary to Theorem 1 may be 
stated as follows: 

(17) — hdu + wadva = — + Zadya. 


It will be shown that the transformation between the two (2n-+1)- 
dimensional spaces, (z,y,z) and (u,v,w), which is given by equations (3) 
and the last m equations in (16), has the property that the solutions of the 
canonical equations (15) of the original problem go into the solutions of 
the canonical equations of the transformed problem, a result which will be 
seen to depend upon formula (17). The transformation is then a somewhat 
special case of transformations which are called canonical. 

The following is the definition of a canonical transformation.§ A trans- 
formation from (u,v,w) to (2, y,z) codrdinates 


is said to be canonical if it is a one-to-one transformation with its functional 
determinant 0(z,y,z)/0(u,v,w) not zero, and if three functions H(z, y, z), 
h(u,v,w), ¥(x, y, 2), exist for which the relation 


* Riemann- Weber, loc. cit., p. 191. 

+ Riemann-Weber, loc. cit., p. 200. 

t Encyklopiidie der Mathematischen Wissenschaften, Band 2, Teil 1, Heft 1 
(1915), pp. 343-346. 

§ See, for example, Carathéodory’s definition in Riemann-Weber, loc. cit., pp. 201- 
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(19) — hdu + wadva = — Hdz + + d¥, 
is identically satisfied. 

We shall consider the problem of the calculus of variations which is 
connected with the integral 


(— Ht tata! + db/de) de. 


Since the Euler equations of a function which is the derivative of another 
function are identically zero,* the function d¥/dx may be omitted in cal- 
culating these equations for this problem. The Euler equations are found 
to be the canonical equations 
dzi/dz + Hy,=0, —(dyi/dx — Hz,)=0 

Hence by Theorem 2 when the dependent variables are *, Yn, 21," 
we have the theorem : 


THEOREM 3. The expressions 


—(Ay,dya + Hy,) dz, 

— (dyi/dx — H:z,)dz 
are the 2n +1 components of a tensor of rank 1 with respect to transforma- 
tions from the (x, y,z)- to the (u,v, w)-space. 

The transformation equations for this tensor are deduced by Carathéodory 
in the reference cited in a quite different and much less simple manner. 

A fundamental property of tensors is that if the components of a tensor 
are zero in one codrdinate system, then they are zero in every other codrdinate 
system. Thus we have the following corollary: 


CoroLLary. By means of a canonical transformation the solutions of the 
canonical equations (15) of the original problem are transformed into the 
solutions of the canonical equations of the new problem. 


Since the relation (17) is a special case of (19), the transformation 
defined by equations (3) and the last n equations in (16) comes under the 
definition of canonical transformations, provided that the functional deter- 
minant is not zero. Since the equations hw, = vi’ are always satisfied, as 
indicated in the second paragraph of Section 3, and with the help of the value 
of the determinant 
(20) | dv;/dy; — v,’0u/dy; | = J-dz/du (i,j7=1,:--,n), 


* 0. Bolza, loc. cit., p. 153. 
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where J is the Jacobian (4), it can be shown from equations (3) and the 
last n equations (16) that the functional determinant of 2, yi, 2; with respect 


to u, vi, wi has the value 
a(x, y, 2) /0(u, v, FF dx/du dx/du, 
which is different from zero along the arcs considered. 


4. Tensor properties of the conditions of Weierstrass and Legendre. The 
Weierstrass E-function, in terms of which the necessary condition of Weier- 
strass * is expressed, may be written in the form 

E(z2,y, F(a, y, Y’)— Ya’ (2, 9’) 
+ Pra’ (29, 
in which Y’ is the symbol for the set (Y1’,- --, Yn’). In the (u,v) space 
we define 
(21) e(u,v, uv’, V’)=f(u, v, V’)— Va’ fra’ (u,v, V’) 


where V’ is the symbol for the set (V1’,- - +, Vn’). 

Transform the element (u,v,v’) by the transformation (6), while the 
equations of transformation for the sets V’ and Y’ are those for the sets 2” 
and y with v’ and 7 replaced by V’ and Y’ respectively. From relation (9) 
and the equations of transformation for the sets V’ and Y’ it is seen that 


f(u, v, V’)—= {F (a, y, Y’)}{1/[0u/dx + (du/dya) 


If this result is substituted in formula (21) together with those given in 
formulas (10) and (11) and the equations of transformation for the set V’, 
then we obtain an expression for e which can be reduced to the following form: 


(22) e(u, V’)= {E (a, y, y’, Y’) }{0x/du + (0x/dvq) Va’}. 
This proves the theorem: 
THEOREM 4. The Weierstrass E-function is transformed by every trans- 


formation (3) and associated equations so that equation (22) is identically 
satisfied. 


The statement of the necessary condition of Legendre ¢ involves the 
quadratic form yg' Concerning this form we find 


* Riemann-Weber, loc. cit., p. 182. 
7 Riemann-Weber, loc. cit., p. 183. 
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THEOREM 5. The function 
Pq! 

is an invariant if the variations yi (i=1,--+,n) are transformed by the 
relations (31) gwen below. 

The proof is as follows. Consider the one-parameter family of arcs 
through points 1 and 2 
(23) 
which contains the extremal E£,. for a0. Then the set of variations »; 
along Ey. are defined by the equations 
(24) Yia(z, 0) 


In the (u,v) space the equations of the family of curves (23) have to be 
found. Substitute equations (23) into the first equation of transformation 
(6) and obtain 
(25) u=u(z,y(z,a)). 


If du/dz == 0, the solution for will be given by x= -2(u,a). When this 
result and equations (23) are put in the first group of nm equations in (6), 
we secure the equations 

(26) vi[r(u, a), y(x(u, a), a) | vi (u, a) (2 =1,---, n), 
which represent the curves (23) in the (u,v) space. And as before we define 
(27) £i(u)= via(u, 0) 


In order to find the law of transformation between 7; and ¢; differentiate 
equations (26) with regard to the parameter and then set a= 0 so that 


(28) = [ (dvi /dr) ra + (0vi/0Ya) Yaa J az=0- 


If the solution for x of equation (25) is substituted in (25), an identity is 
procured which is differentiated with respect to the parameter. This gives 
the relation 


(29) 0 = [(du/dz) + )YanJa-o- 


When the value of z_ from (29) and the definitions of 4; are put in (28), 
we find 
(30) = (00; /0Ya v;/0u/0Ya) na = n). 


4 
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The determinant of the coefficients of y; is the determinant in (20). By 
solving for 4; we have the desired law of transformation between ; and ¢;: 


(31) ni — La 1,---,%). 
By differentiating equations (10) with respect to v;’ it is found that 
Fos! vj! = vg’ — — yp’0x/0v;) du/de. 
Multiply by ¢:£; and sum for 1, 7 =1,---,mn. On account of relations (31) 
this gives 
vg’ fate (1/du) = vg’ nanp(1/dz), 
so that the theorem is proved. 


5. A tensor associated with Jacobi’s differential equations. A tensor 
associated with Jacobi’s differential equations is deduced by a direct method 
although it can be found from the law of transformation of the integrand 


of the second variation of the integral J. 

It is necessary to make a few preliminary remarks in regard to notations 
in the two spaces for Jacobi’s equations and to derive some properties of the 
variations. If the family of arcs (23) is substituted in the integral J, the 
function J(a) has the second derivative 


(0) = + Fyq' + 9, de, 


where the function 20 is defined as follows: 
(32) 20 = F + yap’ nanp + vp’ 


Since the family of arcs (23) contains the extremal F,, for a0, the Euler 
equations dF’,,' /dx — Fy,—=0 are satisfied for This result and the 
vanishing of the values of Yiaa(z,0) at the limits 2, and x2 (see equations 
(37)) give us finally, by integrating the second term of the integrand in 


J’’(0) by parts, 
(33) J” (0)= 20. (a, 9, 9’) de. 
The Jacobi differential equations * are by definition the equations 
(34) dQn, —- On, = 0 (tm 


If in the (u,v) space the corresponding family of arcs (26) is sub- 
stituted in the integral I, the function I(a) is obtained. By a reduction 


* G. A. Bliss, Calculus of Variations, First Carus Monograph, p. 163. 
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which is similar to that for the second variation in the (z,y) space we 
find that 


where 2w has the form o 
(35) 20 = + 2fravg' Sage’ + vp’ 
The Jacobi differential equations in this space are 
(36) /du—wo, =0 (4=1,---,n). 


Let the sets yi1, yiz denote the values of y; (1 —=1,---,m) for x, and zp 
respectively. Since the curves whose equations are given in (23) go through 
the points 1 and 2, we have yi: = yi(%, 2), Yiz=Yi(%2,a). By differentia- 
tion with respect to a we find 


0 = 0), 0 = 0), 
(37) 0 = Yiaa(%, 0), 0= Yiaa(X2, 0) (‘= n). 


The set of variations (24) is now seen to satisfy the conditions 
(38) ni (21) =i (42) = 0 (i=1,---,m). 


Since the values wu; and wz of the independent variable w in the (u,v) 
space locate points in that space which correspond respectively to the points 
determined by x, and 22 in the (2, y) space, then the conditions (38) should 
imply £:(u:) = i(u2) = 0, and conversely. This result is proved if it is 
observed that the determinant of the coefficients of 7; in (30) has the value 
J-1dz/du which is not zero. The converse is proved similarly by means of 
equations (31). 

In deriving the tensor associated with Jacobi’s equations (34) equations 
(12) are used. In these equations substitute for y; and v; the equations of 
the corresponding families of arcs (23) and (26) respectively. After this 
result is differentiated with regard to a, let a be set equal to zero. Since the 
arc E,. obtained for a0 is an extremal, we note that the Euler equations 
dF,,' /dz — Fy, =0 are satisfied for a0. By means of this fact and the 
definitions of the functions © and o it is easily shown that 


d dz 0x 
+( Ge — Ong » 0). 


These equations together with the tensor equation which is secured by multi- 
8 
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plying equations (39) by —vi’ (t=1,---, ), respectively, and adding 
establish the following theorem: 


THEOREM 6. The n-+ 1 functions 
— Ya (dQn,"/da —OQn,) dz, (dQn,' /dx —Qn,) dx (t= 1,---,n), 
are the components of a covariant tensor of rank 1. 


6. Tensor properties of the determinants which determine conjugate 
points. Conjugate points in Jacobi’s condition can be determined easily in 
either one of two ways, involving in the one case the complete 2n-parameter 
family of extremals and in the other case an n-parameter family of extremals 
which pass through the fixed point 1 and contain the extremal H,.. In each 
case the conjugate points are defined by the zeros of a determinant.* We will 
find the law of transformation of each determinant when the variables are sub- 
jected to a transformation (3). 

In the first place we will consider the complete 2n-parameter family of 


extremals 
(40) Ys = G1, ° On, +, bn) a,b) (t=—1,---, 


which contains the extremal F,. for the set of parameter values (do, bo) = 
* Gnoy 010, Ono). The points 3 conjugate to point 1 on the 
extremal Fj. are determined by the zeros x ~ 2, of the determinant 


Yia, Yi, 
Yia,(1) yin, (1) 


In this determinant and following expressions where the parameters are 
not indicated, they are assumed to have the values given by the set (dp, Do). 
Also when the value of a function is taken at point 1 we write yia,(1) for 
example. 

In changing to (u,v) codrdinates it is necessary to find the equations of 
the family of extremals in the (u,v) space which correspond to the family 
(40). Using the method by which the equations (26) were obtained the equa- 
tions of the family of curves (40) in the (u,v) space are found to be 


(41) X1, Ao, bo) = (4,j=—1, n). 


(42) vi = vil z(u,a,b), y(z, a,b) =vi(u,a,b) n). 


The conjugate points on the corresponding extremal e¢:2 are determined by the 
zeTOs U =~ U, of the determinant 


* G. A. Bliss, loc. cit., pp. 148-151. 
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(43) d(u, U1, Ao, bo) Via, (1) viv, (1) (4, J 1, 
In order to transform determinant (41) the following results will be 
needed. As equations (29) and (28) were found in Section 4, we find now 
the equations (44) when the set of parameters (a,b) is given the value 
bo) of the extremal 


(du/dx) aa, + (0U/0Ya) 
(du/dz) x», + (0u/0ya) Yards, (j= 
Via, =-(dvi/dx) ta, + (0vi/0Ya) 
Vib; = (dvi/dz) 2», (0vi/0Ya) Yadss (1, n). 
Since each of the expressions for via,(U, do, bo) and viv, (u, do, bo) contains 
n-+ 1 terms, it is advisable to increase the order of the determinant (43) 
from 2n to 2n-+2. With the help of equations (44) this determinant may 
be written as follows: 


(44) 


d(u, U1, Ao, bo) = 


du Ou du Ou 
1 an La; T Yaa; 0 Ld; + Yad; 
dv; dvi Av; dv; Ov; 
du dx ™% Ya Yaa da + 04a 


where the subscript 1 indicates that the value is taken at point 1. The deter- 
minant may now be factored easily so that the following relation is found: 


(45) d(U, Un, do, bo) =F *( I): D(a, #1, do, bo 


where J-1 is the Jacobian of the transformation (6) and the subscript 1 


denotes that the value is taken at point 1. 
We can state now the following theorem: 


THEOREM 7. When there ts given a 2n-parameter family of extremals 
which includes the extremal E12 for the set of parameters (do, bo), the deter- 
minant D(x, 2X1, 4, bo) for the determination of points conjugate to point 1 
on the extremal EF, is transformed as in formula (45). 


Secondly, we consider an n-parameter family of extremals y; = yi(z, a1, 
*, Qn) = yi(z, 4), which includes the extremal EF; for the particular para- 
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metric values (do) = (dio, ° * *, Gno) and all the extremals pass through the 
point 1. The points 3 conjugate to point 1 on the extremal arc /;2 are deter- 
mined by the zeros ~ 2, of the determinant 


A(x, a) =| yia,(X, ao) | (4j=1, 


In the (u,v) space the conjugate points on the extremal ¢;2, corresponding to 
the extremal #2, are determined by the zeros uu, of the determinant 


do) | Via, (U, Mo) | 


where 1; = v;(u, a) are the equations of the corresponding family of extremals. 
The method of the first case now shows the law of transformation of the deter- 
minant A(z, a) to be 


(46) = F-1 A(a, a) da/du. 


Hence we have 


THEOREM 8. When there ts given an n-parameter family of extremals 
through point 1 which includes the extremal Ey. for the set of parameters (ao), 
the determinant A(x, a) for the determination of points conjugate to point 1 
on the extremal E,2 1s transformed as in formula (46). 
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CAYLEY’S DEFINITION OF NON-EUCLIDEAN GEOMETRY. 


By JAMES PIERPONT. 


1. Cayley in his Sixth Memoir upon Quantics (1859) laid the founda- 
tions of non-euclidean geometry. Although this paper is often referred to, 
its true significance seems to have been entirely overlooked. Led by Klein, 
whose autographed lectures on Nicht Euklidische Geometrie (1892) have 
enjoyed the widest popularity, another point of view has been adopted. This 
however depends on finding a projectiwe definition of codrdinates and cross 
ratios; and this can be done rigorously only by an intricate piece of reasoning. 

The purpose of the present paper is to develop the implications of Cayley’s 
paper and to show how naturally they lend themselves to a systematic and 
rigorous treatment of this subject. 

2. Cayley takes four numbers 2:,,%2, v3, % and regards their ratios 
21:2: %g: 2, as defining a point whose codrdinates are the z’s. In the notes 
to volume 2 which Cayley prepared for his “ Collected Papers” he says, 
p- 605 ; —“ As to my memoir, the point of view was that I regarded “ coérdi- 
nates” not as distances or ratios of distances but as an assumed fundamental 
notion, not requiring or admitting of explanation.” It is well to remember 
in this connection that the notion of an abstract group is also due to Cayley 
(1854). 

A straight is defined as the points 7;—Jla;-+ mbi, (t=—1, 2, 3, 4), 
where ai, b; are the codrdinates of two points a, b, and lJ, m are parameters. 
A plane is defined by Cot2 + + = 0. It is easy to show that 
if a, b are two points of a plane, then all points on their join also lie on 
the plane. Also all points common to two planes lie on a straight. 

To define distance and angle Cayley introduces the quadratic forms 


(1) (2, 2) F (2, Ais = 033, (4, 7 = 1, 2, 3, 4) 
of non-vanishing determinant a= det | ai; | and 

(2) G(u,u)=> atinu;, = Minor of aj;/a). 
The distance § between two points x, y we define by 

(3) cos(3/c)—= F(x, y)/[F (x, x) F(y, y) 1%, 

and the angle ¢ between two planes w, v we define by 

(4) cos($/c’)—= G(u, v)/[G(u, u) G(v, v) 
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Cayley takes cc’ —1. We, following Klein, choose them so that 8, ¢ may 
be real when possible. From (3) we have 


(5) sin(8/c)= A*/[F(z, 2) F(y,y)]*, 


3. Leta, b,c be three points on a straight, let y= dist (ab), dist(bc), 
§=—dist(ac). We wish to show that 8=y-+ 7. A similar proof holds for 
the addition of angles. Consider 


A = cos [ (y + 9)/c] = c0s(y/c) cos(4/e)— sin(y/c) sin (n/c) 


and let us write for the sake of brevity (a,b) as ab, etc. Then 


A= [ab/(aa-bb)%] [bc/(bb - cc) *] 
—(aa- bb — ab*)*(bb- cc — bc?) */ (aa: bb) (bb cc)*. 


Let us denote the numerator of the last term on the right by A%. Then 
A =(aa- bb — ab?) (bb - cc — bc?). 
& 


Now 
b—=aa+ Be, (bb)—= a? (aa) 2aB(ac) + (cc) 
(ab)—=a(aa)+ B(ac), a(ac)+ B(cc) 
aa: bb — ab? = B?(aa- cc — ac?) 
bb cc — bc? = a? cc — ac”) 
A = a?8?(aa- cc — ac?)?. 
Hence 
A = [ab - be — aB(aa- cc — ac?) ]/bb(aa- cc)*—= B/C, 
ab a? - aa-ac + aB(ac? + aa-cc)+ B? ac: ce. 
Hence 
B= ?-aa-ac + 2aB ac? + B? ac- cc—=(ac) (bb) 
Thus 


A —=(ac) (bb) /(bb) [ (aa) (cc) = (ac) /[ (aa) (cc) ]* = cos(8/c). 


Hence 
cos(8/c)—=cos[(y+7)/c] or 8=y+>%. 


We can now express the parameters in 7; == «a; + 8b;. We find at once 


(6) a= [ (2x) /(aa) ]* sin [ (x, b)/c]/sin [ (a, b)/c], 
B= [(za)/(bb) sin [ (a, x) /c]/sin [ (4, 6)/c], 


where we have set (x, b)= dist(z, b), etc. 
In fact 


a? (aa) + (ab) -+ 62(bb). 
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Let y = dist (a, x) §— dist(a, b), 

then by (3) 

(7) (xa) a? (aa)-+ + (aa) (bb) cos(3/c). 
Also by (3) 


[ (aa) (za) cos(y/c)—=(ac)—= a(aa)+ B(ab) 
= a(aa)-+ B[ (aa) (bb) ]% cos(8/c). 
Hence squaring 
(xx) cos*(y/c)—= a? (aa) + (aa) (bb) cos(8/c) + (bb) cos* (8/c), 
or using (7) 


(xx) cos? (y/c)—=(axx)— + B? (bb) cos? (3/c) 


or (xz) sin? (y/c)—= (bb) sin? (8/c). 
This is the second equation in (6); we get @ similarly. 
4. The plane 
(8) (9.2%) = = 2; = = 0 
J 


we call the absolute polar of g, or simply the polar of g. The distance be- 
tween g and any point z on this plane is such that cos8/c=0. Hence 
§=7c/2. We call g the pole of (8). We ask how many poles g, does a plane 


(9) Coe + + = 0, 


have i.e. how many points g are there such that the polar of g, (gx)—0, 

is identical with (9). For (8) to be identical with (9) it is necessary and 

sufficient that 
pCi = + AjsJs + 


Since the determinant a of F(zxr) is 0, we have 
(10) Gi = + atc, + afc, + atte). 


Thus 91: 92: 9s: ga is uniquely determined. The plane (9) has thus a unique 
pole whose coérdinates are given by (10). 

The equations of the straight joining the points a, b are 7; = aa; + di. 
Suppose 0 lies on the polar of a. Set distance (a,2)—s, then distance 
(z,b)—=ac/2—s. Then (6), (7) give 


a= [(2x)/(aa)]* cos(s/c), [(xx)/(bb)]* sin(s/c), 
B/a = [(aa)/(bb) tan(s/c). 


The point z on the straight lies on the plane wa, = 0, 


i 
| 
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when «,@ are such that «Z(a) + BL(8)—0, which determines 8/a unless 
L(b)=0, in which case x= 6. Thus a straight cuts a plane but once. 
When } lies on the polar of a we say b is at a quadrant’s distance from a. 


5. The distance § from a point a to the plane (9) we define in this way: 
Let g be the pole of (9). The join of g,z cuts (9) in a point h and by defini- 
tion distance (g,h)—2c/2. We define 5=dist(z,h). Let »—dist(g,z), 
then 7» + 8=-ac/2. Now 


cos (n/c) —=(g, x)/[(g, 9) (2, ) ]* = cos [(me/2 — 8) /c] = sin(3/c). 
Thus 


(11) sin(8/c)—=(g, z)/[(g, 9) (a, x) ]*. 
This expression involves gi- - ‘gs which are not given directly. Now 
(12) (9,2) = = Daj Ddijp Dace 
4 j a 7 
=p aija* = p 
j 
(13) (9,9) =X 4159195 = p? aij ~ 
a 
= p? > a = p? a*cacg 
ap 4 j ap 
== c). 
These in (11) give 


(14) sin (8/c)—= p(¢ti1 + (9, 9) F(a, 2) ]* 
= (0%, +: + /[F (a, 2) G(c, c)]*. 


The four planes t2 7; =0, define a tetrahedron 
which we call +. The distance 8; of a point x to the plane 2; is given by 


(15) sin (8;/c) = 2;/(a**)*% [ (x, x) ]%. 
Thus 


=(a11)% sin(8,/c) : (a22)% sin(82/c) : (a38)% sin(83/c) : (a**)* sin(8./c). 
This gives a geometric interpretation of the codrdinates of a point in terms 


of distance. 
Let V; be the vertex opposite the face x; —0 of r; i.e. the point whose 


coordinates v are all 0 except v;. Its polar plane is (v,7)—0 


+ + + dist, = 0. 


The distance 7; of V; to the plane 


| 
| 

| 
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(16) + + = 0 


is given by 
sin (ni/¢) = ui/ (aii) u) 
Hence 
Ui = (aii) 4[G(uu) sin (yi/c). 
Hence 


(17) Uri Ug: Ue 
=(d11) sin(m/c) : (d22) sin (y2/c) : (dss) sin (s/c) : (das) sin(ms/c). 


6. The angle ¢ between the two planes 
(18) + U2Le + UzLX3 + Ugh, = 0, U3%3 = 0, 
is given by (4). Let us call g, A the poles of these planes; Then 


Ji=pLaug, hy aFrg. 
a B 


The distance 8 between g,h is given by 
cos(3/¢) = aisgsh;/(F (9,9) FP (h, h)]%, 
aj aj a B ap 4 j 


= p* = (u,v). 
a 


Hence using (13) 
cos(8/c)—= v) /[G(u, G(, v) 1%. 
Comparing this with (4) gives 
(19) cos(¢/c’)=cos(8/c) or 
When ¢ = 7/2 we say the planes (18) are orthogonal; the distance between 
their poles is 
(20) § =(2/2)c/c’. 


The angle ¢;; between the faces 7; = 0, 2; = 0 of the tetrahedron r is given by 
(21) cos (i;/c’) = a5 / (atiais)%, 


We define the angle @ between two straights J,m meeting at a point a 
in this way. Let b, c be points on J, m at a quadrants distance from a. 
If B, y are the polar planes of b, c we define 6 as angle between 8, y. Now 
we saw the distance § between b, c is related to @ by $/c’ =8/c. Hence we 
can define @ as c/c’ times the distance between J, c. 


| 

| 

| 


122 JAMES PIERPONT. 


7. Let us introduce new variables &, setting 


where c= det | 40. Setting = minor ci;/c, we have 
(23) 

Then 


=> QijCinCjp- 
Au ij 


Hence setting 


(25) P(a, = €). 


The distance § between two points g, h is given by 
(26) cos (8/c)—= & 9) F (h, h) 
Suppose (23) makes y, » correspond to g, h, then conversely (22) gives 
These in (26) give 
cos (3/c) = [> cir = (a, 9) = N/D. 


Now by (20) 
N => yom = 
Au aj Au 
Thus 
(27) cos (8/c) = ®(y, »)/[®(y, y) 9) 1%, 


i.e. cos8/c is an invariant of the quadratic form (1) relative to the linear 
transformations (22). The plane 

becomes in the new variables 


(29) viéi = 0 where ~ 


The distance § of point x to the plane (28) is given by 
_ sin (3/c)= p(wai wets) /[P (9, 9) F (2, 2) 


where g is the pole of (28). 


CAYLEY’S DEFINITION OF NON-EUCLIDEAN GEOMETRY. 123 


Passing to the € variables this gives 
(30) sin (3/c) = +° + v) €) 1%, 


where y corresponds to g. Thus sin(é/c) is an invariant of the form (1). 


Now 
tj ij Nu 
Hence 
(31) sin (8/c)= (4: + vss) /[V(v, v) €) 
where 


Au 
If 8; is the distance from Point P (&1, 2, és, 4) to the plane é; = 0, we have 
(32) sin (8;/c) = €) ]%, 


or 
=(@11)% sin(8,/c) : sin (32/c) : (a38)% sin(8:/c) : sin(8,/c). 


Geometrically the transformation (22) or (23) represents replacing the 
tetrahedron of reference by a tetrahedron whose faces are = 0, 


0, = 0. 
Let us refer the straight 


(34) x= la; + mbi, (4 = 3 25 3, 4), 


to the 7’ tetrahedron. By (23), & => céiz;. 
j 


As « lies on (34), 
& = & (la; + md;) 


la; + mBi, 


where by (23), «i, Bi are the codrdinates a, b referred to 7’. From algebra 
we know that a real transformation (23) will reduce the form (1) to one 
of three types 


(35) + + + = 0, 


To (35) corresponds the geometry first discovered by Riemann. To (36) 


| | 
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corresponds the geometry discovered by Lobachevsky and Bolyai. Finally 
to (37) corresponds a geometry which I have called L-geometry.* 


8. The distance § = ds between z and az + dz is given by 
cos(ds/c)—=(2, + dx)/[(x, x) (x + dz, x + dz)]* = A/B =1 — ds?/2c? +- 


Now 
(x, + dx)—(z, x)+(z, dr), 
(x + da, x + dz)=(z, x) + 2(2, dx)+(dz, dx), 
A/B = [1+ (a, dx) /(2,x)] [1+ 2(2, dx)/(x, x) + (da, dr)/(x, x) 
= [1 +(2, dx) /(z,2)] -[1—(1/2) {2(2, dx) x) + (da, dx)/(x, x)} 
+ (3/8) {2 (a, dx) /(x,x)+ (da, -], 
= 1—(z, dx) /(x, x)— (da, dx) /2(x, x) + (3/2) (a, dx)?#/(x, x)? + 
+(a, de) dz)2/(z, 2)? - 
= 1 —(dz, dr) /2(x, x) +(1/2) (2, dx)?/(z, 2)? 


= 1 — ds?/2c? +- 
Hence 
(38) ds? /c? dx) /(x,x)—(x, dx)?/(x, x) 2. 
Since only the ratios 2, : 72: 23: %, have been used, if we like, we may set 
(39) (2,2) = > aijxiz; —h?, a constant. 
Then 
(40) (z,dz)=0 and ds? = c?/h?(dz, dz). 


If we choose c, h so that c=—h, then 
(41) ds? = >> 


Let us define the angle @ between two curves meeting at a point a, as the 
angle between their tangents, whose equations are, say 


bi sins/c, xi’ =a: coss’/c + Bi sins’/c. 
We have at the point a for which s=— s —0, 
du;/ds = bi/c, dz;’/ds’ = B:i/c. 
If § = dist(b, B) we set 6 = 8/c and have 
cos(8/c)= (0, b) (B, 8) 


cos 6 = (day’/ds’) [F(b, b) F(B, 8) 


or 


* Monatshefte fiir Mathematik und Physik, Vol. 35 (1928). 
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If we suppose (b, b) (8, B)=c? we have 
(42) cos = >) ai; (dai/ds) (dax;’/ds’). 
Let us find the curves for which 


dfds = 0, 
where ds is given by (41). 


Performing the variation we get 
fds 8x; > d?x;,/ds? == (), 
j i 


From the relation (39) we get > aijxidrv; = 0, hence introducing a Lagran- 
gean multiplier H we get 


f ds da; aij{d?x;/ds* + Hari} =0, 
or 

(43) + Hz;)=0, (j = 1, 2, 3, 4). 
Multiplying these four equations respectively by 41, %2, 7s, Ys, and adding, gives 

or 


(44) = Ai d?x;/ds* He? = 0. 
tj 


From (39) we have differentiating twice 


d?ai/ds? + > ai; (dai/ds) (daj/ds)= 0, 
or ie 
> d?x;/ds? + = 0. 
4j 


This in (44) gives H = 1/c? which put in (43) gives the four linear equations 
(d?x;/ds* + xi/c?) = 0, (j = 1, 2, 3,4). 
The determinant of the system of equations is a40. Hence this system 
admits only the solution 
d?x,/ds? +- xi/c? = 0, (t= 1, 2, 3, 4). 


Hence integrating 
xi = a; cos s/c + b; sin(s/c) 


+ Bbi, 


which are the equations of a straight as we saw § 4. 
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9. We have now gone far enough to show how the geometry belonging 
to the quadratic form (1) with non-vanishing determinant may be developed. 
It remains only to put this abstract geometry in relation to the geometry of 
our physical space. 

In two papers,* I have considered the optics of space of constant curva- 
ture taking as fundamental assumption that the path of a ray of light in such 
a space is given by Fermat’s principle, fmds—=0. I showed that in such 
a space, light behaved in the main as in euclidean space. For constant index 
of refraction the path of a ray is a straight according to Cayley’s definition. 
In elliptic and hyperbolic spaces it has long been known that rigid bodies 
exist which can be freely moved about without distortion, and I have shown 
the same holds in ZL-space in the paper referred to in §7%. Thus we have 
the means, partly mechanical and partly optical, to construct straight edges, 
planes etc., Also we are in position to construct measuring bars. This being 
so we can define a tetrahedron and define our codrdinates by (15) where the 
a’s are determined by one of the forms (35), (36), or (37). 

The indentification of our abstract space with our physical space is thus 
complete. Cayley appears to have had no interest in identifying his abstract 
geometry with our physical space, his “ codrdinates ” have thus left a funda- 
mental notion undefined. 

In Klein’s theory straight lines are the undefinabled. They may be 
identified with what we call straights in our physical world in a manner 
similar to that just outlined. 

Disregarding such identification, but looking at these geometries as ab- 
stractions the only question would then be;—Which of these two abstract 
methods of procedure Cayley’s or Klein’s is the more direct and easy. For 
those who are familiar with projective geometry when developed projectively + 
there would be no preference. 

But for those who have not gone thru such a strenuous course of training 
the advantage, so it seems to the present writer, lies with Cayley. 


* Transactions of the American Mathematical Society, Vol. 30 (1927), pp. 33-48; 
American Journal of Mathematics, Vol. 49 (1927), pp. 343-354. 
¢ As for example, in the magistral treatise of Veblen and Young. 
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FAMILIES OF PLANE INVOLUTIONS OF GENUS 2 OR 3. 


By FRANKLIN G. WILLIAMS. 


1. Introduction. A general method for finding families of plane in- 
volutions of order ¢ for a pencil of curves of genus p=(t—1)(t—2)/2 
has been developed recently * and applied to the case ¢ = 3 so that p= 0 or 1, 
and to the cases t= 4, pO or 1. In this paper, the case of pencils with 
t 4 has been completed by considering pencils of genus 2 or 3. The irre- 
ducible types of pencils of curves with p= 2 are known.t For p=3, they 
are determined in this paper. 


2. General Method. In a plane z, let | Ci: | denote a linear system of 
curves of order n; with an 1,, i’: - - fold point at Pi, Pi’,- - -, and let | C2 
denote a similar linear system. Then | C:|-+|C2| is defined as a linear 
system of order n; + me, having an i, + %,’-fold point at Pi, Pi’. Any curve 
constitute a composite curve of the 


| C,| together with any curve | C2 
system |Ci|-+|C2|. Given a pencil of curves 


(1) | C | =a,0, — 0, 


then | C| + |C| is a system containing (a,C, + a,C,)C =0 as a composite 
pencil. Let 


(2) | C | + | C | + + Ors = 0. 


The symbol [C1, C2] is used to denote the number of variable inter- 
sections of a curve of | C,.| with a curve of |C.|. Then [C:, Ci+ C2] 
— [Cr C1} + C2). 

We wisk to consider the cases in which any curve of | C | meets any curve 
of |C | + |€| in a certain number, ¢, of variable points. We are going to 
consider the possible cases with {= 4 and p= 2 or 3. 

The irreducible pencils of genus 2, mentioned in Section 1, are: 


C,: A?12B, C.:8A24B, C,:A10B, Cy: 8A32B2C, C3: A59B4, 


where the subscript denotes the order of the curve (C, and a superscript 
denotes the multiplicity of a corresponding point. 
As typical of the process employed, let (1) be the pencil, C,: A?12B, 


* F, R. Sharpe, American Journal of Mathematics, Vol. 50 (October, 1928). 
+ Michele di Franchis, Rendiconti del Circolo Matematico di Palermo, Vol. 13 
(1899). 
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and C a line through A. Then | C|-+ C is the system, C;: A*10B, for which 
r= 


Consider the pencil 


(3) PA = 0, 
and the algebraic system of C;: A°10B 


(4) (bizg + €1) + + C20 + (bs23 + ¢3) Cs 
+ + C4) + (0523 + 


where the 6’s are of arbitrary degrees n —1, n respectively in 2, z2. Given 
a point in (2), then (3) and (4) determine a point in (z); and, conversely, 
given a point in (z), then (3) and (4) determine a group of 4 points in (2). 
Thus (3) and (4) determine an involution of order 4, J4. 

By solving (3) and (4) for the ratio z: : z2 : 23, we have 


(5) 2, = Cu; Zo = 23 
where and v are linear in C,C, C.0, with coefficients of orders 


nm—1, n respectively in C,, C2. Hence the lines of (z) correspond to the 


net of curves 

The curves of the net (6) are therefore Cun,5: A?"*910B"120", while u—0 
represents a curve A2"*110B"2C"1. Hence the curves u—0 and v= 0 
have 


(4n + 1) (4n + 5)—(2n + 3) (2n + 1)— 10n(n + 1)— 2n(n —1) 
= 8n + 2 


intersections at points, D, other than at the basis points of C,: A710B2C. 
We have therefore determined a family of involutions of the type 


A2"*110B"20"-1 (8n — 6) D. 


Following the method outlined above and making use of the tables of 
linear systems of curves given by Jung,* the following families of involutions 
of genus 2 have been found: 


*G. Jung, Annali di Matematico, Ser. 2, Vols. 14, 15. 
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(C4: A 10B) 
(C,: A28B) 


C,: A27B22C 
C,: 128 

C;: AB?11C 
C,: A26B24C 
C,: A®9B2 

C,: A2B?8C2D 
C;: A2B?210C 
C;: A2B?100 
A112B 

C,: A25B26C 
C,: A6B26C 
C,: A?10B2 
C,: A11B? 

1,: A2B37023D 
C,: AB?8C23D 
Cs: A2B410C? 
C19: A48.B22C2 
C,: A?7B240 
C,: A29B22C 
C,: A10B?220 
A410B? 
C19: A48B3C22D 
Cz: A49B22C 


C 
(Cs: 14240) 
(Os: 14220) 


C,: A87B2202 
Cy: 8A8B2 
9 
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Genus 
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Genus 


Pencil A712B 
Families of Involutions 

A2"-110B"2C™1 (8n — 7)D 
Can: 'A2"8B"4C™1(8n — 8)D 
: A2"12B" (8n — 3)C 
(8n — 6)D 
A?"4.B"*18C0" (8n — 4)D 
A2"*16B"™16C" (8n — 6)D 
: A2"8B"*14C0" (8n — 3)D 
(8n — 12)D 
Can: (8n — 9)E 
Canse (8n — 10) 
Can: A2"-212B"(8n — 8)C 
Cany1 — 8)D 
(8n — 8) 
Cangg : A2"*19B"™13C"1 (8n — 8)D 
A?" (8n — 9)F 
(8n — 5) E 
Caner: (8n — 6) D 
: A2"*212B"(8n — 4) C0 
— 6) E 
A2"-16B"™160" (8n — 7) D 
A2"10B"*120"-1 (8n — 7) D 
Cansg: A?"-111B"1C™1(8n — 4) D 
Cansg : — 8) E 
Can: A2"-2B™2100"% D2 (8n — 16) E 
(8n — 16) 
Cans: — 4) EF 
(8n —5)E 
A2"-110B"*120" (8n — 6)D 
Can: A2"10B"2C"-2 (8n — 12)D 
"2 (8n — 14) F 
Can: A2"9B"2C™-1D"-2 (8n — 10) 


Pencil C,: 8A74B 
Families of Involutions 

Con: TA2"B2"-240" (8n — 8)D 
Con: — 7) E 
Coens: A2"*17B2"4C" (8n — 4)D 
Cons1 — 5) D 
Consz : TA2"*1B2"40" (8n — 2)D 
Consg: — 5) D 
Consg (8n — 3) 
Consa —1)E 
Consa: 8A2"*1B (8n — 2) 
Consa | 
Consr : (8n — 8) 
Consg (8n — 7) i 
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C1 
i C,: 4B 
C,: A6B 
Cs 8B 
(C3: A8B)? 
| Cy: AB?8C 
C.: 7A 1 
03:84 1 
C;,:6A2C 1 
A27B20 2 
C,: 8AB?22C 2 
3 
i 3 
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C 
Cy: A27B8C8D 
Cy2: 
Ce: 6A?22B4C 
C,: 8A?3B? 
C,: A37B2C?2D 
Cio: 8A2.B42C2 
8A4*B3C 
: 8A5B4C02 
Cig: ASTB®C5 DAE 
Cr0: 
C15: 8A5B42C 
C12: 8A*B22C 


C 
(C;: A89B?) 


1° 
Cs: A%B 

A27B220 

A26B24C 

Cy: A®7B8C22D 
Cio: A*7B4*C2D2E 
C,: A?8B22C 


C 
(Cy: 8482BC) 
(Cp: 7A3B22C2) 
C; 6A2CD 
C,: A27B2CD 
OF :8A2B 
Ce: 6A22B2C2 
Ce: 7A2B2CD 
C,: A®7B22C2 
8A®B2D 
1A4*B2C3D4 
C12: 8A4*B8C? 
8A4B3C 
Cy: 
C15: 8A5B4CD 


C 


(C13: A®8B4C3) 
Co: A27B22C 
Cy: B2 

A*7B*C3 D2 
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Genus 


Genus 


Genus 


Genus 


2 
3 
3 
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Families of Involutions 
Consg : A2"7 B21 (8n — 8) F 
Con: —17)F 
Cen: 6A2"2B2"-140"(8n — 6) D 
Cons 8A2"3B"10-1 (8n — 7) D 
DX (8n — 6) F 
Consa (8n — 8) 
Con: 8A2"B"10"-12D"-2 (8n — 14) E 
Consg 1 8A2"*1B +202 (8n — 15) E 
Cansa A2nt29 ( 5) G 
Coensg 1 — 13) E 
Con: 8A2"B"20"-1D"-2 (8n — 10) E 


Pencil A#10B? 


Families of Involutions 

Om (8n — 8) D 
A8n+11 0 B2"(8n — 4) C 

: A ( Sn 2)E 
mat A3nt26 B2nt24 

(8n — 6) D 


7TN+6 


Pencil C,: 8A?2B2C 


Families of Involutions 
Con: 8A3"2B2"-10"(8n — 6)D 
Con: (8n — 6) E 
Consa: A 
Conse 843%*2 — 1) 
GA 3nt22 (8n ) E 
B3nt19 
Con: — 8) E 
: B3n-1(2nt1 Pj2nt2 (8n — 9)F 


Conss? 
: 8A 3ntl B2nt1(2n-1 (8 6)E 


Y B3nQ2nt1 (8n ) F 
8A 8nt2 Fn ( 8n 5)E 


Conse: 
Conse : 


Conse: 


Pencil C,;: A59B* 


Families of Involutions 
C13: (8n — 5)D 
(antl (8n —?2 ) D 
Adn+39 BAnt28nC0 
: Adntay Bant4 (8n | ) E 


| 
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3. Pencils of Curves of Genus 3. In order to proceed further with the 
problem, it is necessary to have a complete list of pencils of curves of genus 3, 


irreducible in type. 
Let r; denote the multiplicity of the 1-th basis point, s the number of 


basis points, and n the order of the curve, where = 12 = >0. 
Therefore 


(1) ‘ Ti 


since there are no variable intersections and since the genus, p, is 3, therefore, 
(n—1)(n—2)/2 =1ri(ri—1)/2 +3. Hence 


(2) 
=1 
Multiplying (2) by rs and substracting (1) from the product, we get 


(3) %—D = + 4) — — — + + 12? 
i=4 i=r 

= n(3r3 — n)— + 12 —4) + 11? + 12? = 0,7 
since each term of the first summation is greater than or equal to the cor- 
responding term of the second summation. And n=r,+72-+7s, because 
we are seeking irreducible pencils. Hither n > 3rs, or 7, =12—1s, and 
therefore n(3rg —n) S (11 + + 7's) (273 — 171 12); and, from (3), it 
follows 

("1 To + 1's) (273 — 11 — %2)— 13 (11 T2 — 4) + = 0, 


(4) 13(r3 + 2)— rire = 0. 


Case I. 

(5) + 2)— rir, = 0. 

(6) Here r, —2—r, —r,=—R, hence, from (3), 
+4420. 


For the equality, n? —3Rn —6R—4—0,n—3R+2. Denoting the num- 
ber of additional points of multiplicity R by po, the number of multiplicity 
R—1 by pi, ete., (1) and (2) become 


(B+ 2)? + 2B? + poh? + pi(R—1)? + po(B— 2)? + + pra = + + 4 


R+2+2R + pok + pi(R—1) + pri + 10. 
Simplifying, we get 
(A) poR? + pi(R—1)? + po(R—2)? + pra = 6R?-+ BR, 
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(B) pok+pi(R—1) + po(R—2) + pri=—6R+8. 
Multiplying (B) by (R —1) and subtracting from (A), we get 
(C) Polt — po(R —2) 


From (B), p= (6+ 8)/R, and from (C), p=(6+8)/R. Therefore 
Po = (6 + 8)/R where both F and pp are integers. 


R=1 p=14 n=5 
R=2 p=10 s—=13 n=—8 
R=4 p=8 s=—il n=14 
R=8 s=10 n=—26 


Hence we have the following pencils: 
C;: A®16B, Cs: A*12B?, A®10B*, Cog: AOB®. 


Case II. 
(7) 13 (13 + 2)— rire > 0. 


Here rz = 1, — 1 or 7, and hence rz = 7; —1 or 74. 


If =: n=38r+1. Equation (3) gives 
n(3r—n) —r(2r—3) + 27? + 2r+1>0, 
n? — 3nr — 5r—1 < 0. 


In order to establish an upper limit for n, let n= 3r+1-+42. 


9? +1+ 27+ 6r+ Gre + 2a — 9r? — 3r — — <0, 
3re+24< 0, 2? + (8r+ 2)r—2r< 0. 


It is seen that x cannot be a positive integer, so n<3r-+1. Consider the 
possible cases when n= 3r-+1. From (1), we have 


(8) 1)? + por? + p:(r—1)*+ pr(r—2)? +> 
= 97? + 6r+1, 


where the p’s have the same significance as above. 

(9) (r+1) + por + pi(r—1)+ po(r—2)+° = 
From (8) and (9), we find 

(10) por? + pi(r—1)? + po(r—2)? pra = 89? + 


and 
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(11) por + pi(r—1) + po(r—2) +° +++ pra = 8r+ 6. 
(10) less (r—1) times (11) gives 
(12) Po! — P2(r — 2) —2p3(r—3)—- -— prir=—6r+ 6. 
From (10), pS (8+ 4)/r; and from (12), p=(6+6)/r. Also pp is 
an integer ; hence po = 8 or 9. 
If po = 8, (10) and (11) give 
(13) pi(r—1)? + po(r—2)? +: 


The maximum value that the sum of the squares of the multiplicities of 
the remaining multiple points can have occurs when there is one point of 
multiplicity 6. Then 4r—36 and r=9. Hence r=9. Also r=2 in 
order that some p be > 0. 

The new solutions of (13) and (14) are obtained by allowing r to take 
on the integral values from 2 to 9 inclusive. When r= 2, (13) reduces to 
pi = 4, and (14) to p,—6. So we see that r cannot equal 2, from (13), 


When r=3 4p, + po = 12, from (13), 
and 221 + po=6, from (14). 
Hence 2p1=6, p=3, n=10. 


The pencil is C1): A*8B°3C*. Making use of (13) and (14), as above, with 
r = 4, 5, 6, 7, 8, 9, we find the following solutions: 


r== 4; no solution. 

r=5; ~pi=1, po—0, pp =1, n= 16. 
Cie: A®8B5C*D?. 

r= 6; nosolution. 

7%; no solution. 

r= 8; nosolution. 

r=9; p= po=—0, pp=1, n= 28. 


This completes the problem with po) = 8. 
Putting po = 9, reduces (10) and (11) to 


pi(r—1)? + po(r—2)? + ps(r— 3)? +: +--+ —4r—r* and 
pi(r—1) + po(r— 2) + ps(r— 3) pri =6—r, 
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Since 4r—r? >0,r<4. Also,r > 1. Proceeding as before 


r=2, 
C,: A®9B?4C. 

r=3, n—10. 
A*9B3C. 


Suppose, as has been shown possible, that 
Using the inequality sign, (3) becomes 


n(3r—n) —r(2r—4) + > 03 ie. 
n? — 3rn — 4r < 0. 


By an exactly analogous consideration, it is seen that 
n= 8r or n=38r-+1 
Consider n= 3r; (1) and (2) give 
(15) por? + pi(r—1)? + pa(r—2)? + pra 9r? and 


(16) por + pi(r—1) + p2(r—2) =Ir+ 4. 
(Equation (15) less (r—1) times (16) gives 
(17) Pot — p2(r —2) — ps(r — 3) pra = 5r+4. 


Hence, from (15), = 9; and, from (16), (9+ 4)/r. From (17), 
po = (5+ 4)/r. 


With po = 9, (15) shows that all succeeding p’s are 0; and (16) cannot be 
satisfied. So po = 6, 7, or 8. 


po = 6; no solution. 
Po==%, (15) and (16) reduce to 


(18) pi(r—1)? + pa(r— 2)? pra=2r? and 


(19) pi(r—1) + po(r—2) +° + pra = 2r-+ 4. 


Proceeding as before, we find the following cases: 


r=2, pi=8, n=6. Co: 7A°8B. 
r=3, n=9. Co: 
r=4, pp=3, po—=ps—1, n—12. 
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r=5, 2 m=15. Cis: 
also 
Pi = Po=2, n=15. Cis: 
¢=6; no solution. 
2, Ps = Ps = Ps = m= 21. 
Ca: 
r=8; no solution. 


Equation (18) less (r—2) times (19) gives 
(20) pi(r—1)— ps(r— 3) —: -—pri=—8. Hence r=9. 
With po = 8, (15) and (16) become 
(21) pi(r—1)? + po(r—2)? +° ‘++ pri=r and 
p1 = 0 and p21 reduce (21) and (22) to 
ps(r—3)? +--+ ++ prim 4r—4 and ps(r—3)+- pram6, 
4r—4=36, r=10, r=4. 
When 4=rS 9, there is no solution. 
r=10, ps=0, pam=1, n=30. 
Taking p, —1, (21) and (22) become 


pa(r— 2)? pra 2r—1 and pram d 
Q9r—1=25 or r=13. Alsor=3. 


=3, po=5, n=9. Cy: 8A*B75C. 
r=4, po=1, ps3, n=12. Cie: 8A*BPC73D. 
r=5, po=0, n=15. Cis: 8A5B*2C7D. 
r=6, po=1, po=2, Po=p=—0, n—18. Cig: 8A°B°C*2D. 
r=", Pxo—Ps—1, n—21. Cn: 8A 
r=8; no solution. 
r=9, Po=pPs= Po = 9, 
Ps—=Ps=1, n=—27. 
= 10, 11, or 12; no solution. 
r= 13, Do = Ps = Ps = Ps = Po= Pr = Po = Pro = Pu = Pr2 = O, 
n=39. 


Now take pp=—2 DS ri —6—r, whence r<6. Also ri?=— 
j=11 i=11 
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4r—7?—2. So there are no solutions. If p: >2, Sri? and Sri show 
that no solutions are possible. 
Finally, if n = 3r-+ 1 while 7; =rz2=1; =r, (1) and (2) become 


(23) por? + pi(r —1)? + po(r—2)? ++ 9r? + 6r+1 


and i 


(24) Por + pi(r—1) + po(r—2) + ++ 9r+ 7%. 
Equation (23) less (r—1) times (24) yields 
(25) Pot! — p2(r — 2) 


We see from (24) that p = (9+ 7)/r and from (25) that p. = (8 + 8)/r. 
So po = 10, 11, 12, or 16. 
Taking po = 10, (23) and (24) become 


pi(r—1)? + po(r—2)? pra and 
pi(r—1) + po(r—2) whence r < 7. 
r=2 or 3; no solutions. 

r= 4, p,=1, n=13. 10A*B*. 

r=5; no solution. 

r=6, Ps—=1, n—19. 10A®B. 


With po = 11, we have from (23) and (24). 


pi(r—1)? + po(r—2)? ++ ++ pra = 6r +1—2r° 
and pa(r—1) + pa(t—2) pra —2r, 


So we note that r must be < 4. 


r= 2; no solution. 
r=3, p.=0, n=—10. Ci: 11A°B. 


When we put po = (12), (23) and (24) become 


and pi(r—1) + po(r—2) pra = 7—3r. 

The last equation demands that r < 3. 
r=2, p=l, 0,:12A2B. 


with po = 16, (23) and (24) become ; 


pi(r—1)* + po(r— 2)? +e prs = 82r — 16 — Tr’ : 
and pi(r—1) + po(r—2) +pr1=%—Tr. Thus p < 2. 
O4:16A. 
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Here follows the set of arithmetically possible pencils of genus 3: 


C,: 164 C15: 1A°3B*2C 

C;: A°16B C15: 7A52B*20* 

71A*8B C15: 8A°B*2C?D 
C,:12A?B A®°8B°C*D? 
C,: A®9B*4C C13: 
C,: 8A*B*5C C21: 8A7B°C®D? i 
Crs A‘48 B°3C? Cas : A199 BS 

Caz: 8A®B*C*D 

Cy2: Cap: 

C13: 10A*B* Cx9: 


Ou : A°10B4 


Following the method employed with the pencils of curves of genus 2, 
the following families of involutions, based upon the pencil, C,:16A, have 
been found: 


C Genus Families of Involutions 
(C,:12A) — Cun: 12A"4B"-1(8n — 8)C 
Cyn: 16A"(8n — 3)B 
C3: 8A 1 Cansg : 8A"*18B"(8n — 3)C 
C,: A710B 2 an: A™*110B"5C"™-1(8n — 10)D 
A*13B 3 Cans: — 9)D 
C5: 2A712B 4 2A™*112B°2C™1 (8n — 7) D 
C,:6A78B 4 Cans: — 8)D 
C;: A714B 5 Cans: A"*114B"C™-1 (8n — 5)D 
O,: 5A210B 5 5A™*110B"C"-1 (8n — 6)D 
C,:10A?4B 5 Cansg: 10A"14B"2C™1 (8n — 7) D 
C,: A?7B2%C 5 Osnsg: (8n — 7) E 
C5: 4A212B 6 — 4)C 
07: 9A26B Canag: — 5) D 
8A28B SA"*18B"(8n — 3) 


The remaining families of genus 3 are omitted chiefly on account of lack 
of space, but partly because the existence of some of the pencils has not been 
: established. They can be found readily by the method used above. 


4. Geometric Considerations. It remains to establish which of the pen- 
cils, listed in section 4, actually exist. In the cases in which there are at 
least three simple basis points, the two linearly independent members of the 
system are obtained by omitting three of the simple basis points, and deter- 
' mine by their intersection the three points omitted. In each of the other cases, 
' a special investigation is necessary. As an example, the case of C,,: A°10B* 
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is here considered. The remaining cases will be the subject of further inves- 
tigations. 

There are six linearly independent curves C;: A*8B’. Hence, for a gen- 
eral position of a point D, there are only three linearly independent curves 
C,: A°8B*D*. For special positions of D however, there are four linearly 
independent curves C;: A*8B*D*. Denote this web by C;: A*9B*. Through 
any point C in the plane pass three linearly independent curves C;: A*9B?; 
and one of these curves has a double point at C. Denote these curves by 
C,: A®9B?C?, C,’: C,’’: A®9B?C, and let C,’”’: A®9B? be a C,: A®9B? 
not passing through C. 

There are four linearly independent curves of order 14, C;C,’’’, (C7’)?, 
(C,’’)?, C,’C7’’ having a double point at C. By a suitable linear combination 
of these, it is possible to get a C,, with a triple point at C. There were already 
two C,,’s having a triple point at C,—viz. C;C,’ and C,C,’’.. Since there are 
two degrees of freedom in the choice of C and of a linear combination of the 
three C,’s, it is possible to find amongst them a C14 having a four-fold point 
at C. This Cis, together with (C;)*, define a pencil of curves C1,: A®10B*. 
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PERSPECTIVITIES BETWEEN THE FUNDAMENTAL P-EDRA 
ASSOCIATED WITH THE ELLIPTIC NORM CURVE Q, 
IN S,. WHERE P IS AN ODD PRIME. 


By Bessie Irnvinc MILLER. 


Associated with every elliptic norm curve of order p, Qp in Sp-1, where p 
is an odd prime, is a set of p+ 1 fundamental p-edra. Each p-edron is com- 
posed of fixed points under an invariant subgroup, Gp, of the subgroup Gp 
of the G2,2 of collineations which leave the members of the family F'(1) of 
Q,’s unaltered. The vertices and edges of the p-edra are the double points 
and constituent lines respectively of the degenerate members of the family, FP’. 

The transformations on the codrdinates of Q», effected by the modular 
substitutions, S and 7’, 


=; + w2 2 
#: 
Wg == We 
are given by Klein and Fricke in the form 
=0 


(«= 


These transformations at the most permute the p-edra. 
There are p-++1 p-edra, for the cyclic G,’s are generated by So, and 
(1 =0,- -, p—1), where So; and are of the form 


Sor: =ut S1o: =u+ o,/p. 


Since the p-edra are permuted by S and T the simplest method of securing 
them explicitly is to let Poo be the reference p-edron, secure another p-edron, 
Po, by operating with T on Poo, and then operate on Py with St (i—1,---, 
p—1) to obtain the remaining p-edra, P; (i =1,---, p—1). 

The vertices, =0,---, »—1) of Poo have all codrdinates equal 
to zero, except X,—=1. Since P, is obtained from Poo by operating with T, 
the codrdinates of Vz of P, have the form 


(1) Xp = (a, 8=0,1,---, p—1). 


Hence Vy of Pp has all of its coordinates equal to one, since « 0, and the 
first codrdinate of every vertex is one since 80. The exponents of « in Xg 
and Xp-g are congruent (mod. p). Since the number of codrdinates is odd, 
139 
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it is always possible to isolate one and write (p—1)/2 relations between the 
others, taking them by pairs. The exponents of « in Xg of Va (20), and 
Vp-a, (20, are congruent (mod. p). 

When S‘ p—1) is applied to Po to give Pi, then the codr- 
dinates of the vertices V, or P; are given by 
(2) X! = Xp, 

The first codrdinate of every vertex equals one since 8=0. In every vertex 
except V> there is a second codrdinate equal to one, for the condition that 


Xg=1 
is that 
— a8 — Bi(p — B)/2=0 (mod. p), 
or B=0 (mod. p) and 18 =2a (mod. p). 
The congruence 
(3) 1B = 2a (mod. p) 
for every 1 and every @ can be solved for 8B, where 1—1,---, p—1, and 


@=1,---,p—l. 
In general two coordinates of V, of P; are equal, i.e., 
Xp, Xp, 
if 


— — Bii(p— B)/2 = — — Boi(p— Bz) /2 (mod. p) 
or (B2 — Bi) + (ip/2) (B2— Bi) = (1/2) (B2? — Bi?) (mod. p). 
Since fi, 
(4) i(B: + B2) = 2a (mod. p) 


is the congruence which must be satisfied. The congruence (4) includes the 
congruence (3). Hence when £ has been determined from (3), it is possible 
to secure 8, and B2 by taking numbers less than p whose sum equals B 
(mod. p). There are then (p—1)/2 pairs of equal codrdinates in any one 
vertex Vi (t=1,--+-, p—1) of Pi since there are (p —1)/2 solutions of 
the congruence 


B: + B2=B (mod. p). 


Moreover in every Pi,; there will be a vertex having the same pairs of equal 
ocdrdinates as that exhibited by any particular vertex of P;, for if in the con- 
gruence (3’) 


x 
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(i+ 1)B=2a (mod. p) 


B is fixed, there is one value of « which will satisfy (3’). Consequently the 
congruence (4) also can be satisfied. 

By means of the relations established above it can be proved that if we 
choose a vertex of P, and write down the (p—1)/2 equalities between codr- 


dinates, there will be one vertex of each Pi, (i = 2,-+- ,p—1), whose codrdi- 
nates satisfy the same relations. Hence there is a space S,p-1)/2 lying on 
p—1 vertices of Pi, (i =1,---, p—1), one vertex from each Pi. Also 


one vertex of Poo will lie on the S(p-1)/2. Since there are p vertices of P; 
there are p spaces S(p-1)/2. But Vo of Py is the point (1, 1, 1,---, 1). 
Therefore it lies on every space S(p-1)/2 determined above. Hence the p-edra 
Po and Pi, (t=1,- + -, p—1), are perspective with Vo or Po as the center 
of perspectivity, where corresponding vertices of the p perspective p-edra are 
joined by spaces Sp-1)/2. 

Because of the group properties under which the p-edra are formed, 
symmetry requires that a relation true for one vertex of P, be matched by a 
similar relation for every other vertex of Po. Moreover since the p-edra are 
interchangeable under the modular transformations, any one of the p-edra 
might have been isolated to furnish the centers of perspectivity. 

Therefore the following theorem can be stated. 

If the vertices of any one of the p +1 p-edra associated with Qp in Sp1 
where p is an odd prime, are chosen as centers of perspectivity, there are p 
sets of p spaces S(p-1)/2 which join the corresponding vertices of the remaining 
p p-edra so that on each S(p-1)/2 there is one vertex from each p-edron, and so 
that each set of p spaces S(p-1)/2 lies on a vertex chosen as center of perspec- 
tivity. On every vertex chosen as center there is one set of p spaces S (p-1)/2. 

A simple but pretty illustration of the theory is given when p= 3. Then 
the four flex triangles are the reference triangle, Too, and the triangles To, 
T2. 


T; 
(1, 1,1) (1,44, <*) 


It is easy to see that if V, of 7) is the center of perspectivity the lines 
joining corresponding vertices of 7, T'2, T’co are 


Xo = Xi, Xo. 


If V, of T, is the center of. perspectivity the lines are 
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If Vz of T> is the center of perspectivity the lines are 


In an analogous fashion the equations of the planes joining correspond- 
ing vertices of the fundamental pentahedra associated with Qs; in S., of the 
spaces S,’s joining corresponding vertices of the fundamental heptahedra 
associated with Q; in Sg, of the spaces S,’s joining corresponding vertices of 
the henahedra associated with Q,, in Sio, can be written down. If a vertex 
of Py is chosen to be the center of perspectivity, the choice of a vertex of P; 
then determines which codrdinate is to be isolated and which (p—1)/2 
relations between the remaining codrdinates are to be used. 

When p= 3, there are 3 lines on every vertex, and 4 vertices on every 
line. This is a different type of perspectivity from that usually mentioned, 
since there are 2 points on each line in excess of the 2 required to determine 
the line. Corresponding statements can be made for the other values of n 
under discussion, but the details are of little significance at present for p > 7 
since little of the geometry of Qp, (p > 7), is as yet known. 
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ON THE PROJECTIVE DIFFERENTIAL GEOMETRY OF 
CONJUGATE NETS. 


By M. M. Stornicx.* 


The analytic theory of the projective differential geometry of a con- 
jugate net on a surface in ordinary space suffers a lack of elegance and 
symmetry in the two parameters. The method developed in the present 
paper is intended to overcome this disadvantage, and, in brief form, discusses 
the elementary theorems of conjugate nets. It will be noticed that, for the 
most part, the proofs are simple, direct, and not lacking in elegance as far 
as the symmetry in the parameters is concerned. 

A special type of net—the net A—is introduced. It is hoped that 
these methods will yield further results on such nets as well as on the general 
and other special types of nets. 

1. In a three-dimensional projective space, referred to a system of 
homogeneous point codrdinates, we shall consider a non-developable surface S 
defined parametrically by the four equations 


2; (u, v), 2, 3, 4), 
which we shall indicate by the single equation 


The parametric curves on this surface shall form a conjugate system; i.e., 
a net N. 

Let z represent the codrdinates of an arbitrary point on the axis of the 
net corresponding to the point of the net with the codrdinates z. The four 
functions (u,v) can then be chosen, by using a suitable factor of propor- 
tionality,+ to satisfy three equations of the forms 


1.1 Luu = At, + Mz + ez, 
1.2 Luy = (log a) + (log b) ure, 
= Bry + Nx + gz. 
The asymptotic lines of S are defined by 
1.4 edu? + gdv? —0, 


and, inasmuch as the surface is non-developable, eg 0. 


* National Research Fellow. 
+L. P. Eisenhart, Transformations of Surfaces, Princeton (1923), p. 72. Further 
references to this treatise will be indicated by T. SV. 


143 


144 M. M. SLOTNICK. 


The coordinates of every point of the space can be written as linear 
combinations of zy, ty, x, z, since these four points are non-coplanar. For 


the present, we write 


Zy = + + + Buz. 
The codrdinates of the focal points of the axis congruence are z + pz, 
where p is found to satisfy the equation 


1.6 p? + p(%i + Be) + (2:82 — 0. 
We shail now choose the point z as the harmonic conjugate of x with 
respect to these two focal points, and, as a result, 


The point z, so chosen, will be called the pivotal point * of the axis. 

Here two cases may arise: either r40, or r=0. If r0 the codrdi- 
nates z of equations (1.5) may be replaced by rz. We shall then have 
% =— B.=1. If, however, r=0, then «,=—f.2=0. Both of these 


1.5 


cases may be discussed simultaneously by introducing a symbol 46, whose 
significance is such that it is either equal to unity or equal to zero through 
the discussion. 

2. Equations (1.1), (1.2), (1.3), and (1.5), in which «, =— f. =6, 
form a completely integrable system. The conditions of integrability of the 
first three of these reduce to: 


Ay + eB; =(log a) wv + (log a) »(log b) u, 


a. 
b. A (log b)u + M — e =(log 6) wu + (log b) 
M, + eB; = M (log a)», 
a. Bs = [log (a/e) ]>, 
and 
a. -+ N + g8—=(log a) wv ++ (og a)2, 
b. Bu + =(log b) uw» + (log a)r(log b)u, 
Ny + gas= (log b)u, 
d. a4 = [log (6/9) Ju. 


The conditions of integrability for equations (1.5), similarly, are: 


8(log ae)» + B,[log(b/g) ]u== + BiA + Bs, 

8 (log u— a2[log(a/e) — — B— az, 

+ + Bs[log(b/g) ]u==BiM + Bou + %[log(a/e) 
+ [log(b/g) Bre + [log (a/e) 


2.3 


PP 


* This is the point to which Green calls attention, cf. G. M. Green, American 
Journal of Mathematics, Vol. 38 (1916), p, 292, (21), 
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The last of these equations, taken with (2.1,a) and (2.2,b), indicate 
that we may write 
i. A + [log(b?/9) ]u = ¢u/¢, B + [log (a?/e) ]v = $v/¢, 
2.4 A = [log($g/b?]u, [log ($e/a?) 


where ¢ is some function of w and v. 


Moreover, equations (2.1,b) and (2.2,a) may now be written: 


M = + (log uu + (log b) u[log (63/49) Ju, 
gs + (log A) ww + (log 2) (a?/¢e) |v, 


and equations (2.1,a) and (2. 2,b): 


eB, = [log(ab?/$9) Juv + (log a) b) 
9% = [log Juv + (log a) »(log b) 


2.5 


2.6 


3. We shall now consider the conjugate net from the point of view of 
homogeneous tangential codrdinates. The quadruple of ordered cofactors of 
1, G2, As, 4s, respectively, in the determinant 


|abed| 


will be indicated by (bcd). Accordingly, the tangential codrdinates of the 
surface S at the point z are 


= /y, 


where 1/y is, for the present, an arbitrary factor of proportionality. 
Using the equations of the preceding section, we find that the tangential 
equation * of the net N is 


Euv = [log (e¢/ayp) Jofu + [log (g¢/by) 


where y{s£0) is now chosen as an arbitrary solution of the equation 


3.2 = [log (e¢/a) + [log Jue 
+ { (log ab) uv + (log a)» (log 6) u — [log (9¢/b) ]u[log (e¢/a) ]v}y. 


The invariants of (3.1); i.e., the tangential invariants + of the net N, 
are found to be 
H [log (a?b/¢e) Juv + (log a) »(log b)u, 


K — [log (ab*/49) Joo +-(loga) (log 


*7. 8., p. 128. 
tT. S., p. 16 and p. 128. 
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These equations and equations (2.6) indicate that 
3.4 =H /g, Bi =K/e. 


As a first result, we note that the condition that the u-curves be plane 
curves; (@%u Luu reduces to H—0. Similarly, the v-curves 
are plane if and only if K=0. 

4, The values of a; and 3 are evaluated from (2.2,c) and (2.1,c), 
using (2.5), thus obtaining::- 


— 8[log (b/g) ]u + (H/g) [log (a*H/$e) —(H/g) (log 
a[log(a/e) + (K/e) [log(b*K/$g) Ju —(K/e) (log b)w. 


Here H and K are the point invariants of the net *; 1. e., 


4.1 


4.2 H =—(log a)w +(log a),(log b)u, K —=—(log b) + (log a) (log 


The equations of compatibility (2.3,a,b) can now be written 
a. 8(log + (K/e) [log (b*e/p9?K) —(K/e) [log (b*K/$9) |u = 9, 
b. 8(log g?)u—(H/g) [log (a*g/de?H) +(H/9) [log (a*H/¢e) |v = 0. 


It is also well to point out that equations (4.1) have the alternative’ 
forms: 


a, = — 8[log(bg) +(H/g) [log 


4.4 
8[log (ae) ]» + (K/e) [log |u. 
Finally, equations (1.5), in their evaluated forms are: 
ty = + (H/9) + + [log (b/g) Juz, 


Zy = (K/e) — day + + [log (a/e) ]oz. 
5. Consider an equation of the form (1.2) and three functions e, g, 
and of u and », satisfying the relations (4.3) and (2.3,c), where the 
functions involved are those defined in the preceding sections in terms of 
a, b,e, g, and ¢. Equation (1.2) and the equation 
=(9/¢) tun —(gGA/e) au + Bay +(N — Mg/e)« 


are then compatible.t Accordingly, a surface is defined in the three-dimen- 


+ The full proof of the facts here stated is contained in 7. S., pp. 100-103. The 
equations of compatibility in that text [p. 103, (22)] are fulfilled by virtue of our 
equations (4.3) and (2.3,c). To reconcile our functions with those of Eisenhart, 
it is to be noted that 

r=g/e, a’ =— gA/e, b’ = B, ce’ = N— Mg/e, 
a=a, b= 6, c=0. 


— 
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sional space to within a projectivity, the parametric curves of which form a 
conjugate system, having (1.2) as its point equation. The pivotal point of 
the axis congruence associated with the net has codrdinates of the form 


%=(Luy — At, — Mz) /e — Bay — Nz) /g. 


6. Let the tangential codrdinates of the plane through a ray * of the net 
and the corresponding pivotal point be indicated by ¢. The point codrdinates 
of the two Laplace transforms of the net are 


6.1 = Ly, —(log b) ux, = Ly —(log a) ox. 
Accordingly, 
6.2 2)/y. 


Using the relations of the preceding sections we find that 


+{8[log (p7?/by) Ju + (H/9) [log (a2 H/p) + [log ($/by) Ju, 
6.3 
—(K/e)éy + 
+{— 8[log (pe?/ap) ]v + (K/e) [log (b?K/p) + [log ($/ap) 


The equations dual to (1.1) and (1.3), the values of A, B, M, N being those 
given in § 2, are respectively: 


6.4 = [log (eb?¢/¥*) 
+ [log + [log (9¢/by]uLlog (g¢/eb*) — 
and 
6.5 Ew = [log 
+{— 98 + [log (e¢/ay) + [log (e/a) o[log (ep/ga*) Ju}é — gf. 


All these equations and (3.1) are compatible by virtue of the relations (2.1), 
(2.2) and (2.3). 

The plane which is the harmonic conjugate of the tangent plane to the 
surface with respect to the two focal planes of the corresponding ray of the 
net shall be termed the pivotal plane of the net. The tangential codrdinates 
of these focal planes are of the form £ + pé where p is determined from the 
fact that € ¢, (€ + pé)u, (€ + pé)v are linearly dependent. With the aid of 
(6. 3), this condition reduces to 


p? —(8 + HK/eg)=0. 


*E. J. Wilczynski, Transactions of the American Mathematical Society, Vol. 16 
(1915), p. 317. 
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Hence the codrdinates of the pivotal plane are £; i.e., the pivotal plane of a 
net passes through the corresponding pivotal point. 


?. The following equations are found to hold for the two Laplace 
transforms of the net: 

a. = [log(gp/b*) Jutu + {5 — (log b) u[log(gp/b*) Ju}a + ez 

= [log (g¢/b? + + z), 
= (log a) —(log b) 
= {K — H + (log a) »[log (9$/b*) Ju}tu 


+ [M (log a), —(log b) uuv|]z + e(log a) vz 
(log a) + [log(bK) + [K — H —(log a) K)uJa-1. 


a. =(log b) —(log a) ww, 

b. = [log (ep/a®) + {— 98 —(log a) »[log (ep/a*) + gz 
= [log (ed/a*) — (8a —z), 

C. = {H — K + (log b) [log (e¢/a?) ]o}av 


+ [W (log b)u —(log a) +- g (log b) uz 


= [log (aH) + (log b) + [H — K —(log b)u(log H)»] 


The second part of equation (7.1,a) indicates that the tangent to the 
u-curve of the minus first Laplace transform of the net intersects the axis 
in the point whose codrdinates are dx +2. Similarly from (8.2,b), the 
tangent to the u-curve of the first Laplace transform intersects the axis in 
the point 8s—z. Thus, the nets ciaracterized by 8=0 are those for which 
each tangent to a u-curve of the minus first Laplace transform of the net, 
the tangent to the v-curve of the first Laplace transform at the corresponding 
point and the corresponding aais of the net are concurrent in the pivotal point.* 

For the general case (8==1), the focal points of the axis of a net, the 
point in which the tangent to the u-curve of its minus first Laplace transform 
intersects that axis and the point in which the tangent to the v-curve of the 
first Laplace transform intersects the axis, the points of the axis which lie 
in the focal planes of the corresponding ray, are pairs of points in an in- 
volution, the double points of which are the point of the net and the corre- 
sponding pwwotal point.t 


8. The equations of the developables of the axis congruence of the net, 
(x z dx dz),—=0 reduce to 


*Such nets have been called harmonic by Wilczynski; cf. American Journal of 


Mathematics, Vol. 42 (1920), p. 215. 
7 Cf. the end of § 6, above, and also G. M. Green, American Journal of Mathematics, 


Vol. 38 (1916), p. 306. 
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8.1 (H/g) du? — 28 du dv —(K/e)dv? = 0, 


with the aid of equations (4.5). 

The curves on the surface of the net defined by this equation have been 
called the azts curves associated with the net. They are obviously the curves 
of intersection of the surface with these developables. 

Recalling equation (1.4) as defining the asymptotic lines of the surface, 
it follows that the axis curves associated with a conjugate net form a conju- 
gate system tf and only tf the net has equal tangential invariants. Tht axis 
congruence is then conjugate * to the surface. The axis curves coincide with 
the parametric net tf and only if 8=1 and the curves of the net are plane ¢ ; 
in this case the Laplace transforms of the net are developable t; the axis 
curves are indeterminate if and only if 8==0 and both families of curves of 
the net are plane.§ 

If the net has equal tangential invariants, it follows from (3.3) that 


8.2 [log (ag/be) Juv = 0, 
and conversely. Similarly, the net has equal point invariants if and only if 
8.3 [log (a/b) Juv = 0. 


Hence, if a net has two of the following properties it has the third also: 
equal point invariants, equal tangential invariants, isothermal-conjugate.{ 
The equation of the developables of the ray congruence is obtained from 
the fact that for them 
(a, 2-1 dx, 


We have the alternative method, however, dual to the method used above: 


(€ dé df)—0. 


These equations reduce to 
8. 4 (H/g) du? — 28 du dv —(K/e) dv? = 0. 


The curves of the surface of the parametric net defined by this equation are 
called the ray curves of the net. The theorem of Wilczynski,|| dual to the 


*C, Guichard, Annales de l’Bcole Normale Supérieure, 3°, Vol. 14 (1897), p. 478. 
+ Cf. end of §3, above, and G. M. Green, American Journal of Mathematics, 
Vol. 38 (1916), p. 304. 
Cf. § 10. 
§ Cf. footnote of G. M. Green, J. c., p. 311. 
V7. 8., p. 150. 
|| Transactions of the American Mathematical Society, Vol. 16 (1915), p. 318. 


| 
i 


150 M. M. SLOTNICK. 


first part of the last theorem, follows from equations (8.4) and (1.4): The 
ray curves associated with a conjugate net form a conjugate system if and 
only if the net has equal point mvariants. 

Comparing equations (8.1) and (8.4), we note that a necessary and 
sufficient condition that the axis curves and the ray curves associated with 
a net coincide 1s that each of the point mvariants of the net be equal to the 
corresponding tangential invariant: 


H =H, K—=K. 
This last condition is equivalent, by virtue of (3.3) and (4. 2), to 


8.5 [log Juv = 0, [log (ab3/$9) Juv = 0. 


We shall call a conjugate net for which the associated axis and ray curves 
coincide a net A. Equations (8.2), (8.3) and (8.5) indicate that if a net 
A has any one of the following four properties it has the other three also: 
equal point invariants, equal tangential invariants, isothermal-conjugate, the 
curves which are both the axis and ray curves of the net A form a conjugate 
system. 

A net A of this type is characterized by the fact that the four point and 
tangential invariants of it are all equal. 


9. The focal points of the ray congruence associated with the net V 
have coordinates of the form ox, + 72_1, where o/r satisfies the relation: 


9.1 /g — bor — H/e = 0. 


The tangents to the ray curves, (8.4), will pass through these focal 
points if and only if H=K; i.e., of and only if the net has equal point 
invariants; the ray curves will then form a conjugate system.* 

Guichard + has defined a conjugate net and a congruence of lines as 
harmonic to one another if the focal points of the lines of the congruence 
lie on the tangents to the curves of the net at corresponding points. Ac- 
cordingly, the last result may be stated thus: the ray curves associated with 
a net form a conjugate system and are harmonic to the ray congruence if and 
only if the net has equal point wmwvariants. 

We alsc conclude readily, from equations (8.1) and (9.1) that the 
tangents to the axis curves of a net pass through the focal points of the 


*T. 8., p. 124, problems 9 and 10. 
Guichard, 1. c. 
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corresponding ray of the net if and only if each of the point invariants of 
the net is equal to the opposite tangential invariant : 


H—K, K = 
In view of (3.3) and (4.2), this condition reduces to 
9.2 [log (a7b?/ge) Juv = 0, [log Juv = 0. 


Accordingly, a necessary condition that the tangents to the axis curves of a 
net pass through the focal points of the corresponding ray is that the net be 
isothermal-conjugate. 

Again, if the axis curves of a net A, which are also the ray curves of the 
net A, form a conjugate system, that conjugate system is harmonic to the 
ray congruence of the net A and is conjugate to the axis congruence of the 
net A. 


10. Using the methods of §7 to compute iy and %v, we find that 
the asymptotic lines of the surface of the first Laplace transform of the 
net N are defined by 
10.1 eHdu? + gKdv? = 0, 


and those of the surface of the minus first Laplace transform by 
10. 2 eHdu? + gKdv? =0 


We shall disregard the case HK =0 (cf. T. S., p. 73). 

It is well to note in the last two equations that if H—0O or K~—0, 
the corresponding Laplace transform lies on a developable surface. 

The developables of the ray congruence associated with the net, defined 
by equations (8.4), will intersect the surface of the first Laplace transform 
of the net in a conjugate system if and only if K —K, and these will inter- 
sect the surface of the minus first Laplace transform in a conjugate net if 
and only if HH. This follows from equations (10.1) and (10.2). Thus, 
a necessary and sufficient condition that the developables of the ray con- 
gruence of a conjugate net intersect the surfaces of the two Laplace trans- 
forms of the net in conjugate systems is that the net be a net A. The 
asymptotic lines on the two Laplace transforms will then correspond. 

The situation here is that the surfaces of the two Laplace transforms 
are mapped upon one another by a fundamental transformation.* The axis 
congruence associated with the 2«t will then be harmonic, in the sense of 


© 


§., Chapter 2. 
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Guichard, to the conjugate systems on the surfaces of the Laplace transforms 
defined by (8.4). The two focal surfaces of the axis congruence of the net 
then carry Levy transforms of these conjugate systems.” 


11. Tzitzéica ¢ has defined an # net as a conjugate net such that the 
tangents to both families of curves of the net form W congruences. 

Comparing equation (1.4) with equations (10.1) and (10.2), we con- 
clude that a necessary and sufficient condition that a conjugate net be a net R 
is that each of the point invariants of the net be equal to the opposite tan- 


gential invariant: 
H=—K, K =H. 


The similar conditions of §9 indicate that a necessary and sufficient 
condition that a net be a net R is that the tangents to the associated axis 
curves of the net pass through the focal points of the corresponding ray. 
Moreover, an FR net is isothermal-conjugate.t 

A theorem due to Demoulin § also follows at once: If the tangents to 
the curves of either family of an isothermal-conjugate net form a W con- 
gruence, tt 1s a net RB. 

Again, if a net R has any one of the following three properties, it has 
the other two also: equal point invariants, equal tangential invariants, 1 ts 


a net A. 
Finally, a net A whitch is isothermal-conjugate is a net R. 


*1. c. It is evident that the fundamental transformation existing between the 
surfaces of the Laplace transforms of a net A will be such that the product of its 
harmonic and its conjugate invariant will be unity (cf. Author, “A Contribution to 
the Theory of Fundamental Transformations of Surfaces, Transactions of the American 
Mathematical Society, Vol. 30, 18). 

+ Comptes Rendus, Vol. 152 (1911), p. 1077. 

Tzitzéica, 1. c. 

§ Comptes Rendus, Vol. 153 (1911), p. 592. 
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ADMISSIBLE NUMBERS IN THE THEORY OF GEOMETRICAL 
PROBABILITY.* 


By A. H. 


Geometry is concerned with non-denumerable aggregates of points. On 
the other hand, probability, from the point of view of its statistical definition, 
has an essentially denumerable character. Thus in geometrical probability 
we apply an analysis which is concerned with denumerable aggregates, to a 
subject which is concerned with non-denumerable aggregates. As a result 
we get certain inconsistencies in our assumptions. Fortunately these in- 
consistencies are not serious, and it is possible to obtain a set of assump- 
tions which are both consistent and useful.t+ 

The assumptions made in the case of a simple event have been shown 
consistent by proving the existence of admissible numbers.{ In geometrical 


* This paper was presented to the Society Sept. 7, 1928. It is based on a paper 
by the author, entitled, “ Admissible Numbers in the Theory of Probability,” American 
Journal of Mathematics, Vol. 50 (1928), pp. 535-552. The reader is referred to this 
memoir for definitions and notation. 

{ For other discussions of the foundations of the theory of probabilit? see von 
Mises, “Grundlagen der Wahrscheinlichkeitsrechnung,” Mathematische Zeitschrift, 
Vol. 5 (1919), pp. 52-99; Lomnicki, “ Nouveaux fondéments du calcul des probabilités,” 
Fundamenta Mathematicae, Vol. 4 (1923), pp. 34-71; Steinhaus, “Les probabilités 
dénombrables et leur rapport 4 la théorie de la mesure,” Fundamenta Mathematicae, 
Vol. 4 (1923), pp. 286-310; Dodd, “ Probability as Expressed by Asymptotic Limits 
of Pencils of Sequences,” Bulletin of the American Mathematical Society, Vol. 36, 
No. 4 (1930), pp. 299-305; Borel, “Traité du caleul des probabilités,” Chapitre I. 
The nombres normaux of Borel are members of the set, A(1/2). That is, the set of 
admissible numbers includes the set of normal numbers as a sub set. 

tSee the author’s memoir cited above. The statistical definition of probability 
has been criticised by T. C. Fry (Probability and Its Engineering Uses, pp. 88-91). 
Briefly Fry’s argument is as follows. Let us suppose that the ratio, p,(«#), of the 
number of successes to the number of trials of a given event, x, approaches the proba- 
bility, p, as the number of trials is indefinitely increased. That is we assume that 
if we have given an arbitrary positive number, e, we can find a number, N, such 
that |p, (~7)—p|<e whenever n>WN. For definiteness let us choose p=—1/2, and 
e=1/4,. Then there must exist an N such that | p,, (#)—1/2'| <1/4 whenever 
n=>wN. Let us make N trials of the given event. If the result of the experiment 
is such that p,,(@) > 1/2, then since the trials are independent, there is a finite proba- 
bility that the next NW trials will all be successes. If Pp, (#)= 1/2, then it is possible 
for the next N trials all to be failures. In either case it is easily seen that 
| p(w)—1/2 | >1/4 when n=2N. So far Fry’s reasoning is correct. But he con- 
cludes that the statistical definition of probability is inconsistent with the postulate 
that the trials of a given event are all independent. This conclusion is not justified. 
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probability we are confronted with the problem of proving the existence of 


a set of related admissible numbers having the power of the continuum. 

Let (£) be the probability that a point, P, of an n-dimensional con- 
tinuum, belong to a given set, #. The function, (£), is necessarily additive 
and we will assume further that it is absolutely additive and absolutely con- 
tinuous. These restrictions are satisfied in most of the cases that arise. 
Finally 0 S 7(£)=1, and there exists a domain, A, such that r(A)—1. For 
example in the case of the normal law of error the domain, A, is the infinite 
interval, (—oo, -+0), and the probability that the error of a given measure- 


ment be one of a set of values, is J, da, 
We shail now investigate the admissibility of the event histories asso- 
ciated with the sets, H. Let 2(£) represent the event history associated 
with £. Then the function, z(£), must satisfy the following restrictions. 


(a) whenever 


(b) If £1, E., E3,- ++ is any sequence (finite or infinite) of mutually 
exclusive point sets, then the n-th digit of + 
is 1 if and only if the n-th digit of one of the numbers, x(;), 
* >; #1. 


(c) 2(A)—1.* 

Condition (a) demands that events corresponding to mutually exclusive 
sets, be, themselves, mutually exclusive. Condition (b) demands that the 
function x(£) be absolutely additive. It further specifies the mode of repre- 
sentation in certain cases where this representation is ambiguous. The inter- 
pretation of this condition is immediate. 

The above conditions contain no reference to the function, 7(#), and 
no reference to the admissibility of the numbers, z(£). We should expect, 
in fact, the further condition that every number, z(£), must belong to the 
set, A[z(Z)]. Moreover we should expect the numbers (1:/n)2(£:), 
to be independent for all sets, - Ex, 


As stated above, I have proved that no such inconsistency can arise in the case of 
a simple event. Fry’s reasoning merely shows that the choice of N depends upon a. 
That is, p,(#) does not approach its limit uniformly with regard to # ‘This has 
nothing to do with the existence of the limit for a given a. 

One important conclusion can be drawn from Fry’s reasoning. Namely that we 
can never in any physical situation, know the value of N. Hence in order to con- 
sider questions of consistency in the theory of probability we are forced to depend 
on some such device as that of admissible numbers. 

*The number, 1, admits of two representations. 
write, 1, whereas the representation to which we refer in this case is, .111,111,111,---. 


For the sake of brevity we 
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and for all sets of positive integers, r,, 72, * -,7%,, such that the numbers, 
ri, are all distinct and less than or equal to n. If these conditions, together 
with conditions, (a), (b), (c), could all be satisfied then the fundamental 
assumptions of geometrical probability would be consistent when applied to 
arbitrary sets, #. It turns out that these conditions cannot all be satisfied 
unless we confine ourselves to sets, 2, whose frontier points are of measure 
zero. However, this restriction upon the point sets is so light that the 
assumptions of geometrical probability are satisfied in all of the interesting 
cases. 

We are now in a position to state the fourth condition which we shall 
place upon the function, x(£). 


for all sets, E,;, E2,- - -, Hx, whose frontier points are of measure zero, and 
for all sets of positive integers, 71, r2,° * ‘7%, n, such that the numbers, ri, 
are all distinct and less than or equal to n. 

Condition (d) demands that every number, z(£), belong to the set 
A[m(#)], and that every set of numbers, 
(1%/n)a(Ex), be independent provided the frontier points of the sets, 
E, E;, E2,- + - Ex, are of measure zero. In order to see why we can include 
only those sets, #, whose frontier points are of measure zero, let us first 
investigate to what extent the function, z(/), is restricted by conditions, 


(a), (b), (¢). 


THEOREM 1. A necessary and sufficient condition that a function, x(E£), 
satisfy conditions, (a), (b), (c), ts that there exist a denumerable set, 
D: (P:, Ps, + +) such that D < A and 


(1) $n(P1), du(P2), 
where dn(P) is the fundamental function of the set, E.* 


The condition is obviously sufficient so we shall concern ourselves with 
proving that it is necessary. We shall prove the theorem first for an 
n-dimensional continuum in which A is the region defined by the inequalities, 
0<y <1, where +—1,2,3,---m and where are the 
coordinates of a point, P, in A. We shall cover A with a net consisting of an 
infinite set of lattices, G1, Ge, Gs,- --. To construct the lattice, G,, we 


*See de la Vallée Poussin, “Sur l’intégral de Lebesgue,” Transactions of the 
American Mathematical Society (1915). 
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decompose A into 2" meshes, 71,1, 1,2, M1,3,° * * 1,2", Where the mesh, m,,;, 
is the region, aij/2 S yi <(aij +1)/2 and where each ai; has the value 
1 or 0. The numbers, aij, are further defined so that the meshes, m,,;, are 
non-overlapping and together include all of the points of A. To form the 
lattice, G2, we decompose each of the meshes, m,,;, into 2” meshes, m2,x, in 
the same manner in which A was decomposed to form the lattice, G,. Thus 
G. contains 2?" meshes. The lattices, G3, Gs, etc. are formed in a similar 
manner. We shall assume that the meshes are so numbered that mi-1,; 
includes Mi, (j-1)2"42) * Mi, 

It follows from conditions, (a), (b), (c), that for a given i, one and 
only one of the numbers, z(mj,;), has its first digit equal to one. Let this 
number be z(mix,). It follows from condition (a) that mis,x,,, << Min, 
Thus if we let 1 become infinite we obtain a limiting set of the sequence, mi,x,. 
This set consists of a single point, P;. By conditions (b), (c) we see that 
the first digit of x(A—P,) must be zero and the first digit of z(P.) must 
be one. In a like manner we can find a point P.2 such that the second digit 
of x(A—FPz) is zero and the second digit of z(P2) is one. By continuing 
this process we obtain a denumerable set, D, consisting of the points, 
P,, Po, Ps,- ++, and such that D)=0 and z(D)—1. Thus 
is given by equation, (1). 

Next let us consider the case in which A includes all space. This case 
can be reduced to the above by means of the set of transformations, 
T: yi’ =F (yi), where F(y) is monotone and continuous and such that 
F(—o)—0 and F(-++0)1 and where the inverse of F(y) is continuous 
in the interval O<y <1. Im particular we can take F(y)—=1/2 
+y/2(1+y?)*. If where £’ is the transformed set, £, 
then conditions, (a), (b), (c), are satisfied by 2’(£’) provided they are 
satisfied by (£).* Hence this case is reduced to the above. 

Finally if A is an arbitrary region then this case can be reduced to 
the preceding one by extending the definition of x(H£) outside of A by means 
of the equation, A). 

Theorem 1 admits of a simple physical interpretation. The number, 
z(E), represents the history of some imaginary event which succeeds or fails 
on the n-th trial according as P, belongs or fails to belong to E. That is, 
P,, is the point obtained on the n-th trial of some imaginary physical ex- 


* For sets, E’ containing points with one or more codrdinates equal to zero, a’ (H’) 
is defined by the equation, #’(H’)=«'(H’.A’), where A’ is the region 0=y¥/< 1. 
This extension of the definition is necessary since we shall exclude regions A having 
points at infinity. 
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periment. Thus we might have forseen the existance of the set, D, from 
physical considerations. 

We can now see why it is possible to include only those sets whose 
frontier points are of zero measure. For let A be the unit interval, 0 = y <1, 
and let r() be the Lebesgue measure of the set, HE. Then if E—D-+e 
where e is an interval of length «<1, we have the equations, 7(£)—e, 
z(£)=1. Hence x(F) is not an element of A[w(£)]. It will be observed 
that the frontier points of EF are of measure, 1—e> 0. 


I. Sets WHose Frontier Points ARE oF MEASURE ZERO. 


It turns out that our work will be greatly simplified if we replace con- 
dition (d) by a somewhat lighter condition which we shall refer to as (d’). 
Condition (d’) is the same as (d) except that we include only those sets, 


E,, E2, + + + Ex, which consist of finite sums of meshes. We shall also have 
occasion to refer to a still lighter condition, (d”), which differs from (d’) 
only in that the meshes, mj,;, which constitute the sets, £:, H2,--- Hx, are 


such that 1s, where s is any given positive integer. We shall prove that 
if a function satisfies conditions (a), (b), (c) and (d’), it will automatically 
satisfy (d). In order to show this we shall make use of the following theorem. 


THEOREM 2. If E <A where A is the region, OSyi <1, then a 
necessary and sufficient condition that the frontier points, f, of E be of 
measure zero, is that given any positwe number, «, there exist two sets, Ey 
and E2, such that Ey < E < E, and m(£,—E,)< and such that E, 
consists of a finite sum of meshes and E, is either null or else consists of a 
finite sum of meshes. 


The. set, f, is closed and all of its points lie within or on the boundary 
of A. If m(f)==0, then there exists an open set, 0, such that f <0 and 
m(0)< «, where ¢ is an arbitrary positive number. If P is any point of f-A 
then P lies in a mesh which in turn lies entirely within 0. If P is any other 
point of f then P lies on the boundary of a mesh which lies entirely within 0. 
It follows from the Heine-Borel theorem that there exists a set, ¢e < 0, 
consisting of a finite sum of meshes and such that f is included in e plus 
those boundary points of e which are also boundary points of A. 

Every interior point of E can be enclosed in a mesh which contains no 
points of f, and we have already obtained a law whereby the points of f 
can be enclosed in a finite sum of meshes plus certain boundary points of 
those meshes. Thus, applying the Heine-Borel theorem again we see that 
there exists a set, H,, which is either null or else consists of a finite sum of 
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meshes no one of which includes points of /, and such that Z,-+e¢> E. 
Let Then < < EF, and m(£,— £\)=m/(e)S m(0)<e. 
Moreover £ consists of a finite sum of meshes and £, is either null or else 
consists of a finite sum of meshes. 

We shall now prove the converse. If we delete from E;, the frontier 
points of £, we obtain a set 0,, which differs from F, by a set of measure 
zero. Similarly if we add to £, the frontier points of E, we obtain a set Fs, 
which differs from EF, by a set of measure zero. Then F,—0, > f, and 
since the quantity, m(/.— 01), can be made arbitrarily small by a proper 
choice of the sets, #, and £2, it follows that m(f)=0. 


THEOREM 3. If 2(£) ts an absolutely additive absolutely continuous 
function defined in A:0 Sy <1, and if «(E) is a function which satisfies 
conditions (a), (b), (c), (d’) with respect to r(E), then x(E) satisfies 
conditions (a), (b), (c), (d), with respect to r(E). 


If E,, £2,- + +E, are any sets such that they all lie in A and their 
frontier points are of measure zero, then given any positive number ¢« we can 
find sets, E.’,- -- Ey’, - Ex’, consisting of finite sums of 
meshes and such that £;’ < Ei < FE,” and 


Since z(£) satisfies condition (d’) it follows that if we have given any set 
of positive integers, 71, 72,°°-°7x, nm, such that the numbers, ri, are all 
distinct and less than or equal to n, then we can select a number, so, such 
that 


and 


whenever Moreover since satisfies conditions (a), (b), 
it is defined by equation (1) and hence 


Combining these inequalities we get the relation 
whenever > Therefore z(F) satisfies (a), (b), (c), (d). 


= 
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ADMISSIBLE NUMBERS. 


II. ADMISSIBLY ORDERED SETS. 


We shall say that a denumerable set, D, is admissibly ordered with 
respect to a given function, z(Z’), provided the corresponding function, x(£), 
satisfies conditions, (a), (b), (c), and (d). 


THEOREM 4. There exists a set, D, which is admissibly ordered with 
respect to the function, m(E), (the Lebesgue measure of E) defined in the 
unit interval, A:0 Sy <1. 


We shali show that conditions, (a), (b), (c), (d”), can be satisfied. 
We shall then prove that the restriction, is, of condition (d”), can be 
removed. 

Let us define a function, ¥,(£), as follows. Let X be any member of 
the set, A(1/2) and let Xs(mi1)—=(1/s)X and Xs(mi2)—=1—(1/s)X. In 
general let 

X (Mi,oj-1)—= Xs(Mi-r,5) (t/s)X 
and 
Xs (Mi,2j)= Xs(mi-s,j) [1 —(1/s) X] 


where 1 <iSs. Then Xs(mi,j) -Xs(mijr)—0 if 747’ and 
Xs (Mi-1,j = Xs (Mi,2j-1) + Xs(mMi,2;). 


Hence we will introduce no contradiction in our notation if we define 
X;(3mi,;) to be equal to 3Xs(mi,;) where the meshes, mi,;, which appear 
in the summation, are mutually exclusive. Thus conditions, (a), (b), are 
satisfied by the function, X,(£), for all sets, Z, consisting of sums of meshes, 
mij (ts). Moreover condition (d”) is satisfied since every number, 
X;(mi,j), can be written as the product of 7 numbers each of which is of 
the form,* (k/s)X or 1—(k/s)X. 

Corresponding to the function, Xs(£), we can define a_ set, 
D;:(P18, Pe’, as follows. The point, Pr’, is an arbitrary point 
of that mesh, ms,;, for which the n-th digit of Xs(ms,j) is equal to 1. The 
function, X;(£), can now be defined for all sets, F, by means of equation 1. 
This function satisfies conditions, (a), (b), (c). 

To remove the restriction, is, we shall define a new set, 
D:(P,, ++). Points to Pv, of D are the same as points, 
P,* to Py,*’, of Ds, where vs==N,-+ We shall show that 
the integers, N,, N2,- - -, can be chosen so that the set, D, will be admissibly 


ordered. 


* See Theorem 16 of the memoir previously cited. 
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Let «1, €2,° * *€s,° * * be a decreasing sequence of positive numbers having 
the limit zero. We can choose two sets of integers, M,, Mz, Ms,- - -Ms,- °° 
and N,, such that 


(e) | pul (11/2) (1) (12/0) Xe (Le) (Ex) | 
if 


(f) | pul (172/n)Xs(L2) + (Ex) 
—m(E,)m(E2)- + m(Ex) | +(ve + Ms)/Ne < if N= No/n. 


The numbers, Ms, and Ns, are so chosen that conditions, (e) and (f), hold 
for every set of positive integers, 71, 7T2,° * *7, m, such that n=s and the 
numbers, 7, are all distinct and less than or equal to n, and for all sets, 
E,, E2,- + + Ex, consisting of sums of meshes, mi,j;, such that is. At the 
same time the numbers, Wz, are so chosen that vs/n is an integer if n Ss. 

Since digits ve-+ 1 to ves. of x(H£) are the same as digits 1 to Ns of 
it follows that 


| <es if SN S 


Moreover the restrictions on 7 and n are no longer necessary, for if we select 
first the sets, F,, E2,- - - Hx, consisting of finite sums of meshes, mi,;, and 
next the numbers, 1;, 7%, then condition (g) holds for every s which 
is at the same time greater than n and greater than the largest subscript, 1. 


Hence 


It follows from theorem 3 that D is admissibly ordered. 


THEOREM 5. Gwen a denumerable set, D, which ts everywhere dense 
in the domain, A:0 Sy; <1, and given an absolutely additive absolutely 
continuous function, such that x(A)=1 and if m(£)>0 
(where E <A), then the set, D, can be admissibly ordered with respect to 
the function, r(£). 


Let D consist of the points, P;, P2, Ps,- and let D”: P,”, P,”,* 
be the reordered set, D. We have to show that the reordering can be accom- 
plished in such a manner that the function, ¢n(P1”), 
satisfies condition (d’). 

Let A’ be the domain, 0 = y < 1, and let D’: P,’, P.’+ - - be a set which 
is admissibly ordered with respect to the function, m(Z’). We shall set up 


* Compare theorem 11 of the memoir cited. 
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a correspondence between the meshes mj,j, and a set of half open intervals, 
m’,j, which are included in A’. The interval, m’;,;, is given by the inequalifies, 


a (mix + *Mi,j-1) *mi,j), if j> 1. 


The interval, m’;,,, is given by the inequalities, 0 y < r(mi). Then the 
interval, m’;_1,;, will contain the intervals, i,¢j-1)2"25 5 MG, 
Thus the intervals will cover A’ in the same manner that the meshes cover A. 

Every point of D’ is included in one of the intervals, m’,,;. Let m’1,;, 
be the interval which includes the point, P,’. We shall select from those 
points of D which lie in m,,;,, that one whose subscript is least. We shall 
relabel this point, P,”. We shall continue this process with the points, 
P,’, P;’,- - +, setting up a correspondence in each case with that point of D 
which lies in the proper interval and which has the least subscript of those 
points not already assigned. We finally reach a point, Pn,’, such that at least 
one of the points, P,’, P2’,- - - Pn,’, lies in each of the intervals, m’,;. One 
of the n,; relabeled points must be the point, P;. 

We shall select a number, nz, so that at least one of the points, P’nu1, 
P’nyz,' * *P’ngy lies in each of the intervals, mz; Using these intervals 
we shall relabel nz— mn, more of the points of D in the manner described 
above. We shall call the relabeled points, * Pn, We have 
now relabeled the point, P,. This process is continued indefinitely. By the 
time the assignment of points has been completed for the k-th lattice, the 
point, P;, has been relabeled. 

We shall now show that the reordering of D has been accomplished in 
such a manner that 2(F) satisfies condition (d’) and hence satisfies (d). 
Let Fi, E2,-- +E, be any sets consisting of finite sums of meshes. Let 
E,’, E./, - - - Ex’ be corresponding linear sets, the correspondence being de- 
fined in terms of the correspondence which we have already established be- 
tween meshes and half open intervals. Then at most a finite number of the 
digits of (#;) differ from the corresponding digits of 


Therefore 
= pl (1i/n) 2’ ( By’) (12/n) a’ + 


Hence D has been admissibly ordered with respect to 7(£). 
In theorem 5, the restriction, r(#)> 0 if m(E£)> 0, was made in order 
that D could be reordered without leaving out any of its points. Let us see 
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to what extent this restriction could be removed. Let A be the region 
0=y: <1, and let us define a set, Ao, by means of its. complement with 
respect to 4. The set CA, will consist of all of the meshes, m;,;, for which 
a(mi,j)=0. It is easily seen that r(CA,))—0 and r(A,)—1. Let D be 
a denumerable set such that D < Ay and every point of Ay is a limit point 
of points of D. Obviously D can be admissibly ordered with respect to r(£). 
We shall call D the skeleton set of the function, 7(£). 

Next let us consider an arbitrary absolutely additive absolutely con- 
tinuous non-negative function, 7(#), such that 7(A)—1. The most general 
case is that in which A includes all space. Let us apply transformations, 7, 
to the sets, H, and let w’(£’) be the transformed function r(Z). We can 
define a skeleton set, D’, for the function, 7’ (’), the inverse of the trans- 
formations, T, carry D’ into a set, D, which we shall call the skeleton set 
of the function r(£). The following theorem is now obvious. 


THEOREM 6. If w(£) is an absolutely additive absolutely continuous 
non-negatiwe function such that r(A)—1, where A includes all space, then 
the skeleton set, D, of r(E) can be admissibly ordered with respect to r(£). 


The admissibly ordered skeleton set, D, characterizes the function, z(£). 


In fact we have the equation, 
=lim 
1 


k= 
which holds for all sets whose frontier points are of zero measure. 
We have now proved that the fundamental assumptions of geometrical 
probability are valid when applied to sets whose frontier points are of measure 
zero, but that they lead to inconsistencies if applied to arbitrary sets. 


UNIVERSITY OF MICHIGAN. 
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CONTINUOUS CURVES WITHOUT LOCAL SEPARATING 
POINTS.* 


By G. T. WHyYBURN. 


1. In this paper it will be shown that every pair of points a and b of 
a continuous curve M which has no local separating point lie together on 
a subcontinuum 7 of M which is the sum of ¢ (=the power of the con- 
tinuum) independent simple continuous ares from a to b. It follows at 
once from this result that every continuous curve which has no local separating 
point contains continua that are not locally connected or, in other words, 
that every continuous curve all of whose subcontinua are continuous curves 
has local separating points. 

We use the term continuous curve to designate any locally compact, 
metric, separable, connected and locally connected space. Any connected 
open subset of such a space is called a region; and a point which is a cut 
point of at least one region in the space is called a local separating point 
of the space. 


2. Lemma. Let R be any compact region in a continuous curve M, 
and let N be a closed subset of M—R such that R-N is totally disconnected. 
Then there exists a compact region G containing R but containing no point 
of N and such that (1) G-N=R-N, (2) G+ R-N contains a compact 
continuous curve H which contains R-N and is such that H—R-N is 
connected and contains R, and (3) each point of R-N is accessible from 


H —R-N and hence also from G. 


Proof. Let K, denote the set of all points of R at a distance > 1 from 
the point set R -N; and for each integer n > 1, let Kn denote the set of all 
points of such that 1/nS p(z, R- N)=1/(n—1). 


A simple application of the Borel Theorem proves the existence, for 
each positive integer n, of a finite number of compact continua C,", C2", 
*, Cn" each containing a point of R and whose sum C” contains K, in its 
interior (rel. M) but contains no point of N and no point whose distance 
from Ky is greater than 1/4n. For each i, 1 <<ix<™m, let t; be an arc in R 
joining a point C;" to a point of C,". Add all these arcs ¢; to O" and call 
the point set thus obtained Dn. Then D, is a compact continuum which 
contains Ky, but contains neither a point of N nor any point of M—R 
whose distance from Kn is greater than 1/4n. By a theorem due to Ayres 


* Presented to the American Mathematical Society, Sept. 10, 1930. 
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and the author,* M contains, for each n, a compact continuous curve Hy 
containing D, but which contains neither a point of N nor any point of 
M —R whose distance from K,, is greater than 1/2n. 


co 
Let Hp => An, and lett H—H,+Rh-N. For each n, let Gn be a 
1 


compact region containing H, but containing no points or boundary points 
in NV and containing no point whose distance from H, is greater than 1/2n. 


Let G==> Gn. Then the sets G and H have the desired properties. 


2. THEOREM. If a and b are any two points of a continuous curve M 
having no local separating point, then there exists a subcontinuum T of M 


such that 
T= > 


where, for each x, axb is an arc from a to b and where, forz~y,0S2,yS1, 

We shall first prove the existence of a continuum 7’ satisfying all the 
conditions except that the sets arb, (0 = 2=1), are compact continua but 
not necessarily simple arcs; and then we shall give the modifications in this 
argument which are necessary to insure that the continua [axb]| will be ares 
from a to b. 

Since no point separates a and b in M, there exist + in M two inde- 
pendent f{ arcs 7) and 7, from ato b. There exist in M two compact regions 
R, and R, containing the open arcs 7,—(a+ 6) and T,—(a+b)) re- 
spectively and such that R,-Rk:—=a-+b. Now, applying the lemma in turn 
to the regions Ry and R,, using for the closed set N in the lemma first the 
set R, and then the set G., we obtain two compact regions Gy and G@, such 
that (1) G.-Gi—a +b, (2) G, and G, contain continuous curves H, and 
H, respectively both of which contain a+ 6 and such that H,—(a+ bd) 
and H,—(a-+b) are connected sets which contain Ry and R, respectively. 

Since H, ~ Ro, clearly no point can separate a and b in the continuous 
curve Hy. Hence there exist in H, two independent arcs 79) and 7; from 
ato b. There exist in Go two regions Ro and Ro; containing the open arcs 
To—(a+b) and Ty,—(a+)) respectively and such that Roo 
CG +a+b and Ry: Then, applying the lemma just as in 


* See Bulletin of the American Mathematical Society, Vol. 34 (1928), p. 350. 

+ See the author’s paper in the Bulletin of the American Mathematical Society, 
Vol. 33 (1927), p. 308, Theorem III, and a paper by W. L. Ayres in this Journal, 
Vol. 51 (1929), p. 590, where the author’s theorem is extended to the more general 
space required in the present application. 

¢ Two ares are said to be independent if they have at most their end points in 


common. 
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the preceeding paragraph, we obtain regions Go. and Go; in R» and continuous 
curves Hoo and Ho, such that, Goo: Go=(a+b), RooC Hoo —(a+ bd) 
C Hoo Goo, and By C Hy —(a+b)C Her C Gu. Similarly in we 
get the arcs T;) and 7, from a to 6 and in G, we get regions Ryo, Ru, 
Go and G,, and continuous curves H,, and H,, satisfying similar conditions. 
Continue this process indefinitely. 

At each stage n, let G, denote the sum of the 2" closed regions 
Gaap...a, constructed at that stage, i.e., let 

Gn > One® 


a4=0,1 


Let 7 =J[] Gn. Then T is the desired continuum. For let x be any real 


number, OS a1. Write x—.a,a2a;: - +, where for each 1, a; is either 


co 
0 or 1.* Now the point set avb =|] Gae,...a, is a subcontinuum of M; 


and if x and y are distinct numbers between 0 and 1, it is readily seen that 
axb-ayb—=a-+tb. 

3. I shall now indicate the modifications necessary in the construction 
of the sets [Ga,...a,] in order to insure that the continua [azb] will be 
simple arcs from a to b. For simplicity, I shall define only the sets G, Goo, 
80 that the product Goo: Gooo: will be an are from a to b, 
since obviously the construction is the same for all the other sets [Ga,a....a,]5 
it being understood that for each n, the,2" sets [Ga,...0,] are constructed 
so that if G, and G, are any two of these sets, then G,- G2=a-+b. 

With the aid of the are T, it is easily seen that there exists a compact 
simple chain Ry of regions Vi, V2, Vs,° - * Vn all of diameter < 1 such that 
Vi-T:=4, Va-T,=b, Vi-T,=0 for 1<i<n, Vs for Aj 
if and only if |t—j|—1, and Vi- (Ro—Via— Vi—Vin)=0 for 
t1SiSn, where Vo=Vni=0. Now, applying the lemma to the region 
V;, we can obtain a compact region U, of diameter < 1 such that U,-T, =a, 
U,: (Ro — V1— Vz2)=0, and such that U,-+ a contains a compact con- 
tinuous curve H, having the property that H,—a is connected and con- 
tains V,;. There exist distinct points z and y in the set H,-Vi-V2. Since 
H,~ V, and M has no local separating point, it follows that no point can 
separate either x or y from a in H,. Therefore t+ there exist arcs ax and ay 
in H, such that ax-ay—a. On the arcs az and ay, in the orders a, x and a, y, 
let z, and y, denote respectively the first points belonging to V2. Now, 


* That is, x is expressed according to the dyadic number system. 
7 See W. L. Ayres, loc. cit. 
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applying the lemma to V2, we can obtain a compact region U, of diameter 
<1 containing and such _ ihat U2: (7, + a4, +ay)=1+H, 
U2: and such that contains a compact 
continuous curve H, having the property that H,—(a1-++ yi) is connected 
and contains V2. Let w and z be two points belonging to the set H2- V2- Vs. 
Then, just as before, no point can separate any two of the points x, 1, 
w and z in Hz, and accordingly there exist two mutually exclusive arcs in H, 
joining the sets 2, + y: and w+z. The two possible cases here are alike, 
so we shall suppose there exist mutually exclusive arcs zw and y,z in Ho. 
On these two arcs, in the orders 2,,w, and 4;,2, let v2 and ys respectively 
denote the first points belonging to V;. Then apply the lemma to V3, and 
so on. Continuing this process for n —1 steps, we obtain regions U,, U2, 
Applying the lemma to Vn we can obtain, just as before, a region Uy» and 


n 
two arcs and Yyn+b satisfying similar conditions. Set > Um, 
1 


a2, + + and Ty: = ays + +° + Ynib. Then 
clearly G, is a simple chain of regions with links U; of diameter < 1 such 
that VU, Da, Un - b,and To and 7’; are arcs from a to b such that Z'9.° To 
=a+tb and + YiYin C Vin (where 0Sicn, 


= b). 
Now with the aid of the are To) =aav, +: - ++ 4n16 it is easily seen 
that there exists within a simple chain Roo of regions Qm all 


of diameter < 1/2 such that Q, © a, Qm — |, etc., and such that Ro, is the 
sum of n simple chains Ci Q2 Co= Qm + 
C, C U;. Then by the same method as used above in the case of the chain Ro, 
we can define a chain Goo with links 8,, S2,- - -Sm all of diameter < 1/2, 
having the same properties as stated for the chain Roo and in addition the 
property that Goo + a-+ b contains two independent arcs 7'o99 and 7'oo, from 
a to b each of which is the sum of m arcs ary, 1112, 1213," * * %m-10, Where for 
each 1, < n), Tifis: C Si, where ro =a and rp, = b. 

Repeating this process, using T90, we obtain a chain Goo, and so on. 
Continuing this process indefinitely, we obtain a sequence Go, Goo, Gooos* * * 
of simple chains of regions having all the properties necessary to insure that 
the sets of points arb = Gy: Ges Ges + + will be a simple continuous arc 
from a to b. The proof that this is the case is almost identically the same 
as that given in a proof by R. L. Moore.* 


THE JOHNS HOPKINS UNIVERSITY. 


* See “On the Foundations of Plane Analysis Situs,” Transactions of the American 
Mathematical Society, Vol. 17 (1916), p. 138. 
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ON THE LIBRATION POINTS OF THE RESTRICTED PROBLEM 
OF THREE BODIES. 


By Monroe Martin. 


INTRODUCTION. 


In the restricted problem of three bodies if the constant distance between 
the two finite masses be taken as the unit of distance, if the unit of time 
be so chosen that the gravitational constant is unity, and if the unit of mass 
be taken as the sum of the masses of the two finite bodies, the equations of 
motion for the infinitesimal mass become + 


(1) 
where 


in which p» is the mass of that one of the two finite bodies (which lie on the 
z-axis and have the codrdinates x= 1— yp and x==—y) which is situated 
at z= 1—p, the origin of the codrdinate system being the center of mass. 
As is well known there exist for 0 << »< 1 f five and only five points of zero 
force called libration points whose codrdinates satisfy the equation 


(3) grad OQ = 0, 
that is 
u(t + »—1) =0 
0, (4, y)=y | +p)? + y? | | [((@+p—1)2?+ | 0 


Three of the libration points lie on the line joining the masses » and 1— yp. 


+ Cf. for instance, T. Levi-Civita, “Sopra aleuni criteri di instabilita,” Annali di 
Matematico (3), Vol. 5 (1901), pp. 282-284. 

t For the cases where »=0, and «==1 there exists an infinity of points on a 
circle of radius unity described about the mass as a centre. That in these limit cases 
these points and only these are libration points follows immediately from equations (4). 
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These three points are separated by the masses for 0<p»<1 and their 
mutual position is, in the notation of E. Strémgren* as follows: 
Ls Ly Le 


1—p 


The remaining two libration points denoted by LZ, and ZL; each form an 
equilateral triangle with the masses » and 1—u. 

In this paper the distances of L, and L. from the mass yp are designated 
by p1 and pe respectively, while that of Z; from the mass 1— yp is designated 
by ps- The distances pi, p2 and p3 are functions of ». In part I of this paper 
are proved the following theorems on the nature of these functions: 


THEOREM I. The functions pi(u), p2(u) and ps(~) are monotone in the 
interval 0 < and have the boundary values 


px(-+ 0)=0, pi(1—0)—=1; 


(5a) 
ps(-F 0)—1, ps(1— 0) 0, 


so that 
(5b) O<p<1 for = 1, 2,3). 


Moreover it is possible to obtain better inequalities for py, in which the bound- 
ary values of the inequalities are functions of ». In this connection we have 


THeorEM II. The functions pi(p), po(u) and may be bounded 
as follows {: 


(6a:) for 0< p<, 
(6as) for <p<1, 
(6b) p< p2 < for 
(6c) 1—p<ps <(1— p)* for 0O<y<l. 


More definite information on the nature of the functions pi(u), p2(m) 
and ps(#) is given by the following theorem on the relative values of these 
functions for the interval p< 1: 


THeorEM III. There exists in the interval 0 < p< 1 one and only one 


*E. Strémgren, Publikationer og mindre Meddelelser fra Kébenhavns Observa- 


torium, Nr. 39 (1922). 

7 Cf. footnote ¢ of previous page. 

tIt follows quite readily from the inequalities of Theorem II that inequalities 
which are functions of m can be given for the values of Q(#,y) at each of the 


libration points Z,, L,. and L;. 
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value of »==y* for which the following relations hold between the functions 
and : 


(7a) pile ) < po(p ) for 
(7b) = p2(u*) 
(7c) pile )> ) for p*<p <1, 


and here 
(7d) 


Part II of the paper is concerned with the nature of the function Q(z, y) 
at the three libration points L,, L, and L;. In his paper on the restricted 
problem of three bodies Birkhoff + mentions the fact that the value of 
Q(z, y) at the libration point LZ, is greater than the value at either LZ. or Ds. 
The proof of this statement for all values of » is not to be found in the 
literature. In “ Die Mechanik des Himmels” by Charlier, a proof is given 
employing power series expansions of px, but recent numerical calculations by 
E. Strémgren prove that the expansions employed by Charlier are valid only 
for exceedingly small values of ». Now by a simple method it is possible to 
prove this statement, namely (8a) below, for all values of » in the interval 
0<y<1. In addition I shall demonstrate the statements (8b) and (8d) 
below which concern the relative values of Q(z, y) at the libration points L, 
and Ds. 


THEOREM IV.{ Denoting by Q(L,), Q(L2) and Q(L;) the values of 
the function Q at the libration points L,, Le and Lz respectively, Q(L1), 
0Q(L2) and satisfy the following relations in the interval O << w<1: 


(8a) and 2(L,)> (Lz) for 0<yz<l, 
(8b) 2(L2) > 2(Ls) for 0<yp<h, 
(8c) (L2)= 2(Ls) for 
(8d) O(L2) < (Ls) for 


+G. D. Birkhoff, “The Restricted Problem of Three Bodies,” Rendiconti del 
Circolo Matematico di Palermo, Vol. 39 (1915), pp. 281-283. 

tIf we designate the values of the function Q(#,y) at the points L, and L; by 
Q(L,) and (Ls) respectively, we have from (2), since LZ, and LZ, lie equally distant 
from the w-axis, 2(L,)=2(L,) for 0<u<1. The function 2(a#,y) becomes infinite 
at infinity and at both the masses. It has been proved by Plummer (in his paper 
mentioned below) that Q(#,y) possesses a minimax at each of the libration points 
L,, L, and L, and it accordingly follows that Q(#,y) must have an absolute minimum 
at L, and Ls. 
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An apparent paradox arises in the distribution of the libration points 
I,, I, and Lg on the x-axis for the masses »—0 and w=1. For 
the libration points Z, and ZL, coincide and for »=1 the libration points 
L, and Ls coincide.* For these values of » the actual distribution of the 
mass of the system is symmetrical while the libration points are placed un- 
symmetrically. The difficulty arises in the fact that the above distributions of 
the libration points are not for the distributions of mass »—0O and »—1, 


but rather for the distributions Lim yp and Lim» which are unsymmetrical. 


In the appendix the results of part I are used to prove that the function 
Q(z, y) possesses a minimax at each of the libration points Z,, L. and Lz. 
This theorem was first proved by Plummer.t 


Part I. 
Proof of Theorem I. 
For the three collinear libration points L,, ZL. and Ls, lying on the z-axis, 
the second of equations (4), namely Q,(z,0)—0, is identically fulfilled and 
the first equation will be 


(9) 02 (x, 


The real roots of this equation are the codrdinates of the libration points 
L,, Lz and L;. Now it follows from (9) that for 0 <p<1 


(10) +0, O,(—p+0,0)= O,(1—p + 0,0) = 
(11) 14 2(1—p)/ | e+ yp 
Therefore 


(12) 0 for O0O<p»<l. 


From (10) and (12) we see that the function Q,(2,0) has for 0 <p<1 
one and only one zero in each of the three intervals 


that is we have exactly three collinear libration points which furthermore are 
separated by the two finite masses » and 1— yp. If we denote the z-codrdinates 


* Cf. Theorem I. 
7+ H. C. Plummer, “ Neighbourhood of Centers of Libration,” Monthly Notices of 
the Royal Astronomical Society, Vol. 62 (1901), pp. 6-17. 


i 
™, 


LIBRATION POINTS. 171 


of the three libration points L,, L2, and Ls by 2%, x2, and 2 respectively, 
we may write 

(13) 1 — pr, = 1— pr, — Pa, 

where p1, p2 and p; are the positive functions of » defined in the introduction. 
Then (9) may be written in the form 


(14a) (pi, = 1 — pi —p—(1 — pp) /(1— 1)? + = 0, 
(14b) Q2(p2, 1 + p2 —p—(1—p)/(1 + pz)? — p/po? = 0, 
(14c) 23 (ps, »)==— ps — +(1— p)/ps? + + ps)? = 0, 
where (14a), (14b) and (14c) define 9,(pi:,y), Q2(ps,u) and 3(ps, p) 
respectively. These equations on simplifying yield 
(14A) —(3 — pit +(3 — 2p) p13 — + — = 0, 
(14B) +(3 — p2* +(3 — 2p) p23 — — 2up2— p= 0, 

(140) +(2 + w)ps* +(1 + ps8 —(1 — ps? — 2(1— 
The three positive functions px(mu) are defined uniquely by (14A), (14B) 
and (14C). We will demonstrate by reductio ad absurdum that 


We demonstrate (15) at first for ik —1. If equation (14A) be differ- 
entiated with respect to » and the derivative of p; assumed to be zero we obtain 
(16) pit — — p:? + 2p,—_1=0. 

Since L, lies between the two finite masses for all values of » it is sufficient 


if we show that this quartic equation in p, has no roots in the interval 
0<p:<1. Denoting the left hand member of (16) by F(p), we have 


(p1) 
F(0)=—F(1)=—1, 
(17) ( ) ( ) 3 ( dp. = (14) 
F(y)= 7/16, = — 12p, — 2. 


Since F’”’(p:) has no roots in the interval 0 < p; < 1, we conclude that ¥’(p:) 
4 has only one root in the interval 0 < pi < p, namely p; = 14, and consequently 
that (16) does not vanish in the interval 0 < p; < 1. It follows the original 
assumption that the derivative of p: can be zero in the interval 0<pi<1 
is untenable. 
In order to prove (15) for k = 2, we differentiate (14B) and obtain on 
assuming the derivative of p2 to be zero 


(18) p2* + + po? + 2p2+1=—0. 


Now (18) obviously has no positive roots and the proof of (15) for k=2 


ex 
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- follows immediately. It follows from considerations of symmetry that, if (15) 
is true for k = 2, it is also true for k = 3, and finally it follows from (14a), 
(14b) and (14c) that (5) are valid. 


Proof of Theorem II. 
If we place pe =p in (14b) we have 
(19) 1 + — + + 1)/(1 + 
(20) w) > 1 + — (ps + 1)/(1 + (0 <p <1) 
and therefore 
(21) > 0 for < 1. 
If we now place pz =» in (14b), we obtain 
(22) O2 (pm, = — 1) + 84+ 1)/n(1 + 
Since + 34+1)< 0 for <1, we have 
(23) Q2(p, <0 for 0<p<l. 
The inequality (6b) now follows immediately from (12), (21) and. (23) 
and the validity of (6c) follows by symmetry from (6b). 
We now demonstrate (6a,), (6a2) and (6a;). From (14a) we have 
(24) (4, [1 — 2] [1+ — 2); 
therefore 
(25) > 0 for 0<p< 


The lower bound in (6a,) follows from (12) and (25) and the upper bound 
in (6a,) is a consequence of Theorem I. Now (6a) is obvious while (6a;) 
follows from (6a,) by symmetry.t 


Proof of Theorem III. 
On eliminating » between (14A) and (14B), we have 


— 3pi* + + 3p2* + 
— — pi” + 2pi1— 1 p2* + + + 2p2 + 1 


We assume p; = p2 —p in (26) and obtain 

(27) p* — 6p? — 2p? + 6)—=0, 

(27a) Q(p)= p? — 6p? — 2p? + 6 = 0. 

A simple calculation shows that in the interval 0 < » < 1 the equation (27a) 


(26) 


+ While the inequalities (6b) and (6c) are valid throughout the interval 
0<»<1 they give a good approximation for p, and p,; only for 0<u<e and. 
1—5<u4<1 where e and 6 are small positive numbers. 
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has one and only one root p*. From (27a) we have Q(34)> 0 and Q(1)< 0, 
that is 


(28a) <p* <1, 
and by (14A) 
(28b) for p=. 


The proof of (7d) follows from (28a) and (28b) by Theorem I. 

Inequalities (7a) and (7c) will now be proven together. The proof 
consists in establishing that 
(29) for p= p*. 
The inequalities (7a) and (7c) then follow readily from the uniqueness of p* 
inasmuch as (7a) follows from (6a,), (28a) and (28b). Then (7c) is an 
immediate consequence of (29). To prove (29) we again appeal to a reductio 
ad absurdum. We assume (29) is not true, and (26) becomes, for »~yp"*, 
on differentiating with respect to u 
(30) p®(p® + 3p? + 14p? + 24) =0. 
But this equation has no positive roots; whence (29) follows as a necessary 
consequence. 

Part II. 

Proof of Theorem IV. 

We now prove (8a). Denote by Q(p) and Q(—p) the values of Q(z, 0) 
at points distant p and —p from the mass yw respectively. Then, by (9), 
we have 


O(— p)= 14(1—w»— +(1 + 2)/(1—p) + 


(31) O(p)=144(1— w+ p)? +(11—2)/(1 +p) +4 /p. 
Therefore 

(32) OQ (— p)— 2(p)= 2p3 (1 — »)/(1 — p?), 

and accordingly 

(33) 2(— p)—Q(p)> 0 for O<p<l; 0<p<l. 


The equality (8c) is obvious. We now give a proof of (8b) and (8d). 
From (31) we obtain 


which can be written 


+ While better limiting values for p, have been found, the interval given here is 
sufficient for the needs of this paper. 
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(35) Qu(p)—=—(p® +(3 — p* +(3 — 2p) — pp? — p)/p? (1+ p)?, 


and therefore from (14B), in the notation of the introduction for Theorem IV, 


(36) Qn (L2)=(p2 — 2up2— »)/p2(1 + po)? 
Therefore from (6b) 

(37) Ou(L2) < 0. 

The inequalities (8b) and (8d) follow directly from (37). 


APPENDIX. 

We now show that the function Q(z,y) has a minimax at each of the 
points L,, and Zs; and therefore in and LZ; certainly an absolute 
minimum.t It will be sufficient to show that 
(38) (Lx) Qyy (In) — Qey (In)? < 0 = 1, 2,3). 
From (2) one obtains O(z,—y)—Q(2,y). Consequently Q2,(x,0)—0. 
Therefore (38) becomes, from (12), 

(39) Qy (In) < 0 (& = 1, 2, 3). 
From (2) and (13) we have 

(40a) Oy (41, 0) = 1 —(1 — p)/(1 — pir)? — 

and 

(40b) Qyy(X2, 0)—= 1 —(1 — p)/(1 + — 

As a consequence of Theorem I we have from (40a) and (13) 

(41) (21; 0 for V1 1—uz. 

It is clear from (40b) that Q,y(a2,0) is negative for small values of p2 and 


positive for sufficiently great values of pz, We now show the values for pez 
given as a function of » by (14B) are small enough so that for x, defined 


by (13) we have 

(42) (22, 0) << 0 for < 

We have from (40b) 

(43) 0) =(p2® + 3p2° + 3p2* — — 3up2— /p2® (1 + pz)’, 
and this reduces by (14B) to- 

(44) 0) = (u — 1) (p2* + 38p2 + 3)/(1 + p2)?. 

The inequality (42) follows at once from (44). The proof of (39) for 
k = 1 and 2 follows from (41) and (44) respectively; and the proof for k = 3 
is a necessary consequence of the validity for & = 2. 


THE JOHNS HOPKINS UNIVERSITY. 


t Cf. foot-note ~ to Theorem IV, p. 169. 
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ON ROTATIONS IN ORDINARY AND NULL SPACES. 


By S. A. SCHELKUNOFF. 


1. In the following paper I am interested primarily in two problems, 
one of which deals with determination of invariant lines, planes and angles 
of rotations and quasi-rotations in a flat space of nm dimensions, while the 
other is the converse problem. 

When the paper was being written the author was not aware that either 
of these problems had been completely solved. He knew only of a paper * 
in which Professor F. N. Cole proved that every rotation in a 4-flat could 
be considered as a succession of two simple rotations taking place in two 
absolutely orthogonal planes. His method was based on direct computation 
in terms of Cayley’s independent parameters of the coefficients of the group 
of rotations in a 4-flat. The method involves laborious computations even 
in a case of 4-flat. 

At a later date, the author’s attention was called to a paper written 
by Camille Jordan.t Jordan proved that an ordinary rotation leaves rela- 
tively invariant certain biplanes (i. e., (m7 — 2)-flats immersed in an n-flat). 
He reached the result by concentrating his attention on infinitesimal rotations. 
Jordan named Schlafli as the first who had obtained equation (8) of this 
paper, but he claimed that the latter had not perceived its geometric 
significance. 

The method of this paper seems to be more direct than Jordan’s and 
it is certainly instrumental in the solution of the converse problem which 
appears never to have been solved in the general case of n-flat. There exists 
only a well-known solution for 3-flat and one for 4-flat implicitly contained 
in Jordan’s paper. 

Among the more important results obtained in this paper, equations (22) 
and (29) appear to be new. 

Further search through literature disclosed that Ludwig Bieberbach was 
interested in the problem of reduction of the rotation group to a canonical 


*F. N. Cole, “On Rotations in Space of Four Dimensions,” American Journal 


of Mathematics, Vol. 12 (1890), pp. 191-210. 
+ M. Camille Jordan, “ Essai’ sur la geométrie 4 n dimensions,” Bulletin de la 


Société Mathématique, Vol. 3 (1875), pp. 103-174. 
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form and solved it on the basis of Cayley’s representation of such groups in 
terms of independent parameters.* 

Bieberbach made references to Muth,+ Schlafli { and Goursat § as those 
whose papers had touched partially on the subject. . 

Since our solution of the direct problem is apparently different from any 
other known to the author, and since we use it as a basis for the solution of 
the converse problem, we include it in full in the present paper. 

2. The group of rotations around the origin in an ordinary n-flat is 
defined analytically by the following set of equations: 
(1) Ye = Lr, (k, r= 1,2,---n), 

(r umbral) 


where the coefficients a," are real, subject to the conditions, 


(2) Ax = 1, if r=s, 

—0, if rs, 
and the determinant | a," | is equal to unity. The equivalent conditions are 
(3) a,*as* = 1, if r=s, 

== (), if rsé¢, 


with the above assumption regarding the determinant. 
The group of quasi-rotations is defined by similar equations: 


(4) Sr, (k, 2, n) 
where the coefficients A,” are subject to the conditions 
(5) = if §, 
= 0, if 
or their equivalents, 
(6) A,*A,* = 1, if r=—s, 
= 0, if 


It is easy to prove that the determinant |'A,” | is a unit complex number. 
The group of quasi-rotations can be taken as a basis of “ metrical” 
geometry in null spaces.{ 


* Ludwig Bieberbach, “Uber die Bewegungsgruppen der euklidischen Raiume,” 
Mathematische Annalen, Vol. 70 (1911), pp. 297-336. 

+ Muth, Theorie und Anwendung der Elementarteiler, Leipzig (1899), s. 176. 

¢ Schlafli, Journal fiir Mathematik, Vol. 65 (1866), s. 185. 

§ Goursat, Annales de l’Ecole Normale Superieure (3), t. 6 (1889). 

7S. A. Schelkunoff, On Certain Properties of the Metrical and Generalized 
Metrical Groups in Linear Spaces of n Dimensions, Liitcke and Wulff, Hamburg, Ger- 
many, (1927). 
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3. If 2, Y2,° * +m are the direction components of a straight line thru 
the origin in an n-flat (/',) the following set of equations 
(7) ALE = Lr 
(where A is the coefficient of proportionality) determines the lines of Fy 
invariant under transformation (1), or the axes of rotation as we might 


appropriately call them. 
This system of linear equations has a proper solution if any only if the 


determinant of its coefficients vanishes, i. e., if A is a root of the characteristic 


equation : 
(8) 
An” An® ‘ An” 


The roots of equation (8), or the rotation factors as we might call them, 
are unit complex numbers as we can readily ascertain by multiplying equa- 
tions (7) by their conjugates and then adding. 

Again, if equations (7) are squared and added, we have 
(9) (A? — 1) axa, = 0, 

i.e. either A == + 1, or the axis is a null line. 
If 41, we have an absolutely invariant axis, i.e. a line of invariant 


points. 
Since the coefficients of (8) are real, the complex rotation factors are 


grouped in conjugate pairs. Thus, null axes exist in conjugate pairs. Each 
such pair determines a real invariant plane that rotates on itself, as we shall 


prove later. 
Equation (8) can be written in the form 


A” — S,A™1 S.A"-2 — §,rA"-3 + +(— 1)"*= 0, 


where Sy, is the sum of the principal minors of (n—s)-th order, taken 


without repetition. 
Since the complementary minors of an orthogonant are equal and 


Sx 


this equation is symmetric if n is even, and antisymmetric if n is odd. 
Hence, if n is odd, + 1 is a root of (8), that is, in space of odd number 
of dimensions there is always an absolutely invariant line.* 


* According to Jordan this result was first discovered by Schlafli. 


12 


7 

| 

| 

| 
| 
| 
| 
\ 


178 Ss. A. SCHELKUNOFF. 


If nm is even, equation (8) can be transformed into equation of lower 
degree by the following substitution : 


A+ 1/A = 2z. 


If n is odd, the above substitution can be used after equation (8) has been 
divided by (A—1). 

Therefore, + 1 is a multiple root of odd or even order if the space has 
respectively odd or even number of dimensions; —1 1s always a multiple 
root of even order. (Here an absence of a root is regarded as even multi- 
plicity of zero order). 

If we multiply equations (7) corresponding to A, and d2, and simplify 
the result we have: 


(10) (AiA2 1) 0, 
i.e., either = 0, 
or, Ae = 1/A. 


Hence, any two non-conjugate axes are orthogonal. 


Multipiying equations (7) corresponding to A, and Az we have: 


— 1) = 0, 


i.e., either 
(10;) 0, 
or, = A1. 


Hence, any two axes not having the same rotation factor are quasi- 


orthogonal. 


Obviously, if for a given Ar equations (7) have exactly “m” Imearly 
independent solutions, this X must be a multiple root of at least m-th order. 

From the canonical form given by Bieberbach * it follows at once that 
for a given Xr equations (7) have m linearly independent solutions if and only 


if X is a multiple root of m-th order. 


4. A conjugate pair of axes determines a real invariant plane. This 
plane rotates on itself. In fact, if || uy || and || a || are the direction com- 
ponents of axes whose rotation factors are e+*%, we can take (wz + ix) /2% 
and (u;—‘it)/i2* as the direction cosines of two real straight lines in 
the plane determined by the axes provided || u, || is a quasi-normalized set, i.e. 


* Ibid., p. 302. 
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= 
Now if 
(11) Te = (Ux /2% 


are the direction cosines of a line before the transformation (1), the new 
direction cosines are given by: 


and the angie thru which this line is rotated is determined from the following 


equation : 
(12) cos 6 = = (A + A) /2 — cos ¢, 
1. @., ¢. 


Similarly we can show that the line whose direction cosines are (wx — tix) /12”, 
and, later, that every other line in the plane of rotation rotates thru the same 
angle ¢. 


The invariant planes corresponding to different conjugate sets of rota- 
tion factors are absolutely orthogonal. Indeed, if 


Le + dix 


are the direction cosines of a line thru the origin in the plane determined by 
one conjugate set of axes, and 
= Ce + 


is a similar line in another plane of rotation, we have: 


= (Aux + + 
+ + aduyd, + beiixv, )= 0, 


provided the sets of rotation factors are distinct. This proves the above 
theorem. 


Thus, if the rotation factors are all different a rotation in Fn can be 
uniquely decomposed into “n”’ simple rotations taking place in a set of “n” 
absolutely orthogonal real planes, thru angles determined by the roots of 
d-equation. 

Also, if the rotation factors are all different, a rotation in Pon, leaves 
absolutely invariant one real line, and relatively invariant a unique set of 
absolutely orthogonal (mutually as well as to the invariant line) real planes. 
The lines of any one invariant plane rotate thru the same angle.*) 


*These two theorems are most interesting special cases of the obvious general 
theorem: In every flat space F,, there are Subflats (of 1, 2, 3,- - -n— 1 dimensions) 
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Besides real invariant planes there are imaginary. In F2 all of these 
[2n(m—1) in number] are null planes, as may be readily ascertained ; while 
in Fens, besides 2n(m—1) null planes, there are also 2n aeolotropic in- 
variant planes, namely those determined by a null axis and the absolutely 
invariant real axis. 


5. Interesting exceptions arise when the characteristic equation has 
multiple roots. As we have already stated equations (7) possess m linearly 
independent solutions, if the corresponding A is a multiple root of order m. 
Thus, to every such root there corresponds an m-fold pencil of invariant lines. 


If A==1 we have an absolutely invariant m-subflat. 
If \=—1 (which corresponds to rotation thru 180°), we have an in- 
variant m-subflat every line of which turns thru 180°. 


If A is a bona fide complex number, d is also a multiple root of order m, 
and hence, there are two conjugate m-fold pencils of invariant lines. Each 
conjugate set of lines determines a real plane. Thus, instead of the usual 
m real planes of rotation we have 1 such planes, all of which turn upon 
themselves and thru the same angle equal to cos“1(A + A) /2. 


6. Some of the results that we have just obtained can be readily extended 
to the quasi-orthogonal group defined by equations (4). 

As before, the invariant lines (axes of quasi-rotations) are determined 
by the set of equations, 


(13) = Ax’ Zr, 
which possess proper solutions if any only if A is a root of the characteristic 
equation : 
A,i—dA A,? A,” 
(14) A,} A.*—A . A." —9 


An) An? 


Unless this equation has multiple roots there are n and only n axes of rotation. 
Again it is easy to demonstrate that 


(15) M—1, 


i.e., that the rotation factors are unit complex numbers. 
If zy are the direction “ quasi-cosines ” of an axis, i.e., if 


determined by the corresponding number of invariant lines (7), all points of which + 
are permuted among themselves when transformation (1) is applied. 
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the equations 
Yu = Ax’ 


determine the new direction quasi-cosines and the “twist” of the axis is 
given by 


(16) cos ® = + /2 + /2 =(A + d) /2. 
Any two axes are, in general, quasi-orthogonal. Indeed if, 
(17) = Ax’ ty and = 


determine a pair of axes, we have 


or, 
(18) — 1) ay = 0. 
Therefore, 
= 


unless Az = Aj, i.e., unless the rotation factors of both axes are the same. 
If the latter is the case, the axes may or may not be quasi-orthogonal, and 
there are more than minimum number of axes. 


7. Suppose we have a set of axes whose direction quasi-cosines form 
the following quasi-orthogonal matrix: 


. . Ini 
(19) 
and let the corresponding quasi-rotation factors be Ax, A2,* * Let us 


determine the coefficients of the corresponding quasi-orthogonal trans- 
formation. 
We have the following system of equations at our disposal: 


= 
(20) Note? (k,r=1,2,- 


. . 


Ante” = 


Fixing the value of & we obtain a system of n equations with n unknowns 
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Ay}, Ax?,---Ax". There are m such systems corresponding to different 
values of k. Solving these systems, we have: 


(21) Ag* == (k,3 == 1, 2,- + -n), 
(r = 1, 2,- -n(umbral)). 


We shall prove now that A.* given by equations (21) are actually the 
coefficients of a quasi-orthogonal group. Indeed, take 


(22) A,” == s”Zn?. 


Multiplying equations (21) by the conjugates of (22) and summing, 
we have 


But since 
= 1, if p—r, 
== (), if pr, 


equations (23) take the following form: 


(24) A,k¥As™ if k 
if k Am, 


which proves that As* given by equations (21) are actually the coefficients 
of a quast-orthogonal group that leaves invariant a set of lines determined 
by matrix (19). 

The ordinary orthogonal group is obtained if the invariant axes given by 
matric (19) are conjugate in pairs and the corresponding rotation factors 
are also conjugate. If any of the axes happens to be real, the corresponding 
A must be etther +1 or —1 (—1 1s allowable only if there is even number 
of real axes). Under such conditions, we have real A¢*, i.e., 


(25) A;*. 
In fact, equations (25) are equivalent to 


which is an obvious identity if the above conditions hold. 

From the results of section 3 we conclude that the above conditions are 
necessary with the exception of the quasi-orthogonality condition which must 
be satisfied only for distinct rotation factors. However, in the latter case 
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there are infinitely many axes, out of which quasi-orthogonal pairs can be 
chosen. 

Thus, equations (21) may serve for determinations of the coefficients 
of the group of rotations if the axes and the rotation factors are known. 

In practice, however, it is more convenient to describe the rotation group 
in terms of known planes and angles of rotation. 


8. Therefore, assume the equations of known planes of rotation in the 
following form: 


where the superscript refers to the planes while the subscript, as usual, to 
the codrdinates of a point in the plane. Without loss of generality we may 
assume px and gx” to be the direction cosines of pairs of orthogonal lines 
in the corresponding planes. 

Since the rotation axes are the null lines in planes (26), we can deter- 
mine them immediately from the condition 


(27) Ce" ay," = 0, (only & is umbral). 


In fact, we have 
ven + WU, 


and, hence, the direction quasi-cosines of the axes are given by:: 
(28) (pe ign™) /2%. 


Assume the corresponding rotation factors e*#®. Substituting in equa- 
tions (21) we have 


and simplifying, 


These equations remain true for ss provided we waive the summation 
convention with regard to these letters. It is interesting to note that the first 
group of terms is symmetric in s and & and an even function of each ¢m, 
while the second group is antisymmetric in s and k& and an odd function 
of each dm. In case of an odd space in which there exists an invariant real 
line the formula (29) still holds if we merely take the direction cosines of 
the line as p’s and let q’s and the corresponding ¢ be zero. We observe that 
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the coefficients of rotations in absolutely orthogonal planes or higher main- 
folds are additive. This fact may be successfully used in building up rota- 
tion groups in higher spaces when planes and angles of rotation are known. 


9. It is interesting to apply formula (29) to special cases. In three 
dimensionai space it is convenient to begin with the matrix: 


COS, COSG COS 
cosB; cos Pz 
COS y1 COS Y2 COS Ys 


the first row of which is made up of the direction cosines of the real axis 
of rotation, and the remaining two rows are the direction cosines of two 
perpendicuiar lines in the plane of rotation. Let the angle of rotation be ¢. 
Applying equations (29) and eliminating £1, B2,- - -ys by means of proper- 
ties of orthogonal matrices, we obtain the following equations of the group 
of rotations in F;: 


Y1 =(2a,? + 2d? —1)ax, + 2 (aide + gd) + 2(a1a3 — aod) 
(30) Yo == 2(aya2 — agd) a, + ( + 2d% + 2(a2a3 + aid) 2s, 
Ys = + ded) a, + — a,d) x2 + (2a3? + 2d? — 1) 2s, 
where, 
= cos (¢/2), dy = COs a sin (¢/2). 


These formulae are identical with those given by L. E. Dickson,* except for 
the convention concerning the direction of rotation. 
In four-dimensional space we may start with a plane 


(31) Lz = ax, + bao, = CX, + dro, 


that rotates on itself thru angle ¢. Let the plane absolutely orthogonal to 
(31) rotate thru angle y. 
The equation of the plane absolutely orthogonal to the plane (31) may 


be written 
= — AX3 — Lo = — ba, — dxy. 


The plane (31) contains the points (1, 0, a, c) and (0,1, b, d). The corre- 
sponding set of p’s and q’s are the direction cosines of the bisectors of the 
angles between the lines determined by the origin and those points. Similarly 
for the other plane. 

If we use the following abbreviations 


*L. E. Dickson, Modern Algebraic Theories, p. 10v. 
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D=ad—be, R?=1+a?+b2+ 424 D2, 


A? =1+ 42+ 02, Al R2 — A2, 
a, BY — R?2 — B?, 
P? =1+ a2 + B2, PY — R2— P2, 


we can write the coefficients of the group of rotations as follows: 


R?a,1 = B? cos ¢ + BY cosy 
= A? cos ¢ + A” cosy 
= cos ¢ + Q? cos 
R2a,* = P™ cos ¢ + P? cos y, 


(32) R?a,? =(ab + cd) (— cos ¢ + cos ¥)— R(sin dg + Dsiny), 
k?a,3 + dD) (cos cos y)— R(bsing+ csiny), 
R?a,* =(c — bD) (cos 6 — cos y)— R(dsin ¢—asiny), 
h?a,3 =(b —- cD) (cos ¢ — cos R(—asing¢d+ dsiny), 
=(d + aD) (cos cosy)+ R(csing+ bsiny), 
R?a;* =(ac + bd) (cos — cosy)— R(D sing + sin y), 


and a,;* is obtained from as” by changing simultaneously the signs of ¢ and y. 
If y—q¢, equations (32) degenerate into 


33 = a2” = = a4* = ¢, Ra,? = Ra;t =—(1 + D)sin ¢, 
(38) Ra,’ = — Ra,* = —(b+¢)sin ¢, Ra,;* = Ra? =(a— d)sin ¢. 
Since, 


=(a—d)? +(b + 6)? +(1 + 
coefficients as" depend only on two parameters besides the angle of rotation. 
Hence one parameter in (31) is arbitrary, and there exist oo1 real planes 
thru the origin that rotate on themselves, which is in keeping with the pre- 
viously stated general theorem (end of section 5). 


BELL TELEPHONE LABORATORIES, 
New YorKE. 
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GENERATING INVOLUTIONS OF INFINITE DISCONTINUOUS 
CREMONA GROUPS OF S, WHICH LEAVE A GENERAL 
CUBIC VARIETY INVARIANT. 


By Vircit SNYDER AND MarGuerite LEHR. 


The present paper derives the equations and obtains the table of char- 
acteristics of three types A, B, C of involutorial birational transformations 
of S,; they are obtained by means of the general cubic variety which remains 
invariant. 

Of these three types the first and second each contain six parameters, 
and the third more. The product of any two transformations of the set, of 
the same or of different types, is a non-periodic transformation. 

These types and two others discussed previously * generate all known 
transformations which leave the variety V; invariant. 

A. Given a general cubic variety Vs; of four way space S, and a line / 
not lying on it. A birational transformation of the 8, in which V; is im- 
mersed may be constructed as follows. Let M be one of the points in which 
I meets V3. A point P determines the plane P,/ which meets V; in a plane 
cubic curve. The tangent to it at M meets it in the tangential M’. The line 
M’P meets the polar quadric variety of M’ as to V; in M”. The harmonic 
conjugate of P as to M’M” is P’. The transformation P ~ P’ is birational 
and involutorial, and under it V; remains invariant. Call it J. 

The locus of M’ is the cubic surface y;3, intersection of V; with the 
tangent space at M; it has a node at M, hence every line of the bundle M 
in the tangent space + meets it in just one point M’. The plane M’,/ cuts 
from the first polar of M’ as to Vz a conic ¢2; the tangent space at M’ meets 
I in one point, and the line joining this point to M’ is the tangent line ¢ to ce 
at M’. 

In the plane 1, M’ the transformation J is a perspective quadratic in- 
volution determined by cz and M’. The only fundamental point is M’, and 
its associated principal locus is the tangent ¢ which meets 7. The conjugates 
of the lines of the plane under J are conics having ¢ for common tangent 
at M’ and having three point contact with each other. 

As the plane /, M’ takes all positions about J, the locus of ¢ is a funda- 
mental ruled variety T conjugate of y;. The locus of cz is the variety H of 
invariant points. It touches © at every point of ys. 


* Rendiconti Circolo Matematico di Palermo, Vol. 38 (1914), pp. 344-352. 
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Every plane through 7 is transformed into itself. In each position, 
1 has an image conic having three point contact with the image conics of 
the other lines of the plane at M’. The locus of this conic, as M’ describes ys, 
is the complete conjugate L of 1. 

2. When the section of the polar quadric at M’ with the plane /, M’ is 
composite, and the cubic section is not, one component is the tangent ¢ and 
the other, the harmonic polar of the point of inflexion M’ of the plane sec- 
tion V3, 1, M’, is the axis of a harmonic homology having M’ for center. Thus 
in each such plane the transformation is linear; the conjugate of any line 
in the plane is made quadratic by adjoining the inflexional tangent ¢. Hence 
every inflexional tangent of V; at points of ys, which meets / is a fundamental 
line of the second kind; the image of any point on one of these lines is 
the whole line ¢ passing through it. These lines are therefore on H, on TI, 
on L, and on the conjugate of every S; of S,. 

Since the conjugates of the | 8; | are varieties having three point contact 
on ys, its conjugate I appears three times as component of the Jacobian of 
these conjugate varieties. The other component is L, the conjugate of I. 

3. A general S; meets its own conjugate in the section made by it on H 
and in the elliptic cubic cone with vertex on / and containing the plane cubic 
curve Ss, y;. Every line meeting 1 and ys contains an infinite number of pairs 
of conjugate points, hence the involution J belongs to the generalized monoidal 
type, analogous to those thus defined in S; by Montesano. 

4, Analytic procedure. Let 7,0, 20, x; =0 be / and let M be 
(0,0,0,0,1). Let x;—0 be the tangent space to V at M. Then the equa- 
tion of V has the form 


+¢=0, 


in which f is a quadratic and ¢ a cubic quaternary form in 2, 22, v3, ,. The 
equations of y; are then 


3: % = 0, Xsfo +- do == 0, 


fo. do being f, with az, replaced by zero. 
A point (y) determines the plane 


/ = L2/Y2 = @3/Ys, 
through 1. This plane meets y; in M’ defined by 
M’: foys, foy2, foys, 9, — 
The polar quadric of M’ as to V is 


foys + $1) + + b2) + foys(asfs + + f)= 0, 
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in which fi, ¢: are partial derivatives of f, ¢ as to z;. By eliminating 
Y1, Y2, Ys between this equation and those of the plane J, (y) we obtain the 
equation of H, the locus of invariant points, 


Fi: fots + $1) + fote(tsf2 + $2) + fors (tsfs + $3)— + f) 0. 


It is of order 5, contains 7 to multiplicity 3, and contains y3. 
The tangent 8; to V; at M’ is 


%1(— dofof'1,0 + + dofof'2,0 + fo22,0) 
+ 23(— dofofs,o + forhs,0) + — dof s,ofo + fo2bs,0) + Xs fo? = 0. 


By eliminating y as before, this equation represents T. It is of order 7, 
contains 7 to multiplicity 6, and contains y;. Any plane through / contains 
one and only one generator of T. Any point on the line M’y has codrdinates 
of the form 

=ofoyi ete. 


The point M” in which this line meets the polar quadric of M’ again is given 
by 77H (y)+ (y, M’)= 0 or 


7= 2H (y,M’), o=——H(y), 


where H(y, M’)=0 is the polar of M’ as to H=0. The harmonic conjugate 
of y as to M’, M” is then the point 


py. =(T —Afo)ys, =(0—Afo)y2, pys’ =(T — yz; 
= =Ty; + Hy. 


Thus, the transformation of order 8 has 


for the image of 7. The Jacobian is of order 5(n—1)=—35. It consists 
of L to multiplicity two and T to multiplicity three. 


J — Hf)? =0. 


A table of characteristics of Jz may now be constructed. Everything is de- 
termined except the loci of parasitic lines, or fundamental lines of the 
second kind. 

5. The six planes z, defined by fy =90, ¢, =O are double on each Vs, 
conjugates of the | S;|. These planes are fundamental of the second kind, 
that is, the whole plane is the conjugate of any point on it. From the forms 
of the equations it follows that these planes are double on Z;, I’; and simple 
on H. The line / is six fold on each Vz; every point P of / has for conjugate 


L:T — Hf, =0 | 
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a surface of order 6, 7, lying on the three dimensional cone P, y;. The tan- 
gents to Vs at points of ys which meet / form the ruled variety ['; an arbitrary 
S, meets it in a surface of order 7, having a five fold point at the point Ss, J. 
No plane section cs of ys; can lie in a plane meeting / except at M, as I does 
not lie in the tangent space r containing y;. An arbitrary S; meets ys in 


a plane section cz, and meets / in a point. The lines of [ from points of cg 
do not lie in this Ss. They form a ruled surface of S4, of order 9. 

The other fundamental lines of the involution are the inflexional tan- 
gents to V; at points y; which meet /. These lines form a ruled surface Fy; 
of S,, of order 17, having / for six fold line, as can be seen by passing an S; 
through J. It meets yz; in a plane cubic curve g3 having a node at M. The 
ruled surface of inflexional tangents to G==V,S;(l) has gs for double curve 
and its plane has three inflexional and two nodal tangents at M. Hence the 
surface is of order 11. The same result can be obtained by expressing the 
condition that the plane J, M’ shall touch the polar quadric of M’ as to G. 
Thus in any 8; through 7 are 11 inflexional tangents to V; at points of ys 
which meet 7. The order of the surface in S, is therefore 11 plus the multi- 
plicity of J upon it. From any point of 7 can be drawn six such tangents, 
hence the order of the surface is 17. The conjugate of any point on every 
generator is the entire generator passing through it. The table of charac- 
teristics can now be constructed as follows: 


S3 —~ Vs: 627 

S2~ M7; 

Si~Cs; [Cs; 81] 
Lz: 627 Fy, 

ys ~T;: 

H, ~ H;: 


The symboi ys means that all the Vs of the system have three point contact 
with each other at every point of ys. The intersection of Vs and L;, a com- 
posite surface of order 56, consists of 6 X 2 X 2 = 24 for the double planes, © 
ys counted three times, F,; and the surface of order 6, conjugate of the point 
in which the conjugate S; of the given V; meets J. Similarly, the intersection 
of Vs and I; consists of 672 = 24, Fi7, ys taken twice, and the ruled surface 
of tangents to Vs at points of 8, y3 which meet J. This surface is of order 9. 

The conjugate of an arbitrary plane is a surface of order 14 containing 
the quintic curve in which the given plane meets H. When the given plane 
meets /, its conjugate consists of a surface of order 8 and the sextic surface, 
image of the point on 1. 
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The conjugate of a line is a curve of order 8 meeting it in 5 points. 


If the line meets J, its proper image is a conic having three point contact 
with ys. 

6. Let 7 meet V in a second point N. If N=(0,0,0,1,0) and the 
tangent space to V at NV be taken as z; = 0, the equation of V has the form 


V + + + ba, + + c—0 
wherein a, 0, b’, c are ternary, of orders 1, 2, 2, 3, respectively, or 


If y°, g° denote the values of y, g when 2; — 0 then y°—¢,. The equations 
of the transformation S associated with N are of the same form as those of 7, 
and can be obtained from them by making a few obvious changes. 

In TS, L;* appears as a factor in the second members of the equations, 
hence the transformation is of order 22, and is not periodic. The 12 parasitic 
planes all lie on the cubic cone ¢, == 0 which has the line 7 for vertex. 

The line 7 meets V in a third point P: (0,0,0,1,—1), witha+2,+ 2; 
= 0 for tangent space. Let the transformation associated with this point be 
denoted by U. The three involutions 7, 8, U generate a noncyclic infinite 
discontinuous group. 

7. Let be two lines through M, and the corresponding trans- 
formations. Their product is not periodic. The plane of 1,/, is composed 
of invariant points under 7,7». 

The general transformation of this type may be thought of as follows: 
Let F be any rational surface of order n lying on V3, and / any line not on V3, 
meeting /F in n—1 points. Then any plane through / meets /’ in one 
residual point, which takes the place of M’. But n } 4, since / is not on V3. 
Since V; contains no surfaces other than complete intersections, it follows 
that the surfaces y; in tangent S; are the only possible surfaces satisfying 
the conditions. 

8. B. Given two skew lines /,, J, on Vz; and a plane z not on V3. Given 
any point (y) on Sy. The S,;=7, (y) meets 7; in Pj. The line P,P, 
meets V;in K. The line (y), K meets the polar quadric of K as to V; in K’. 
The harmonic conjugate (y’) of (y) as to K, K’ determines an involutorial 
birational transformation J under which Vz remains invariant. 

The two lines /,, 12 determine an S; meeting V; in a cubic surface F on 
which K lies. Since P;, P2 are projective, the line P;P.2 describes a quadric 
surface meeting F in a residual rational C,, having three points on each line Jj. 
This C, is the locus of K. Every line P,P, lies in some 8; through 7, 
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hence the iine meets 7. The S93; of 1,,-l2 therefore meets 7 in a directrix of 
the quadric, that is, r meets C, in 3 collinear points. 
Let be defined by 7, = 0, = 0 and C, by 


21 = Aib(A1, Az); Le = rod, = fs(A1, Az); Le = fg (Ar,Az), = 0 


wherein ¢ is a cubic and each f; a quartic form in (A). The polar quadric 
of a point (A) on C, as to V is 


H (a) (Aay Az) OV + + + /dx, = 0. 


The space or 7m, (y) meets Cy in Ayy2— — 0, 
ho =Y2. The line (y) (A) meets H(z) in (A) and in the point 2H(y, A) (y) 
= H(y)(A). The point (y’) is given by 


yi = = (y,A)— H(y) o(A)] 
ys’ = H(y,r) ys — (y)fs(a), ys = H(y,r)ys— H(y)fa(a), 
Ys. — A) Ys. 


in which H(y,A)=0 is the polar of the point (A) on Cy as to H=0. The 
transformation is of order 10. The plane z is of multiplicity 8 and C4 
simple on the | Vio |, conjugates of | Sz |. 

9. The tangent S; to V; at a point (A) on C, meets z in a line. The 
pencil of tangents at (A) meeting this line are all generators of H(y,A). 
The same tangent S; meets the polar quadrie variety of (A) in a quadric 
cone. It meets z in a line having two points on the cone. Lines thru these 
points meet Vs; in three points coincident at (A), hence these lines are 
parasitic. They generate a ruled surface containing C, doubly. The section 
of the space z, (y) with the polar quadric variety is a quadric surface lying 
on H(y). When this quadric surface is a cone, it lies on H(y) and H(y,4) ; 
each generator is a parasitic line. It is part of the base of | Vio |, and lies 
on II,, the conjugate of + in J,o. The cone is the residual intersection of 
H(y) and the tangent space z, (y) to V3. 

The plane z meets V; in a general cubic curve ys. One line in 7 meets 
ys in three points on C4; another, not in 7, meets it in points of 1, lo, Cs. 
The image of any point in z is a curve of order 8, having the point to 
order 4, and lying on the cone having the given point as vertex, with C, 
as directrix curve. Any line meeting 7 in one point has for image a conic 
meeting it in two points. Any line lying in z has for image a surface 
generated by a conic in the plane through the line and a variable point of C4. 
Any 8S; through a is transformed into itself. Apart from parasitic lines, 
the only fundamental elements are z and Cy. The former is a proper two 
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dimensionai basis element, whereas Cy is of dimensionality 1, hence does 
not appear as part of the base of two Vio of the system | Vio |. 

Any Sz meets 7 in one point or lies in an S; containing z. The order 
of the surface of parasitic planes (pencils of lines) is found from the inter- 
section of Vi) with H, to be 22. The order of the surface conjugate to an 
arbitrary piane is then found from [Vio, Vio] to be 14. From [V, H(y,.)] 
the 4 remaining units 90 = 64 + 22+ 4 are accounted for by the planes 
conjugate te the four points in which 8; meets Cy. The space y; = 0 which 
contains C, goes into itself, as its conjugate contains the variety conjugate 
to Cy [Ho(y,A), Mo] = 81 = 56 + 22+ 3, the 3 being planes conjugate 
to the three points of Cy on zw. Finally, [M,H,] from Wy, = H(y,A) 
— He(A) has the same value as H, with H(y,A). This completes the table. 


We may now write 


Vio? : Foo 
S2~ Mus 

81 —~ Cro: [Cro, = 9, [Cro, Ca] = 9, [Cro, S1] 6 

He He: Foe 

J 45 = H*(y, X) - Is. 


This case can be generalized to include the following one. Define 7 as 
before, and let Cy, be a rational curve of order n, lying on V; and having 
n—1 points on z. With obvious changes in ¢,f; the equations of the 
transformation have the same form as before. The general table of char- 


acteristics has the form 


Ss —~ Vonie: 

S2 —~ Mons2, 

Conse, Conse] =n-+2: [ 7, Cons2 | Conse], 
Ay, A)— H(y)$(A)= Tlons1 Pens, 

Cn ~ Hons (y, r): 

J = H* (y, Thons1- 


10. C. Let =0, x; be a line on a general V; and 
Ry, be a rational surface of order n, not lying on Vs; but having n—1 
points on 1. A point (y) of S, determines a plane (y,/) which meets Ry 
in one point P. This plane meets V; in a residual conic C2. Let p be the 
polar line of P as to C,. The conjugate (y’) of the given point (y) in the 
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harmonic homology P,p generates a birational involutorial ‘transformation 
of S,, under which each conic of V; in a plane through / is transformed into 
itself; hence Vs; remains invariant. 

The parametric representation of R, has the form 


= 7s); 2,3), Le = ts = 95(r), 


in which the net | f(r) | is Cremonian, of order n’ and gs(r)=0, gs(r)=0 
contain base points of | f | to multiplicity n’* —n. 
The equation of V; has the form 


Vai Ut, + + = 0. 
The plane 
L(y): yik (i =1, 2, 3), 
cuts from V3; the conic 


+ k( prs + sts)+ q (Xs, = 0, 


in which ¢ is cubic, p and s each quadratic and q linear in 41, y2, ys; q is 
quadratic in x4,2;. If k be replaced by 2:/y:, the equation of the conic in 
21, U4, %5 has coefficients cubic in Y2, Ys- 

The codrdinates of P have the form 


Fs yi9(y), y30(y), 


wherein 6, ¢; are obtained as follows: the equations f;(r)—= yi can be solved 
for = fi 1(y), and substituted in gi(r) and fi(r)—yil'(y). The forms 
gx(f-1) and F contain fundamental curves of orders n’2 —n, so that 6 is of 
order n — i and each of order n in Y2, ys. The polar p of bs) 
as to the conic C2 is of the form 


+ + = 0,7 


in which a; is of order n+ 2 in 4, Yo, ys. The factor y,; has been removed 
from the equation. The equations of the harmonic homology P, p have 
the form 


I: =(T— 26K)y1, yo’ =(T— 20K) yo, ys’ =(T — 20K) ys, 
ys 2K Ys’ = Tys — 2K ds. 


Here K is the result of substituting y,,y:, 4; for 2 in the equation of the 
polar line p of P as to Cz. The factor y, can be removed again. K —0 is 
the variety of invariant points in the involutorial transformation of order 
en +2. It is of order n+ 2 and contains 7 to multiplicity n + 1. 

The variety [0 is a cone of order 2n + 1 having 1 for vertex. Its 
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equation is obtained by replacing 2, xs, 75 by 419, $4, $s in the equation of 
the polar p, and removing the factor y,. It is the projection of the curve 
Yan, intersection of Rn, Vs from 1. 

The conjugate of the line 7 is the variety L 0 defined by L=T — 20K 
=0. It is of order 2n-+ 1, contains / to multiplicity 2n, and contains the 
curve ysn- Every S2 through / is transformed into itself. 

The base surface M of the system | Veni2| of varieties conjugate to the 
| Ss| of S, is the complete intersection T—0, K~0. It is of order 
(2n-+1) (n+ 2). 


The table of characteristics of Jens may be written in the form 


S3—~ Vonse? * 


So —~ Mon*sns2, 

Cons; [ Conse, A 2n + 1: [Cons2, + 1, 
Lens: M : 


Any two Vans, varieties conjugate to two S; touch each other at every 
point of ysn. The conjugate Cons2 of any 8S; lies in the S; determined by the 
given 8S, andl. Any 8, not containing / meets it in a point. The conjugate 
Vonse meets Lens in the cubic cone connecting this point with ysn. The 
S; meets Ry in n lines, each containing 3 points of ysn. The conjugate Vonse 
meets TI in Mions1)(n+2) and in the 38n planes connecting these points on yen 
with 7. Finally, Ss meets Knyz in a surface Fn of invariant points, which 
is also on its conjugate Vonse. 

The jacobian of the system | Vans | is 


J= 


These results can be generalized immediately to apply to a three dimensional 
variety Vm of S., having 7 to multiplicity m—2. The simplest form of Rp 
is a plane 7,0, 7;==0. An extensive category is that of the monoids in Sz: 


Gn-1 (21, + hn (i, L2,%3)—=0; 


11. A set A’, B’, C’, of generating involutions of another infinite dis- 
continuous Cremona group under which V; remains invariant, this time 
point by point, can be obtained by the central perspective Jonquieres in- 
volutions in each plane through /, with P as center and the residual section 
of the plane with V; as curve of invariant points. 
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THE DERIVATION OF TENSORS FROM TENSOR FUNCTIONS.* 


By AtFrep K. MITCHELL. 


Introduction. HE. Schroedinger ¢ has given a rule for deriving a tensor 
from an invariant tensor function. In the first part of the present paper 
a proof is given of the theorem that if ® is any invariant function of a tensor 
its derivative with respect to a component of this tensor is itself a component 
of a tensor. It is also proved that the derivative of a tensor function of a 
tensor produces a tensor of higher rank. The first of these theorems is then 
applied to the invariants of a mixed tensor of rank 2, and the invariants of 
the tensor so derived are considered. In this way it is seen that if F's’ is any 
polynomia} function = a) + + a,H? of the matrix then its 
invariants can be expressed in terms of the invariants of EF and hence the 
derivatives of the invariants of F are functions of the derivatives of the in- 
variants of 


1. By a space of m dimensions we mean a continuous arrangement of 
points; a point being a set of m ordered real numbers (21, x”, 23,- - -, 2”). 
A set of n equations 


in which the functions Z* are single valued for all points and which can be 
solved { so as to yield a set of m equations 


in which the functions 27 are singled valued, define a transformation of 
coordinates in the n dimensional space. 

A set of functions defined with respect to a coordinate 
system (2), and from which we obtain, in any other codrdinate system (Z), 
the corresponding functions by means of the equations 
of transformation § 


* Presented to the American Mathematical Society, October 26, 1929. 

t See Annalen der Physik, Vol. 82 (1927), p. 265. 

This implies that the Jacobian determinant 0(z', az”) 
is not identically zero. See Goursat-Hedrick, Mathematical Analysis, Vol. I, Chap. 2. 

§ In these equations and throughout this paper Greek letters occurring as indices 
in pairs will be used as summation or umbral labels, the summation from 1 to n. 
See O. Veblen, Cambridge Tracts, No. 24, Chaps. 1 and 2. 
195 
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is said to define a mixed tensor of rank p-++q which is contravariant of 
rank p and covariant of rank q. 
Any function X of the codrdinates whose value is unchanged when we 
change the codrdinate system is called an invariant or scalar function. The 
equation of transformation is 


According to the rule of composition of tensors * we can form an in- 
variant from a contravariant tensor of rank p, X%"2---" and a covariant 
tensor of rank p, X,.,,...,, by forming their scalar product 


The converse of the rule of composition of tensors may be stated for 
the general case as follows. If the functions i a geld have such a law 
of transformation that the summation 


is a mixed tensor, covariant of rank m and contravariant of rank J, 
where Yf:---%¢ is an arbitrary mixed tensor contravariant of rank q and 
Up 


covariant of rank p, then the functions form a 
q81 &m 


mixed tensor, contravariant of rank (p+/) and covariant of rank (q+ ™m). 


THEOREM 1.+ If ® is any invariant function of a tensor E™---*?, contra- 
variant of rank p, covariant of rank q and of any other tensors which are 
independent of then is a mixed tensor which 1s contra- 


variant of rank q of rank 


Proof: Let 


Then 
But, by hypothesis, 


*See F. D. Murnaghan, Vector Analysis and Theory of Relativity, p. 25. 
+ The author finds that this theorem is not essentially different from the “ Aron- 
hold Process.” See Weitzenbéck, Invarianten Theorie, p. 18. 
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Hence 
Therefore 
Trees a; ap OZT? daBa 
Q. E. D 


Now suppose we have a mixed tensor = pe which is contravariant 


of rank p and covariant of rank q and is a function of a mixed tensor Ep 
and — other tensors. Let us form an invariant ® from the "tone 
Xr---re and the arbitrary tensor Y” phi , which is covariant of rank p and 


contravariant of rank g and which is indent of the tensor Hy:---%. By 
the rule of composition, we have 

Now by Theorem 1 


Q.--dl 


is a mixed tensor contravariant of rank m and covariant of rank 7. But 


Hence, denoting 


by... dm 
we have 


and, therefore, by the converse of the rule of composition of tensors, 


by... bm 


+ 


is a mixed tensor which is contravariant of rank (p-+ m) and covariant of 
rank (q-+7). We have therefore proved 


THEOREM 2. If X%---*? ts a mixed tensor, contravariant of rank p and 


covariant of rank q which is a function of a mixed tensor Be---%' , and 
possibly other tensors, then 0X*:---*2/OH%---¢! 1s a mixed tensor which ts 


covariant of rank (q +1) and of rank (p+ m). 


2. We shall now apply the first of the above theorems to derive tensors 
from the invariants of the mixed tensor of rank 2, F,", and shall consider 
the problem of expressing the invariants of these derived tensors in terms 
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of the invariants of H;". Note: The invariants of a covariant tensor of 
rank 2, E,s, are the invariants of the n-ary quadratic form f = Eagr*x* and 
there is only one invariant of this form, namely its discriminant.* But 
= g'*Eas where = cofactor of ger-—|g| and gre are the coefficients 
of the differential form ds? = gag: da%dv*, thus the invariants of E';" may 
be considered as the simultaneous invariants of the two n-ary quadratic forms 
f = Eur’ and g = gagr*v®. Or, if one prefers, the invariants of EH.” may 
be regarded as the simultaneous invariants of H;” and the unit tensor 4," 
whose components are 1 or zero according as 7 is equal to s or not. 

Introducing the generalized Kronecker delta + aan (which, if the 
superscripts are distinct from each other and the subscripts are the same set 
of numbers as the superscripts, has the value +1 or —1 according as an 
even or an odd permutation is required to arrange the superscripts in the 
same order as the subscripts; and which in all other cases has the value zero) 
we can form the following invariants of the tensor £,": 


= I. = ( 1/2 1) 


Applying Theorem 1 to these invariants, we derive from each of them 


a mixed tensor. Denote the tensors derived from 11, I2,---In by Tir’, 
Tor*,* *Tnr® respectively. Then 


= = 8,4, 

T sr? = 01;/0E.* =(1/2 1) Ea 
= —(1/2!) {Tor%Ea,? + = — 

Tar? = (1/31) BaP 

= 8,81 —(1/3) + + = — Tor*E a! 


ap-2 


*See Dickson, Algebraic Invariants, p. 48. 
{See F. D. Murnaghan, American Mathematical Monthly, Vol. 32, p. 233. 
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From each of these mixed tensors we can form invariants analogous to 
the invariants I,, I2,- - -In of the tensor £,". Denote the invariants formed 
from 

Tor® by I 2, ° ‘Ine, 
T sr8 by Ths, Ins, 


For the invariants of 71,8, we have 


In, =(1/2 1) da, == (1/2 [n(n — 1) /2!], 
= (1/3 1) —(1/3 = [n(n — 1) (n— 2) /3 1], 
Inn 1. 
Now denote by f(A) the polynomial 
where J;, J2,- - - Jn are the invariants of the tensor E,*. It is evident, from 
the definition of these invariants (see page 198) and the definition of the 
generalized Kronecker delta, that J, is the sum of the diagonal elements of 
the matrix || £,* ||; I, is the sum of the two rowed principle minors; J; the 
sum of the three rowed principle minors, etc. and J, is the determinant of 
the matrix || £,* ||. Hence we see that f(A) 0 is the characteristic equation 
of the matrix || Z,* || i.e. the polynomial f(A) is the determinant of the 
matrix || ||. 

Thus the invariants of a mixed tensor F,* are the coefficients of the 
characteristic equation of the matrix || £;* |!. 

With this fact and with the theorem from algebra which says that if 
you have a matrix || £,* ||, with characteristic equation f(A)—0 and latent 
roots Ai, A2,* * *An, the latent roots of any polynomial function of || E£;* || 
are the corresponding polynomial functions of the latent roots dx, A2,* * * Ans 
we shall be able to investigate the nature of the invariants of the tensors 


Consider the tensor 7'2,*. Its characteristic polynomial will be the de- 
terminant of the matrix || —T.,* ||. But E,*, so that 
the determinant 

| — | | | 
mm (—1)*| —A)— E,* | —(— 1)*f(1,—A), 


| 
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where 
f(A)=A"— + (— 1)" = | |. 


By Taylor’s expansion for a polynomial of degree n, 
so that the characteristic polynomial for T2,° is 


from which we obtain the invariants of T2,%. They are 


Tre = [f? (11) /(n — 1) = 1/(n—1)! —(n—1) =(n— 1), 
Tn = (L)/(n—2) 1] 
= 1/(n— 2)! {(n!/2!) —(n — 1) ! Ladi 2) 12} 
= [n(n—1)/2! 
= [f® (11) /(n— 3) 
= 1/(n— 3)! {(n!/3!) 1,3 —[ (nm — 1) 172! JL? 
+ [(n— 2) !/1]I2I, —(n — 8) ! Ig} [n(n —1) (n— 2) /3! 
— [(n—1) (n— 2)/2! —(n— 2) — 
Teo = [f® (11) /(n — 8)! ] =1/(n— 8)! {(n!/8!) 
— [(n—1) !/(s—1) ! 1,21 + [(n— 2) !/(s— 2) ! 12118? 
= [n!/(n—s)!s! [(n—1) !/(n—s)! (s—1)! 
+ [(n— 2) !/(n—s)! (s—2) ! 


Likewise the invariants Iy3, of the tensor will be the 
coefficients of the characteristic equation of the matrix || 7.,* || and since 
(from the expression for 73,* on page 198) 


|| || = |] || — Lil] || + || |? 


by the theorem stated above, is, Izs,--**Ins will be the coefficients of 
(Iz + An?) where Ai, A2* are the roots of 


f(A) =a" — Lat ++ (—1) = 0. 


From the elementary theory of equations we see that for this last equation & 
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I, 
I, SA1A2 


In SA1A2 Ane 
Similarly, since Ing play a corresponding role in the characteristic 
equation of the matrix || T,° ||, we shall have 


= — + Ar?) (22 — + Ag?) — + As2), ete. 


By multiplying out the factors of a term in the above summations we find 


= nl, — + 
Tog = [n(n —1) /2! —(n — 1) 
+ (% + Ly? — + 
= [n(n —1)/2! ]I22—(n — 1) + (3 Ar?) Az”) }, 
I33 = [n(n — 1) (n— 2) /3! — [ (nm —1) (n— 2) /2! 
+ [(n—1) (n— 2)/2! + (n — 2) 
—(n — 2) + (nm — 2) 
= [n(n —1) (n— 2)/38! ]I23 — [(n —1) (n— 2) /2! (1,31 — 317} 
++ (% — — Ax”) — Ao?) } 
— {3 — Ax?) — Az?) — Az”) 


From which we see that 
43 = [n(n — 1) (n— 2) (n— 8) /4! ]I24 
— [(m—1)(n—2) (n—3)/3! — 312} 
+ — 2) (n — 8) /2! {3 — Ai?) — Az?) } 
(Tada — An?) — (sds — As?) } 
+ {3 (11A1 — Ax?) ( ++ —A,7)}, 


= [n 1/(n—r) Ir! — [(n—1) 1/(n—1r) !(r—1)! {T,3A, — 3A1?7} 
+1) !/(n—r)! (r—s +1) 
x {3 — Ai?) (T1As-1 — 
(— — A:?) — Ar?) }. 
Substituting J, = 3A, and 3A,? = 1,2 — 2h, 
= nl, — I,? + 1,2 — 21, =(n — 2) 


Furthermore it is easily seen that 
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Substituting these results in the expression (page 201) for J.; we obtain 
Iss [n(n — 1) /2 ! ] 2? 2(n — 1)I,? + I,? -+ Il, 21,4. 


Since 3A,2A27A3* is of degree 6 in the A’s, it is of weight six in the coeffi- 
cients J, and we write 


Let 
Ai =Az =A; = 13 Ag = 0. 


Then 
I, = 3, I, =83, [—1, I,=I1;=0. 


Substituting. we obtain C 1. 
Next let Ay = Az Ag = Ag 1; As Then 
I, = 4, I, = 6, I, = 4, I; =I,—0. 


We get B=— 2. 
Continuing in this way we find that 


And by a similar process we obtain 


Substituting these and the foregoing results in the expression (page 13) 
for Iss, we find 


Ing — [n(n —1) (n —2)/3! — [ (mn —1) (n —2)/2! (212) 
+ (n — Il, 214) 
— (215 + + + + el, + 1,2). 


We observe from the expression for J,; on page 201 that this invariant 
is a polynomial of degree r in I, and that the coefficients of this polynomial 
are symmetric functions of the roots of f(A) 0. These symmetric functions 
being of the form 3A ;?A2%3"--- -As* where the exponents are at most 2, can 
be calculated by means of known * formulae in terms of the coefficients of 
f(A)=0, i.e. in terms of the invariants J,, J2,---In. It is evident from 
the foregoing expressions for the I1s3, I23, Iss, however, that the expression 
for I,s is not conveniently put explicitly in terms of J;, 2, etc. 

Finally we observe from the expressions (page 198) for the tensors 7’,* that 
each of the matrices || 7;* || is a polynomial function of the matrix || Z;* |. 


* See Burnside and Panton, Theory of Equations, p. 269. 
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Thus 
|| = |] || — |, 
il || = |] || || | + || 


It follows from the theorem stated on page 199 that the latent roots of 
each of these matrices are the corresponding polynomial functions of the roots 
of f(A)=0. Now given an equation of degree n, f(A)—0 whose roots are 
dip A2* * * An We can, at least theoretically, by means of Tschirnhausen’s trans- 
formation,* form the equation whose roots are any polynomial function of 
degree (%—1) or less of the roots of f(A) 0, and the coefficients of the 
transformed equation will be given in terms of the coefficients of f(A)—0. 
Thus the invariants (coefficients of the characteristic equation of the matrix 
|| Z'pr® ||) of any one of the tensors 7'p,* are functions of the invariants 
(coefficients of the equation 0) of the tensor 

In general we can say, as is evident from the foregoing considerations, 
if F's" is any polynomial function 


of the matrix EF then its invariants can be expressed in terms of the invariants 
of F, and hence the derivatives, with respect to E,", of its invariants can be 
expressed in terms of the tensors T'nr’. 


* See Burnside and Panton, op. cit., p. 318. 
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THE BEHAVIOR OF MEAN-SQUARE OSCILLATION AND CON. 
VERGENCE UNDER REGULAR TRANSFORMATIONS.* 


By RatpH PALMER AGNEW. 


1. Introduction. Recently the writer | has considered the behavior of 
continuous oscillation, continuous convergence, uniform oscillation, and uni- 
form convergence of complex and real sequences of functions under complex 
and real regular transformations with triangular matrices. It is the object 
of this paper to extend that investigation to consider the behavior of mean 
square oscillation and convergence in the mean of sequences of complex and 
of real measurable functions under complex and real regular transformations 
with triangular matrices. 


2. Transformations. We recall that a transformation with a triangular 
matrix is a sequence-to-sequence transformation of the form 


On == An282 * * * + AnnSn; (n = 1, 2,3,° 
where the dnx are constants, and that a transformation is said to be regular 
when it carries every convergent sequence {S,} into a sequence {on} which 
converges to the same value. Such a transformation is said to be real when 
Gnxz is real for all n and k; otherwise it is complex. The transformations and 
sequences considered in this paper may, except in cases where a specific state- 
ment to the contrary is made, be complex. 

The following six conditions which are to be used in this paper, are 
listed together for convenience: 


Ci: > | dnx | is bounded for all n; 
k=1 
C.: for each k, lim an,—0; 


Cs: lim a%—1; 


k=1 


Cy: lim > | an |—1; 


k=1 
C;: for each hk, 0 for almost all n; 


C.: > Qnx = 1 for almost all n. 
k=1 


* Presented to the American Mathematical Society, April 18, 1930, together with 


the paper referred to in § 1. 
+The Behavior of Bounds and Oscillations of Sequences of Functions under 


Regular Transformations,” Transactions of the American Mathematical Society, 


Vol. 32 (1930), pp. 669-708. 
ti.e. a,,=0 except for at most a finite number, depending on k, of values of n. 
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Let the symbol (7') represent a regular transformation with a triangular 
matrix. By the Silverman-Toeplitz theorem, C:, C2, and OC; are necessary 
and sufficient for the regularity of a complex transformation when applied 
to complex sequences, and of a real transformation when applied to real 
sequences. Hence (7), complex or real, satisfies C,, C2, and Cs. 

A property * of regular transformations which we shall have occasion to 
use is included in the following 


Lemma 2.1. If (J) fatls to satisfy Cx, then there 1s a bounded sequence 
{sn} of constants such that 


lim sup |om—on|> lim sup | sm—Sn|; 
m->CO, n->0O 


if (T) is real, {sn} may be taken real. 


3. Mean Square Oscillation and Convergence in the Mean. Let a 
sequence {fn(x)} of measurable functions + be defined over a set A in a 
Euclidean space, and let the Lebesgue integral 


A 


exist for all sufficiently great values of m and n; then 


M({fn},A)— lim sup J | fm(x)—fa(a) |? da 


may be called the mean square oscillation of {fn(x)} over A. 
For the purpose of relating mean square oscillation to the well known 
concept of convergence in the mean, we shall give some lemmas. 


Lemma 3.1. In order that a measurable function f(x) may be sum- 
mable,t it is necessary and sufficient that | f(x) | be summable.§ 
The following lemma is easily established. 


3.2. In order that a measurable function f(x)=u(z)+ iv(z), 
u and v being real, may be of summable square, it is necessary and sufficient 
that wu and v be of summable square. 


Using this lemma, it can readily be shown that the sums and differences 
of measurable complex functions of summable square are measurable func- 


*W. A. Hurwitz, American Journal of Mathematics, Vol. 52 (1930), pp. 611-616. 
+A complex function f(#)==u(x#)+iv(#), uw and v being real, is said to be 
measurable when w and v are measurable. 
$A complex function f(#)—=wu(#)+ w(x) is said to be summable (to the value 
f +4 ( when uw and v are summable. 
§ For real functions, this is a standard result. Caratheodory, Vorlesungen iiber 
Reellen Funktionen (1927), p. 434. 
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tions of summable square, and that if two measurable complex functions are 
of summable square, then their product is summable. 

By the Riesz-Fischer theorem * if fn(z) is real, measurable, and of 
summable square for all (or almost all) values of n and Mt({fn},A)—0, 
there is a measurable function f(z) of summable square, uniquely determined 
except over a set of measure 0, such that 


lim | f(2)—fa(e) de 


then {fn(z)} is said to converge in the mean to f(z). We may show that 
sequences of complex functions have the same property by proving 


Lemma 3.3. If fn(x) ts measurable and of summable square for almost 
all values of n and M({fn},A)—=0, then there is a measurable function f(x) 
of summable square, uniquely determined except over a set of measure 0, 
such that 


lim f | |? 


Obviously the condition fn(2) is measurable and of summable square 
for almost all n is a sufficient but not a necessary condition for the existence, 
finite or infinite, of Mt({fn}, A); it follows at once from the definition of 
Mt ( {fn}, A) and from lemma 3.1 that, for sequences of measurable functions, 
a necessary and sufficient condition is that fm(2)— fn(x) shall be of summable 
square for all sufficiently great m and n. We shall show that a sequence 
{fn(x)} of measurable functions converges in the mean to a measurable func- 
tion whenever its mean square oscillation is zero by proving 


Lemma 3.4. If {fn(x)} 18 a sequence of measurable functions and 
M({fn},A)—0, then there is a measurable function f(x), wniquely deter- 
mined except over a set of measure 0, such that f(x)—fn(x) 1s of summable 
square for almost all n and 


lim f(e)—fa(a) |? dz =o. 


Choose an index p such that fm(x)—fn(v) is of summable square for 
m=p and n= p, and let on(x)= fn(x)— f(z). Then ¢n(xz) is measur- 
able and of summable square for n=p and ¢m—¢n—=—fm—fn so that 
M( {dn}, A4)—=0; hence, applying the preceding lemma, there is a measurable 
function (xz) of summable square, uniquely determined except over a set of 
measure 0, such that 


*H. Weyl, Mathematische Annalen, Vol. 68 (1910), p. 242. 
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lim |? de—=0, 


or 


Tim 6(2)+ fo(e)—fa(e) de—0. 


It is easily seen that f(z)—=¢(x)-+ fp(x) is the required function. It may 
be noted that, since ¢(#) is measurable and of summable square and fp(z) 
is measurable, f(z) is or is not of summable square according as fy is or 
is not of summable square. 


4. Oscillation when sn(x) ts of Summable Square for All n. The 
theorems of this section give necessary and sufficient conditions that (T) 
shall not increase mean square oscillations of sequences of which each element 
is measurable and of summable square. 


THEOREM 4.1. In order that (T) may be such that 
(4. 11) M({on}, A)S {sn}, A) 


for every sequence {sn(x)}, defined over a set A of measure m(A)> 0, such 
that Sn(x) is measurable and of summable square over A for all n, Cy 4s 
necessary and sufficient. 


C, is necessary ; for when C, is denied the bounded sequence of constants 
of lemma 2.1 contradicts (4.11). If Mt({sn},4)—-+ oo, no proof of suffi- 
ciency is required for (4.11) is automatically satisfied. If Mt({sn}.A) is 
finite, let g be any greater number; then there is an index p such that 


(4. 12) | s(x) |2da<q for pZ=p,v=p. 
A 


It follows from (4.12) and Schwarz’s inequality that 


hence there is a constant, say Q, such that 
(4. 121) f |2deSQ for n=p. 
JA 


Since s,(z) is of summable square for n = 1, 2,3,- - -, p there is a constant, 
say R, such that 
f | sn(z) for all n; 
A 
thus 


(4. 122) | Sm(z) | | |deSR for all m and n. 
A 
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Again it follows from (4.12) and Schwarz’s inequality that 


(4. 13) J, | | | de <a 


fe 
We may write for m > p, n> p, 


om(2)—on(2) = (2) — > (22) 


™m™ 


n 
= UmkSk — OnkSk AmpSp — AnvSv, 


v=p+1 


and obtain the identity 


(4. 14) Om(X)— on(%) = — AnkSk 
k=1 k=1 


+ (8,008) 


—(3 2 > ann) + > AmpAny (Su — Sv) 


v=p+1 v=pt+1 


Thus 
M (on, A)—= lim sup on(2) | 2 da 


m->OO, 


(4. 15) = lim sup Pe 


m—>O, n->00 


2 dx 


where f’,, F'2, F's, F's, and /’s are in order the terms of the right member of 
(4.14). For m>p, n> p we may write 


v=pt+l1 


= Lamu | fame | dey | | 


and using (4.13) we obtain for m > p, n> p 


w=ptl v=ptl f=p+1 y=ptl 
where 


so that 
(4. 16) lim sup lim sup (qB?,B). 


m->0O, m->CO, N->0O 


Employing (4.122) and the regularity of (7), methods similar to that by 
which (4.16) was obtained suffice to prove that 


| da; 
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(4. 17) lim J (r—1, 2, 3,4). 


The right member of (4.16) being finite by C,, it follows from (4.16), 
(4.17), and Schwarz’s inequality that 


(4. 18) |F,| | Fp | de =0, 

(r= 1,2,---,5; p—=1,2,- -,5, except when r—p—5). 
Using (4.16) and (4.18), we find from (4.15) that 
(4. 19) M({on},A)S lim sup 


Using, for the first time,* C, we obtain Mt({on}, A) q; and since q is any 
number greater than Mt( {sn}, A), (4.11) follows and the theorem is proved. 
The same proof: establishes the three theorems 4.2, 4.3, and 4.4 out- 
lined in the summary of § 8. 


THEorREM 4.5. In order that (T) may be such that M({on}, A)=0 
for every sequence {Sn(x)}, defined over a set A, such that s,(x) is measurable 
and of summable square over A for all n, and such that M({sn}, A)—0, 
no further conditions need be imposed on Ank. 


To prove this theorem, we may choose an arbitrarily small positive 
number qg and proceed exactly as in the sufficiency proof of theorem 4.1 to 
obtain 4.19. Thus Mt( {on}, qB* where B—limsup B,; and since B 
is finite by C,, gB* is arbitrarily small, Mt( {on}, A)—0 and the theorem 
is proved. 

Using the properties of regular transformations and properties of 
measurable functions of summable square, we obtain from the preceding 
theorem the 


THEOREM 4.6. Any regular transformation with a triangular matrix 
carries any sequence of measurable functions of summable square, which 
converges in the mean over a given set, into a sequence of measurable func- 
tions of summable square which converges in the mean over the set to the 
same function. 


5. Oscillation when sn(x) ts of Summable Square for Almost All n. 
The theorems of this section give necessary and sufficient conditions that (T) 
shall not increase mean square oscillations of sequences of which all suffi- 
ciently advanced elements are measurable and of summable square. 


* The use of C, has been delayed at a slight inconvenience so that the preceding 
work may furnish the basis of the proofs of later theorems. 
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THEOREM 5.1. In order that (T') may be such that 
(5. 11) M ({on}, A)S M( {sn}, A) 


for every sequence {sy(x)}, defined over a set A of measure m(A)> 0, such 
that Sn(x) is measurable and of summable square over A for almost all n, 
C, and C; are necessary and sufficient. 


The necessity of C, follows from lemma 2.1. To show that C; is neces- 
sary, we shall suppose that (7’) fails to satisfy C; and construct an admissible 
real sequence {s,(x)}, bounded above (below) over A for all n, such that 
M( {sn}, A)—0 and such that the condition Mt({on},4)—0 fails. From 
a denial of C,; it follows that there is a value of k, say X, and a sequence 
{nq} of indices such that lim ng==-+ o and an,,,~0 for a1, 2, 3,---; 
furthermore owing to C, the sequence {na} may be so chosen that | dn,,) | 
~|dn,»| when i547. Let {Aq} be a sequence of subsets of A such that 
no two subsets have points in common and such that m(Aq)=—= m(A) /2?4, 
a==1, 2, 3,-+-+.* Define the sequence {s,(x)} as follows: s,(2)—=0O over 
A for nA; | ang, | over Ag, = 1, 2, 3,- +, and s,(z) 
== () for all remaining points ¢ of A. Evidently s,(x) is bounded above or 
below over A for all n according as h 1 or 2 and is measurable and of sum- 
mable square for almost all n, and Mt({sn},4)—0. But for ni >A, nj >A, 
and x in Ag, 


| on, (%) | = 2% | | / | and | on,(%)| = 2%| / | angr | 
so that 
| on, on, (x) | 2%| | | / | over Aa 
and 
| on, on, (x) | da = 274[ | — | | ]?m(Aa)/| | ? 
a 
= m(A)[ | | — | | J?/ | @nar | 


From the preceding inequality and C, we obtain for nj >A, nj > A and ij 


hence f | om(%)—on(x)|2da2 does not exist for all sufficiently large 


values of m and n, M({on}, A) does not exist,+ the condition Mi( {on}, A)—0 
fails, and necessity of C; is established. 


* The possibility of subdividing A in this manner is assured by the fact that the 
measure of the set of points of A, which lie within a “sphere ” with a fixed center and 
radius r, is a continuous monotonically increasing function of r. 

7 If one cares to admit + © as a value of a Lebesgue integral, and to consider 
sequences of which elements are + ©, then Mi {o,}> 4) is + ©, 


| 
| 


BEHAVIOR OF MEAN-SQUARE OSCILLATION. 211 


If M({sn},4) —=-+ 0, no proof of sufficiency is required. If 

M({sn}, A) is finite, let qg be any greater number. Choose an index p so 

great that s,(z) is measurable and of summable square for n = p and also 

: so great that (4.12) holds and obtain (4.13). We may obtain (4.121) and, 
' using Schwarz’s inequality, 


(5.12) |sn(2)| de SQ for 


Considering (4.15) we can, owing to C;, choose an index N = p so great 
that F, = F, = 0 for m2 N, nZN;; hence 


M({on},4)S lim sup + | ae. 


n->0O 


Using (4.13), (5.12) and the methods of the proof of theorem 4.1, we find 
that 
lim sup lim sup (¢B? B?). 


m n 
and 


lim Abia | Fp | de =0 for r—3, 4,5; p = 3, 4, 5, except when r—=p=—=65, 


m->0O, 


and hence that 
(5. 13) M({on},A)S lim sup (qB;,Bi). 


Finally, using C,, we have Mt({on}, A) gq and the theorem follows. The 
same proof establishes the two theorems 5.2 and 5.3 of the summary. 


THEorEM 5.4. In order that (T) may be such that M({on}, A) =0 
for every sequence {s,(x)}, defined over a set A of measure m(A) > 0, such 
that sn(x) is measurable and of summable square over A for almost all n, and 
such that M({sn}, A) = 0, Cs is necessary and sufficient. 


Necessity is established exactly as in theorem 5.1. The sufficiency proof 
is a modification of that of theorem 5.1 in the same sense that the proof of 
theorem 4.5 is a modification of the sufficiency proof of theorem 4.1. The 
same proof establishes theorems 5.5 and 5.6 of the summary. 


6. Oscillation when sm(x) —Sn(x) is of Summable Square for All m 
and n. The theorems of this section give necessary and sufficient conditions 
that (7) shall not increase mean square oscillations of sequences of measur- 

' able functions such that the difference of any two functions of the sequence 
is of summable square. 


THEOREM 6.1. In order that (T) may be such that 
M({on}, A)= M( {Sn}, A) 
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for every sequence {sn(x)}, defined over a set A of measure m(A) > 0, such 
that sn(x) 1s measurable for all n and sm(x) —Sn(x) is of summable square 
for all m and n, C4 and Cg are necessary and sufficient. 


The necessity of C, follows from lemma 2.1. To show that C, is neces- 
sary, we shall suppose that (7') fails to satisfy C, and construct an admissible 
real sequence {s,(2z)}, bounded above (below) over A for all n, such that 
Mi ( {sn}, A) 0 and the condition Pt( {on}, A) —0 fails. From a denial of 
C, it follows that there is a sequence {n_} of indices such that 


nN 
lim mg = +0 and | for a=1,2,3,---; 
a->0o k=1 


furthermore owing to C; the sequence {nq} may be so chosen that 
nj 
| A] | when 
= 


Let {Aq} be a sequence of subsets of A such that no two subsets have points 
in common and such that m(A,) = m(A)/2?* for a=1, 2, 38,---. Let 
a function s(x) be defined as follows: 


n 
s(x)—=(— 1)*24/ | | over Ag, 
k=1 


and for all other in A; and let s,(x) =s(z) for all n. Evi- 
dently sn(z) is measurable over A for all n and is bounded above or below 
over A for all n according as h = 1 or 2, 8m(%) — 8n() is of summable square 
for all m and n, and Mt({sn},A)—0. But for z in A 


n4 nj 
on, on, (2) | = | s(x) | | | 1 | | 1 | | 
and hence for z in A, 
nj na 
| on, on, (x) | | 1— I—|] 1— ange | |/| 1 | 


and 
nj na 

J 2)— (2) |? dx m(A) — —[1 — 12/11 — 
Aq k=1 k=1 


From the preceding inequality and C, we obtain for ij 


lim | on,(%)— on, (2) | 2 da =-+0, 


a=1 a 
and it follows as in the proof of theorem 5.1 that the condition Mt( {on}, A) 
= 0 fails and necessity is established. 
If M({sn},A4) —=-+ 0, no proof of sufficiency is required. If 
M({sn}, A) is finite, let g be any greater number and choose an index p 
so great that (4.12) and hence (4.13) hold and also so great that 
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(6. 11) Siam for n=p. 
k=1 
Choose a constant R > q such that 


then 
(6. 12) f | su(z)— sv(x)| | 


for pSpvSp, 
If »= p and yS p, then 


| su(%)— sv(x) |? S 2 | su(w)— sp(x)| + 2 | ? 


so that 

| su(z)— sv(x)| 2 daz < 2g + 2R < 
therefore 
(6. 13) | su(z)— sv(x)| (x)| da < 4k 


for s=p,vSp, Sp. 
Using (6.11) we obtain for m>p,n> p 


m 
= a AmpOnv (Sp Sv) 
v=l 
(6. 14) 
=> 2 AmpAnv (Su — Sv) AmpOnv (Sp — Sv) 
w=1 v=l p=pt1 v=1 
n 
+> AmpOnv (Sp — Sv) + > AmpOnv (Su — Sv) 
u=pt1 v=p+1 
so that 


(6.15) lom(z)—on(a)|? de = (1+ | +] + | & |)? de 


where the ®’s are in order the four terms of the right member of (6.14). 
We may note that &,= /’, and hence, owing to (4.13) and (4.16), write 


(6. 16) lim sup |%,|2deS lim sup (¢B;,B;). 


m-—>CO, n->00 


Employing (6.12), (6.18) and the regularity of (7), the method by which 
(4.16) was obtained suffices to prove that 


(6.17) lim sup |? (r= 1, 2, 3). 


2138 | 
| 
| = (3 ) (3 —( 3 ) (3 am) 
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Using (6.16), (6.17), and Schwarz’s inequality, we find from (6.15) that 
M({on},A)S lim sup (qB?B?). 
m->0O 


» 


Making use, for the first time, of C, we see that Mt({on}, A) Sq and suffi- 
ciency follows. The same proof establishes theorems 6.2 and 6. 3. 


THEOREM 6.4. Jn order that (T) may be such that Mt({on}, A) =0 
for every sequence {sn(x)}, defined over a set A of measure m(A) > 0, such 
that Sn(x) ts measurable for all n and Sm(x)— Sn(x) ts of summable square 
for all m and n, and such that M( {sn}, A) = 0, Ce is necessary and sufficient. 


Necessity is established as in theorem 6.1; the sufficiency proof is a 
modification of that of theorem 6.1. The same proof establishes theorems 
6.5 and 6.6. 


% Oscillation when sm(%) —Sn(x) is of Summable Square for All 
Sufficiently Great m and n. The theorems of this section give necessary and 
sufficient conditions that (7) shall not increase mean square oscillations of 
the most general sequences of measurable functions for which mean square 
oscillation is defined. 


THEOREM 7.1. In order that (T) may be such that 
M( {on}, A)= M( {Sn}, A) 


for every sequence {sn(x)}, defined over a set A of measure m(A) > 0, such 
that sn(x) ts measurable for all n and sm(x) —8n(%) ts of summable square 
for all sufficiently great m and n, C4, Cs, and Cy are necessary and sufficient. 


The necessity of each condition follows at once from a preceding theorem. 
If M({sn},A)—-+ o, no proof of sufficiency is required. If Mt( {sn}, A) 
is finite, let g be any greater number. Choose an index p such that s»,(x) — 
Sn(x) is of summable square for m= p, n= p, and such that (4.12) and 
hence (4.13) hold. Due to C,; and C, we can choose an index N = p such 
that dn, ==0, =1, 2, pforn>WN and >> =1 for n> WN. 


k=p+1 
Then, referring to (6.15), we see that ©, — 6, = &, = 0 over A, and obtain 


M({on},A)< lim sup |F,|2de< lim sup (9B2B?). 


m->CO, N->00 


Using C,, we find that Mt( {on}, A) Sq and the theorem follows. The same 
proof establishes theorems 7. 2 and 7. 3. 


THrorEM 7.4. In order that (T) may be such that M({on},A)—0 
for every sequence {sn(x)}, defined over a set A of measure m(A)> 0, such 


| 
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that is measurable for all n and {sn}, A)—=0, Cs; and Cg are neces- 
sary and sufficient. 


The necessity of each condition follows at once from a preceding theorem ; 
the sufficiency proof is a modification of that of theorem 7.1. The same 
proof establishes theorems 7.5 and 7. 6. 


8. Summary of Results. Each of the following is an outline of a 
theorem giving necessary and sufficient conditions that a complex (or real) 
regular transformation may be such that Mt( {on}, A)S M( {sn}, A) for every 
complex (or real) sequence {s,(x)} of a stated character defined over a set A 
of measure m(A)> 0. 


THEOREM 4.1. Complex (T') ; Complex sn(x), measurable and of sum- 
mable square for all n; Cx. 

THEOREM 4.2. Real (T); Real sn(x), measurable and of summable 
square for alln; Cy. 

THEOREM 4.3. Complex (T); Complex sn(x), bounded and measurable 
for all n; Cy. 

THEOREM 4.4. Real (7); Real sn(x), bounded and measurable for 
all n; C4. 

THEOREM 5.1. Complex (T'); Complex sn(a), measurable and. of. sum- 
mable square for almost ali n; Cx and C;. 

THEOREM 5.2. Real (T); Real sn(x), measurable and of summable 
square for almost all n; C4 and C;. 

THEOREM 5.3. Real (1); Real sn(x), bounded above (below) for all n 
and measurable and of summable square for almost all n; Cy and Cs. 

THEOREM 6.1. Complex (T); Complex sn(x), measurable for all n 
and such that 8m(%)— n(x) is of summable square for all m and n; Cy 
and Cg. 

THEOREM 6.2. Real (T'); Real sn(x), measurable for all n and such 
that 8m(2)— Sn(x), ts of summable square for all m and n; C4 and Cg. 

THEOREM 6.3. Real (T); Real sn(x), measurable and bounded above 
(below) for all n and such that sm(x)— 8n(x) is of summable square for all 
mand n; Cy and Og. 

THEOREM 7.1. Complex (T) ; Complex sn(x), measurable for all n and 
such that 8m(x)— &n(x) is of summable square for all sufficiently great m 
and n; C4, Cs, and Ce. 

THEOREM 7.2. Real (T); Real s,(x), measurable for all n and such 
that 8m(x)— Sn(x) is of summable square for all sufficiently great m and n; 
C,, C,, and Ce. 
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THEOREM 7.3. Real (T); Real sn(x), measurable and bounded above 
(below) for all n and such that 8m(x)— Sn(z) is of summable square for all 
sufficiently great m and n; Cs, Cs, and Cg. 


Each of the following is an outline of a theorem giving necessary and 
sufficient conditions that a complex (or real) regular transformation may be 
such that Mt({on},A)==0 for every complex (or real) sequence sn(z) of a 
stated character, defined over a set A of measure m(A)> 0, such that 


M({Sn}, A)= 0. 


THEOREM 4.5. Complex (T') ; Complex sn(x), measurable and of sum- 
mable square for all n; none. 

THEOREM 5.4. Complex (T’); Complex sn(x), measurable and of sum- 
mable square for almost all n; Cs. 

THEOREM 5.5. Real (T); Real sn(x), measurable and of summable 
square for almost all n; C;s. 

THEOREM 5.6. Real (T); Real sn(x), bounded above (below) for all n 
and measurable and of summable square for almost all n; Cs. 

THEOREM 6.4. Complex (T); Complex sn(x), measurable for all n 
and such that 8m(x)— 8n(x) 1s of summable square for all m and n; Cg. 

THEOREM 6.5. Real (T); Real sn(x), measurable for all n and such 
that Sm(xz)— &n(z) ts of summable square for all m and n; Cg. 

THEOREM 6.6. Real (T); Real sn(x), measurable and bounded above 
(below) for all n and such that sm(x)— Sn(x) is of summable square for 
all m and n; Cg. 

THEOREM 7.4. Complex (T'); Complex sn(x) measurable for all n; 
C; and Cg. 

THEOREM 7.5. Real (T'); Real sn(x), measurable for all n; C; and Cg. 

THEOREM 7.6. Real (T); Real sn(x), measurable and bounded above 
(below) for all n; Cs and Cg. 


9. Conclusion. In this paper we have considered in turn the four 
conditions of which any one might naturally be selected as sufficient for the 
existence (finite or infinite) of mean square oscillations of sequences. In 
each case we have found necessary and sufficient conditions that (7’) shall 
not increase mean square oscillations, and that (7’) shall preserve convergence 
in the mean. Thus eight groups of theorems have been obtained. It is a 
curious fact that these eight groups of theorems should involve as necessary 
and sufficient conditions the eight possible combinations of none, some or 
all of the conditions C,, C;, and Cz. 
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TACTICAL CONFIGURATIONS OF RANK TWO. 


By R. D. CaRMICHAEL. 


1. Definition and Immediate Examples. In accordance with the ter- 
minology of EK. H. Moore * I use the term tactical configuration of rank two 
to denote a combination of / elements into m sets, each set consisting of A 
distinct elements and each element occurring in yp distinct sets: it is to be 
understood that order of sets and order within a set are both immaterial. 
For such a configuration I use the symbol Ahn employed by Coble.+ It is 
obvious that 

In the configurations which we shall usually consider there is a certain 
symmetry in the role played by the / elements and the m sets. We may 
consider the m sets themselves as elements. The yw sets which contain a 
given symbol may be thought of as a combination of sets which define that 
symbol, provided that there is no additional symbol common to these p sets. 
From this point of view the configuration gives rise to a new configuration 
having the symbol A“... The two configurations A\* and A#\ are therefore 
essentially the same when they satisfy the restrictive condition just named. 
They may be called associated configurations. 

With each of the m sets of A elements each we may associate the comple- 
mentary set of /—A elements, thus forming m sets each of which contains 
1—.2 elements; in these sets each element occurs m—vyp times. Thus we 
have what Coble (J. ¢., p. 2) calls the configuration complementary to Ae P 
Its symbol is 

In the course of the memoir it will become apparent that tactical con- 
figurations of the sort defined are important in the theory of permutation 
groups. Coble (7. c.) has found them of essential use in constructing poristic 
forms in connection with the study of geometrical configurations similar to 
and including those associated with the Poncelet polygons which arise in 
the theory of conic sections. He points out (J. c., p. 6) that the same tactical 
problem appears in the formation of irrational (i.e., non-symmetric) in- 
variants of a set of 7 points in an Sy, of weight m and degree p. Hence 
we see that this tactical problem plays an important role in three widely 
separated fields each of great interest in itself. To construct such tactical 
configurations is sometimes a difficult problem. Concerning the difficulty 


* Mathematische Annalen, Vol. 50 (1898), pp. 226-227 (ftn.). 
+ American Journal of Mathematics, Vol. 43 (1921), pp. 1-19. 
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Coble says (J. ¢., p. 6): “Indeed the complications of this tactical problem 
are the most serious bar to any general discussion of the porisms. Certain 
series of cases may be treated as a class. . . . As a rule however each case 
presents its own peculiarities.” 

Emch * has also recently employed these tactical configurations in con- 
nection with several geometric problems. 

In this section we shall exhibit a few classes of tactical configurations ’ 
which are immediately available. In several of the following sections we shall : 
show how to use the finite geometries for the systematic construction of several 
infinite classes of these configurations. We shall also give a brief account 
of quadruple systems similar to the usual theory of triple systems. In 
addition we shall treat briefly certain other remarkable special cases and 
in particular configurations associated with the Mathieu groups and affording 
a ready means of constructing these groups. 

The finite geometries PG(k, p"), & > 1, furnish at once a certain in- 
finite class of these tactical configurations. The points of the geometry 
constitute the 7 elements and the lines of the geometry constitute the m classes. 
In a similar way from the Euclidean geometry EG(k, p"), k >1, we may 
obtain at once certain other configurations of rank two. Since the configura- 
tions thus defined are of great importance in the theory of finite groups it is 
apparent that the general theory of these configurations must have a wide 
use in this chapter of algebra. 

The configuration arising from FG(k, p") when and p" = 2 has 
the symbol Ate This particular configuration belongs not only to the infinite 
class from which it has been taken but also to another; it consists of four 
things taken in pairs; since the number of pairs is six it follows that all 
possible pairs appear. In general, one can form 44n(n—1) pairs from n 
things, each element occurring in n —1 pairs. , Thus we have a configuration 


More generally, let us form from n given elements all the sets consisting 
each of a combination of & distinct elements, & being less than n. Thus 
we have a configuration A" where 


*See Transactions of the American Mathematical Society, Vol. 31 (1929), pp. 
25-42 and Journal fiir Mathematik, Vol. 162 (1930), pp. 238-255. 
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We may also form configurations by grouping the points of PG(k, p") 
into the sets formed by the subspaces of a given number s of dimensions 
where 0<s<k. In a similar manner configurations may be formed from 
EG(k, p"). 

In the case when p” = 2 and &k > 1 we have in EG(k, 2) the number 2* 
of points. Any three points of HG(k,2) determine a plane, and this plane 
contains just one additional point of EG (k,2). Moreover, any three of the 
points in such a quadruple uniquely determines the quadruple itself. Hence 
the 2* points in HG(k,2) may be taken in 4’s, in the way indicated, so that 
any given triple of these 2" points occurs in one and just one of the named 
quadruples. This tactical configuration is therefore a quadruple system. 
If it is denoted by AX then we have 


1= 2% A= 4, p—(24—1) /3,  m = 1) 1) /3. 


Thus for & = 2 we have just one quadruple—a trivial case. For k =3 we 
have 14 quadruples of 8 things, each triple occurring just once. For k=4 
we have 140 quadruples of 16 things. In the general case, the named quad- 
ruple system is left invariant by the collineation group in EG@(k,2) and 
by no larger permutation group on its elements, as one may show without 
difficulty. 


2. Dual Configurations. Owing to the principle of duality in the 
PG(k, p") the principal configurations already formed from it have a certain 
dual character. It is of interest to construct certain other dual configurations 
from the special case of PG(2,p"). From PG(2, p") omit a line and all 
the points on that line, also omit one additional point and all the lines on 
that point. Then we have left p?"—1 points and p?”"—1 lines; moreover, 
there are p” retained points on a retained line and also p” retained lines 
on a retained point. Considering the points as elements and the lines as 
sets of elements we are thus led to a configuration Ake where 


1 =m = — 1, A=p=p". 
For p" = 2,3 these configurations are ae Aree The latter configuration 
may be represented explicitly by the sets of symbols 
136, 147, 158, 238, 245, 267, 357, 468, 


where the eight digits are the elements and the triples are those indicated. 
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This particular configuration was communicated to me orally by A. B. Coble, 
having been obtained by him in connection with a geometrical investiagtion: 
it was from an analysis of this particular configuration that I was led to 
the infinite class of configurations just described. 

Let us next consider the configuration obtained from PG(2, p") by omit- 
ting all the points on a line and all the lines on one point of this line. There 
remain p?" points and p?" lines; each retained line contains p” of the 
retained points, and each retained point is on p” of the retained lines. Thus 
we have a with 1 =m = For p*=—3 we have a 
of considerable interest. 

Let us now consider the dual configuration formed from PG (2, p") in 
the following manner. We omit all the points on two lines, leaving p*" — p* 
points. We also omit all the lines on the common point of these first two 
lines and also all the lines on one other point of one of these lines. We have 
thus omitted two lines of points, these two lines having a common point, and 
also two bundles of lines, these two bundles having a common line. The 
omitted configuration is dual in character. Hence the points which remain 
form a set that is dual in character. Grouping these remaining points in 
collinear sets on the retained lines we have a dual configuration A)“ where 


For p* 4 we have an interesting A,°°,. which may be represented by the 


following twelve triples of twelve things: 


CLO, CQT, CMS, DKT, DMP, DOU, 
EPS, ELU, EKQ, MQU, KQS, LPT. 


Let us next omit from PG(2, p") three non-collinear points and all the 
points on the three lines determined by pairs of them and also all the lines 
on each of these three points. There remain of the PG(2,p") the same 
number of lines and of points, namely, (p"—1)?; they fall into sets of 
p" — 2 each on p"— 2 lines thus giving a configuration Ave with 


A=p=—p™"—2. 


The foregoing general configuration may be readily generalized. Let 
P, denote a polygon in PG(2,p") whose vertices are Ai, and 
whose sides are A,A2, AzAs, ArAi. Omit all the points 
on these r lines and also all the lines on these r vertices. The number of 
omitted points [omitted lines] is rp". Each of the retained lines holds 
p"—r-+1 of the retained points while each of the retained points is on 


| 
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the same number of retained lines. We suppose that r is such that p?—-r-+1 
is an integer s greater than unity and less than p*—1 (in order to avoid 
trivial cases). Then we have a dual configuration Aye with 


[=m = sp" + 1. 


Let us now consider the PG(2,2"), n>2. Let Q be any complete 
quadrangle in this plane. Since its diagonal points are collinear it consists 
of seven points and seven lines. Omitting all the lines on these seven points 
and all the points on these seven lines, we have from the retained points and 
lines a A\# for which one readily shows that 


6-248, rA—p—2"—6. 


Several of the configurations which we have obtained from PG@(2, p”) 
are readily extended to PG(k, p") for k >1. Two of these generalizations 
will now be given. 

Let us omit from PG(k, p"), & > 1, one particular (4 — 1)-dimensional 
subspace PG(k—1, p") together with all its points. There remains an 
EG(k, p") containing p*™ points. Omit one of these points and each of 
the (4 —1)-dimensional subspaces PG(/ — 1, p") which contain this omitted 
point. The number of (k—1)-dimensional subspaces retained is then 
p*" —1; in each of these we take only those points which are in the named 
EG(k, p"). By means of these subspaces we have thus grouped the p**—1 
retained points into p*"—1 sets, each set containing p*?™ points and each 
point appearing in p“1!) sets. Thus we are led to a dual configuration 
where 

1—=m = —1, A= p= pH, 


In constructing another configuration A, let us omit from the PG(k, p"), 
k > 1, one particular (k—1) space PG(k—1, p") together with its points, 
thus forming an EG(k, p") of p* points. Omit also all (4—1)-spaces on 
a particular one of the points already omitted, retaining the remaining p*™ 
(%—1)-spaces. Each of these remaining (4—1)-spaces has points 
of the EG(k, p") on it, while each of these points is on p“1)™ such spaces. 
Thus we are led to a dual configuration where 1 =m = 
= Of particular interest are the cases p* = 2,k —=3; 2, k =—4; 
p" =3;k —=3: these lead to configurations with the respective symbols 


4,4 8,8 9, 
8? 
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It is possible to construct various other dual configurations generalizing 
several of those here given. In particular, configurations may be constructed 
in which the elements are lines or other subspaces. But these seem to be of 
less interest than those already given. 

By means of the collineation groups in the finite geometries one may 
readily determine the permutation groups which are characterized as being 
the largest permutation groups leaving invariant the configurations described 
in this section. But the work will not be carried out here. 


3. Other Immediate Examples. From a cycle a;d2° * * dn of n elements 
we may select cyclically the set ai@2° Ax, * * * * Ans 
thus obtaining a configuration A _- 

Let us next take two sets of nm things each, say, ai, d2,° * °,@n and 
* *,Q%n. element in one set may be paired with each element 


in the other set, giving rise to n? pairs of the 2n elements. Thus we have 
ad aa . Again, each element in one of the two sets may be paired with every 
ether element in the same set: thus we have a A,° acl)? gain, we may 
make the pairs from each one of the sets run in cyclical order, thus obtaining 
a configuration with the symbol Aeron 

The three configurations of the foregoing paragraph are capable of a 
ready generalization. Generalizing the first of them we have a configuration 
with the symbol A a obtained from 7 sets of n elements each by forming 
all the possible snk ations of J elements each gotten by taking one clement 
from each of the 7 sets. One may similarly generalize the other two con- 
figurations in the preceding paragraph. Moreover, various other similar con- 
figurations are readily formed. 

Now let us take 7 sets of n things each, / being greater than 2. Let 
these / sets be arranged in cyclical order. Form pairs by taking each element 
in one set with each element in the set which follows it in cyclical order. 
Thus we form /n? pairs from the In elements, using each element 2n times. 
This gives rise to a configuration As ,» '>2, due to Coble. This con- 
figuration is capable of generalization in the following manner. Let us con- 
sider / sets of n things each where / > 4X, these 7 sets being arranged in cyclical 
order; and let us form combinations of A elements each, such combinations 
being formed from Xd consecutive sets from the 7 sets in their fixed cyclical 
order by taking one element from each of the A sets in all possible ways. 
Thus we have In elements formed into sets of A elements each, the number 
of sets being Zn and each element appearing in An! sets. This gives rise 


to a configuration 
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AdAn-1 


l>.. 


S i thie = == "4 J n, n™ 
For the case in which 1 —=n-+1 and A=n we have a For 


n = 2 this becomes a; and this configuration consists of all the pairs of 
the six elements involved except the three pairs from which the configuration 
was formed. 

Other configurations are readily formed by various modifications of the 
methods employed in this section. 


4, Configurations Associated with Coble’s Box Porism. In the 3-space 
PG(3, p") there are _p"-++1 points on a line 7 and p"+1 planes on the 
same line. Let us take p” of these planes and a point P not on any of these 
p" planes (and hence on the remaining plane through J). Let Q be any 
point on 7. In addition to the p” planes already retained, keep also the p?” 
planes which are not on the line PQ. We thus retain p?"-+ p” planes. 
Retain the p*" points which are not on the plane through P and /; these 
points form an EG(3,p"). The points retained in a given one of the p" 
planes first selected and the lines in which that plane is cut by the retained 
planes on P form a configuration 

Hence the p®" retained points appear in sets of p" each on the p?"-+ p” 
retained planes; moreover, each of the retained points appears on one of 
the retained planes through 7 and on just p” of the retained planes on P. 
We are thus led to a configuration having the symbol 

When p" = 2 we have here a configuration with the symbol A#?. It is based 
on the PG(3,2). It may be shown that this leads to a configuration equiva- 
lent to that defined by the following scheme: 


DEFG, LMNO, DELM, FGNO, DGLO, EFMN. 


If these six quadruples in the order written are numbered 1, 2,- - -, 6, then 
the eight letters named in them are determined by triples of digits according 
to the following correspondence: 


135 136 145 146 235 236 245 246 
D G F L 
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These eight triples of six elements form the configuration ans belonging to 
the box porism of Coble (1. c., p. 15). The latter is therefore exhibited as 
belonging to an infinite class of configurations: the class was suggested by 
this example. 

Another infinite class of configurations having the same symbols as the 
foregoing may be constructed in the following manner. From PG(3, p”) 
form the corresponding FG(3, p") by omitting a plane with its points. Let 
P be a point on this plane; then there are p?” + p” additional planes on P; 
these are to be retained. The p*" points of the HG(3, p") fall on these planes, 
p?" points on each plane thus considered. Moreover a given one of these 
points is on each of the planes containing the line joining this point to P, 
and hence it is on p" + 1 of the retained planes. We are thus led to another 
general configuration with the same symbol as that which appears in the 
preceding paragraph. These configurations, however, have a certain degen- 
erate character so that they do not give rise to associated configurations by 
means of the method just employed in the preceding paragraph. 


5. Certain Additional Configurations. From the PG(k, p"), k > 2, 
let us omit a line of points and also all the lines on each of these points. 
The number of points remaining is 7 where 


[== p2" pin ° phn, 


By computing the number of omitted lines it is readily shown that the 
number m of retained lines is 


— n n 2n wis (k-1)n\_ 


The retained points fall A at a time on the retained lines, where A= | + p*, 
each point appearing on yp of the lines, where 


This gives rise to a AX“ where 1, m, A, » have the values given. 

To form another. ‘configuration let us omit from PG@(3, p") the points 
on two non-intersecting lines and all the lines through these points. This 
leaves p"(p?"— 1) (p"—1) lines of the PG@(3, p"). Each of these contains 
p" +1 points of the PG(3, p"); and each of these retained points is on 
p>" — p” lines. Hence the retained points and lines yield a configuration 
A“ where 


~ 
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1 =(p" + 1) 1), m == p"(p"—1) (p?*—1), 
p"+1, p= p*(p"—1). 


Again, from the PG(2k +1, p") let us omit the points of a k-dimen- 
sional subspace S,; and also all the (2k)-spaces containing S;. We thus 
retain J points and 7 (2k)-spaces where 


Each of the retained (2h)-spaces has A retained points where 


and each of the retained points lies on d of the retained (2k)-spaces. Thus 
we are led to a configuration A‘ where A and / have the values just given. 


6. Subgeometries and the Complementary Sets. Let v be any proper 
factor of n. Then in PG(k, p") there is included the geometry FG(k, p’), 
namely, those points of PG(k, p") whose codrdinates may be takzn as marks 
of the GF[p’] included in the GF[p"]. We shall denote by C(k, p", p”) 
the complementary set of points, namely, the points of PG(k,p") which 
are not contained in the included PG(k, p”). The number / of points in 


C(k, p", p”) is 
= — ph) + — 4. --+(p"™"— p’). 


If a line in PG(k, p") contains two points of PG(k, p”) it contains all 
the points of a line in PG(k, p”). Hence the lines of PG(k, p") may be 
separated into three classes: the first class consists of those lines each of 
which contains a whole line of the PG(k, p’); the second class consists of 
those lines each of which contains just one point of the PG(k, p”) ; the third 
class consists of those lines containing no point of the PG(k,p”). The 
numbers of lines in these three classes are readily shown to be respectively 


(p&D» — 1) — 1) ‘phn — J pe —1 __ 
(pln 1) (pen — 1) petty pe —1 —1) 
(p™—1)(p"—1) 1 ). 
It is not difficult to show that the third class is the null class when and only 
when k 2 and n = 
15 


| 
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With these classes we readily construct tactical configurations as follows, 

Let us consider the second class of lines in the case when k = 2 and 
nm = 2v. Each of the p?” + p’ + 1 lines of the PG(2, p”), when extended to a 
line of PG@(2, p?”), contains just p?” — p” points of C'(2, p?’, p”) ; and no point 
P of C(2, p?”, p’) occurs on two such extended lines. Hence each of the 
(p?” p”) (p?” + p’ +1) points of C(2, p?’, p”) occurs on one and just one 
line which contains a line of PG(2, p”). Hence each point P of C(2, p?”, p’) 
lies on just p?” lines of the second class, this being the number of lines joining 
P to points of PG(2, p”) other than the line of PG(2, p”) on the extension 
of which P lies. Moreover, each line of the second class contains just p?” 
points of C(2, p?’,p”). Hence the (p?”—p’)(p?”?+p’+1) points of 
C'(2, p?”, p”) lie p?” at a time on the (p?”— p”) (p?” + p’+ 1) lines of the 
second class and each point is on just p?” of these lines. This gives rise to 
a tactical configuration A“, where 


In the case when p”=2 this gives a A)#4,; this can be represented 
explicitly in the following form in which the fourteen columns denote the 


fourteen sets of four points each (each point occurring in four sets) : 


422 2242 iA 2s 


& 

gu 


From the last foregoing general configuration a certain reduced con- 
figuration is readily obtained. Let us omit from P((2, p”) one of its lines 
and at the same time omit from PG(2, p?”) the line L which has p’+1 
points in common with the omitted line PG(2,p’). This line contains 
— p” points of C(2, p’). The remaining points of C(2, p?”, p”) are 
(p2” — p”) (p2” + p”) in number. These points fall p?” at a time on those 
lines of the second class other than the lines containing each a point of L 
which is in the set C(2, p?”, p’). These latter lines are (p?”— p”)p?” in 
number, since each of the excluded p?”— p” points is on just p®” lines of 
the second class and no two of them are on the same line of the second class. 
Excluding these lines and retaining the others of the second class we have 
p’(p?” —1) retained lines. Each of the retained points is on just p” of the 
retained lines. Hence we have a tactical configuration AN where 


p?”(p”—1), AX=p”, m—p(p”—1). 
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For p’ = 2 this isa 45%. The associated configuration A?+, has an obvious 


generalization to a configuration 


2, 2(n-1) 
4 
consisting of all the pairs of the 2m symbols a, except the pairs 
G1, Os, °° Gen, each @ occurring in 2(m—1) pairs. And 


this in turn is capable of an immediate generalization to the case of kn 
things taken & at a time except for the omission of n sets of & each, the 
latter sets involving each symbol once and just once. 

Let us consider the second class of lines in the case when k —2 and 
n=pv,p >2. The number 7 of points in C(2, p”, p”) and the number m 
of lines in the second class and the number WN of lines in the third class are 
now respectively : 


1—=(p” — p’) +1), m—=(p”—p”) (p” +1), 
N =(p” — p”) (p” — p?”). 


Moreover, each line of the second class contains just p” points of C'(2, p*”, p”). 
We may separate the points of C'(2, p’, p”) into two subclasses C,(2, p°”, p”) 
and C,(2, p’), those of the subclass C, being each on a line of PG (2, p”) 
which contains p” + 1 points of the PG(2, p”) while the subclass C. consists 
of the remaining points of C. Now these subclasses C, and C2 contain /, and 
1, points respectively where 


a result which may be proved as follows. The PG(2, p”) contains p?”-+ p’+ 1 
lines and each of these lines has p*”— p” points of C, while no point of C, 
is on two of these lines, since two such lines have a point of P@(2, p”) 
in common. Hence J, has the value just given; then /, is obtained from the 
formula J, = 1— 

Each point of C, is‘on just p?” lines of the second class, since it is on 
just one line of the first class and this line contains just p’-+1 of the 
p?’ + p’ +1 points of the PG(2,p”’); and each point of C2 is on just 
p>” + +1 lines of the second class. But just -+ 1 lines of PG@(2, 
pass through any given point of this geometry. Hence each point of C, is 
on just p?”— p” lines of the third class, and each point of C2 is en just 
p’” — p?” — p” lines of the third class. Every line of the second class con- 
tains just as many points of C; as there are lines in PG@(2, p’) not con- 
taining the point which this line of the second class has in common with 
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PG (2, p”), and this number is p?”; therefore every line of the second class 
contains just p’” — p?” points of C2. 

Now we have seen that the /, points of C, fall, in sets of p®” each, 
on the m lines of the second class, each point of C, belonging to just p?” 
lines of the second class. Thus we have a A“ with 


For p=3 and p” =2 we have thus a Ate 

Again, the 7, points of C2 fall, in sets of p’”— p*” each, on the m lines 
of the second class, each point of C, belonging to just p?” + p” + 1 lines of 
the second class. Thus we have a A¥# where 


A= pr? — w= p+ p’ +1, 1 = l,, 


and where m and I, have the values already given. 

Each line of the third class contains just p?”+ p’-+-1 points of (C; 
since it contains no point of PG(2, p”) and has one and just one point in 
common with each of the p?” + p”-+-1 lines each of which contains p’ + 1 
points of PG(2,p”). Hence each line of the third class contains also 
pr? — p*” — p” points of C2. 

From the foregoing results we see that the 7, points of C; fall, in sets 
of p?”-+- p’+1 each, on the W lines of the third class. This defines a 
tactical configuration of rank two. 

Similarly, we see that the 7, points of C2 fall, in sets of p’” — p?”— p” 
each, on the W lines of the third class, each point of C, belonging to just 


p’” — p?” — p” lines of the third class. Thus we have a Ay}, where 


It is evident that other configurations may readily be constructed by 
means of finite geometries of more than two dimensions and the subgeometries 
contained within them. 


%. Quadruple Systems. If n elements 21, Y2,° * *,2%n can be arranged 
in quadruples so that each triple rargx of distinct elements occurs in one 
and just one quadruple, then the arrangement so made is called a quadruple 
system. The number n of elements in a quadruple system must be of one 
of the forms 6m + 2 and 6m + 4, as one may readily prove by showing that 
each of the numbers 
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n(n —1)(n—2)/4:3°2, (m—1)(n—2)/3°2, (n—2)/2, 


must be an integer: the first of these numbers is the number of quadruples 
in the. system; the second is the number of quadruples containing a given 
element; while the third is the number of quadruples containing a given pair 
of elements. The quadruples containing a given element evidently lead to a 
triple system on the remaining elements. 

From a given quadruple system on the n elements 2%, %2,° * *,%n one 
may form a quadruple system on the 2n elements 21, U1’, Zo’, Ln’ 
in the following manner. For each quadruple rgrgryx5 of the given set form 
also the quadruple 2xq’x,’xy'rs' and retain %gxgvyxv5. For each quadruple con- 
taining the given pair 2%, as for instance vgrgxntp, form also the quadruple 
Form also the quadruples for every pair 8) of the 
set 1, 2,---,n. The total number of quadruples thus formed is 


2(n) (n — 1) (n— 2)/ 24 + n(n — 1) (n— 2)/4 + n(n — 1) /2, 


or 2n(2n — 1) (2n — 2) /24. 


This is just the required number of quadruples for a quadruple system of 
2n elements. Therefore the named quadruples form a quadruple system 
provided that no triple occurs in two quadruples. That this condition is 
met is readily shown by considering the ‘triples of each of the forms 
Lp'Lo' Ly’, Lp Hence from a given quadruple system 
on nm eiements one may construct (in the manner indicated) a quadruple 
system on 2n elements. 

Now 222434, forms a (trivial) quadruple system. Applying to it the 
method of the previous paragraph one obtains a quadruple system on eight 
elements; and it is easy to show that this is the only quadruple system on 
eight elements. From the quadruple system on eight elements one may form 
one on 16 elements; from this, one on 32 elements; and so on. Thus one 
has quadruple systems on 2* elements for k =3, 4, 5---. These are the 
same as the quadruple systems formed at the end of §1 by means of the 
finite geometries. 

Now consider the collineation group C(1, 3*) of the P@(1,3*). It has 
a subgroup consisting of those transformations 


af = (ax + B)/(ye +8), 


for which a, B, y, 8 belong to the Galois field GF[3]; this subgroup is of 
order 4-3-2; it permutes among themselves the elements o, 0, 1, 2; these 
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elements are left individually fixed by the transformation 2 = 2°; this trans- 
formation and the group of order 24 just mentioned generate a group of 
order 24k, each element of which leaves fixed the set o, 0,1, 2. Hence the 
group C'(1, 3*) transforms this quadruple into (3* + 1)3*(3*— 1) /24 quad- 
ruples [as does also the projective group P(1,3*) of P@(1,3*)]. Since 
the group is triply transitive it follows that every triple of the 3* + 1 points 
of PG(1, 3*) occurs among these quadruples. The quadruples therefore con- 
stitute a quadruple system. When & —1 we have a trivial case. When k = 2 
we have a quadruple system on 10 elements. 

From the three preceding paragraphs it follows that quadruple systems 
of n elements certainly exist for every number n of the form 


= (3* + 1)2!, (4 =1,2,3,---, 


The general problem of the existence of quadruple systems of n elements 
when n is of the form 6m + 2 or 6m- 4 appears not to have been solved. 

Let us return to the quadruple system on 3*-+-1 elements already 
constructed. Those quadruples which contain the element oo lead to a triple 
system on the 3* elements exclusive of 0. It may be shown that this is the 
same as the triple system afforded by the lines of EG(k,3). Its group is 
therefore the projective group EP(k,3), a doubly transitive group of degree 
3* and order 


3% (3% — 1) (3% — 3) (3* — 32) - - - (3 — 3-4), 


This triple system may also be constructed (in a manner now obvious) by 
means of the transformation group 7 —az-+ 8 in the GF[3*]; and when 
so constructed it leads at once to the larger doubly transitive group just 
named—a good example of the way in which configurations often lead from 
a given multiply transitive group to a larger one containing it. 


8. Configurations Associated with the Mathieu Groups. The Mathieu 
groups of degrees 11, 12, 22, 23, 24 (one of each degree) are remarkable 
for two things: (a) they seem to be the only known simple groups which 
do not appear among the known infinite classes of simple groups; (b) among 
them are found the only known four-fold and five-fold transitive groups other 
than the alternating and symmetric groups. Examples which stand apart in 
such a way possess a peculiar interest on account of their isolation. It there- 
fore seems worth while to present (without any details) a very direct method 
for constructing these groups by means of configurations and to indicate some 
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of their properties which are made manifest by means of these configurations. 

The linear fractional group modulo 11 of order 12- 11-5 is often repre- 

sented as a doubly transitive group of degree 12 on the symbols , 0, 1, 2, 

-, 10. From the twelve symbols which this transitive group. permutes 
one may select a set of six, namely, «, 1, 3, 4, 5, 9, such that the set is 
transformed into itself by just five elements of this group. The whole group 
therefore permutes the set of six symbols into 132 such sets. If any five 
symbols are selected from the twelve they appear in one and just one of 
these sextuples. The 132 sextuples therefore afford an interesting configura- 
tion on 12 symbols which may well be called a sextuple system, in analogy 
with the terminology employed in the preceding section. The symbol 
appears in just 66 of these sextuples, whence it follows readily that these 
66 sextuples afford a configuration of 66 quintuples on the set 0, 1, 2,- - -, 10. 
These may be said to form a quintuple system since each set of four of the 
symbols appears in one and just one of the quintuples. Any one of the 11 
elements occurs in just 30 quintuples from which a quadruple system on 10 
elements may be formed by omitting that element. From this in turn the 
triple system on nine elements may be constructed. 

If one seeks the largest permutation group G on the twelve symbols, 
each element of which leaves invariant the named sextuple system, it is found 
that G is a five-fold transitive group of degree 12 and order 12-11-10-9-8. 
This is the Mathieu group of degree 12. Its largest subgroup, each element 
of which leaves one given symbol fixed, is the Mathieu group of degree 11, 
a fourfold transitive group of order 11-10-9-8. Moreover it is the group 
belonging to the quintuple system already named. 

From the foregoing considerations it follows also that the Mathieu group 
of degree 12 contains a subgroup of order 10-9-8 each element of which 
leaves fixed a given one of the 132 sextuples. This subgroup is intransitive, 
having two transitive constituents each of degree 6. It thus sets up a simple 
isomorphism of the symmetric group of degree 6 with itself; and the iso- 
morphism so established is an outer isomorphism. This outer isomorphism 
is therefore an essential element in the structure of the Mathieu group of 
degree 12. 

The linear fractional group modulo 23 of order 24-23-11 is ofter 
represented as a doubly transitive group of degree 24 on the symbols: 
o, 0, 1, 2,-- +, 22. This transitive group contains a subgroup of order 8 
each element of which transforms into itself the set oo, 0, 1, 3, 12, 15, 21, 22 
of eight elements, while the whole group transforms this set into 3-23-11 
sets of eight each. This configuration of octuples has the remarkable property 
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that any given set of five of the 24 symbols occurs in one and just one of 
these octuples. The largest permutation group I on the 24 symbo!s, each 
element of which leaves this configuration invariant, is a five-fold transitive 
group of degree 24 and order 24° 23-22-21-20-48. This is the Mathieu 
group of degree 24. Its four-fold and three-fold transitive subgroups of degrees 
23 and 22 are the Mathieu groups of these degrees. With these two subgroups 
respectively we may associate (in a manner now obvious) configurations on 
23 and 22 letters respectively. The former consists of septuples such that 
any set of four of the 23 elements occurs in one and just one septuple; the 
latter consists of sextuples such that any set of three of the 22 elements in 
it occurs in one and just one sextuple. 

The latter set of sextuples on 22 symbols leads readily to 21 quintuples 
on 21 symbols; it may be shown that these quintuples constitute the lines of 
the geometry PG (2, 27) of 21 points. 

The Mathieu group of degree 24 contains a subgroup of index 3° 23-11 
each element of which leaves invariant a given octuple of the previously 
named configuration of octuples. This subgroup permutes the eight symbols 
in this octuple according to the alternating group of degree 8; it permutes 
the remaining 16 symbols according to a triply transitive group of degree 16 
and order 16-15-14-12-8; the latter of these two groups is (16,1) iso- 
morphic with the former. This isomorphism is essential in the structure 
of the Mathieu group of degree 24. By means of this isomorphism and the 
known lists of groups of degree not exceeding 8 it is easy to find all the 
primitive groups of degree 16 contained in the named triply transitive group 
of degree 16: it turns out that they are 20 in number: these are all the 
primitive groups of degree 16 except the alternating and symmetric groups 
of this degree (Miller, American Journal of Mathematics, Vol. 20 (1899), 
pp. 229-241). By means of the named (16,1) isomorphism it may also be 
shown without much difficulty that for every transitive group of degree 5 
there exists a doubly transitive group of degree 16 which is (48,1) isomorphic 


with the group of degree 5. 


9. Configurations of Marks in GF[p"]. Let » be a primitive mark of 
the Galois field GF[p"] and let » be any (positive) factor of p»—1. Write 
p"—1—pk. Let Gr, G.=Gi[p"], be the group, of order pp", consisting 
of the transformations 2’ az -+ 8, where runs over all the marks of 
GF[p"] and @ over the k-th power marks of this field. The set of marks 


1, w*, w*,- - +, wo D* is left invariant as a set by the transformations 2’ = ax 


of G, and by no other transformations of G,, since » is prime to p, while 
the transformations 2’ 2 -+ B of permute this set into the p” (distinct) 
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sets in the following columns: 


wk +o ok +- w2 gk @?"-1 


Hence the configuration Ax, A, == Ax[p"], on the marks of GF[p"], defined 
by this array is invariant under Gx. 

Let Ty, Ty ==Tx[p"], be the largest transformation group on the marks 
of GF'[p"] each element of which leaves invariant the configuration Ay. Then 
Ty, contains G, as a subgroup. It is easy to show that Gy is the largest sub- 
group of Ty that is contained in the group of all linear transformations in 
GF[p"|. The groups G; and Ty induce permutation groups Gz and Ty re- 
spectively on the p” marks of GF[p"]; it is sometimes more convenient to 
deal with these permutation groups than with the transformation groups by 
means of which they are defined. 

Let us consider the case when each pair of marks occurs in v and just v 
of the sets in Az[p"]. Then by a count of pairs it is seen to be necessary 
that »=kv-+1 and hence that p*"—1+h-+vk?. Since 0 and 1 must 
occur together in just v of the sets it follows that the GF'[p"| must have 
the property that there are just v pairs of k-th powers in GF'[p"] such that 
the elements of each pair differ by 1. The configurations thus arising would 
doubtless reward further investigation, especially the case when v2 and 
pe =1+k + 2k?. 

We consider further the general case when k =2. Then p"—4y+ 3 
and G, contains a transformation replacing the pair 0,1 by any preassigned 
pair. Hence any preassigned pair of marks occurs in the same number of 
sets of A2[p"] as any other pair. Thus we have the theorem: 

If p" = 4y-+3 then each pair of marks occurs in v and just y sets 
belonging to the configuration A.[p"]; there are just v pairs of squares in 
GF[p"] such that the elements of each pair differ by 1; any two sets in 
A.[p"] have just v elements in common. 

It is easy to show that A2[7] is the same as PG(2,2) and hence that 
the group belonging to it is the doubly transitive group of degree 7 and 
order 7-6-4. 

The A2[11] is an interesting configuration consisting of the 11 quin- 
tuples into which the set 1, 4, 5, 9, 3 is changed by the cyclic permutation 
(0, 1, 2,- +--+, 10). The group belonging to it is the doubly transitive group 
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of degree 11 and order 11-10-6. A given pair of symbols occurs in just 
two quintuples of A2[11]. Furthermore, any two of these quintuples have 
just two symbols in common. With each of the 55 pairs of these quintuples 
we may associate the quintuple formed by taking the two symbols common 
to the pair and the three symbols absent from both pairs; thus we have 55 
additional quintuples. If we adjoin them to the 11 quintuples in A.[11] 
we have 66 quintuples forming the quintuple system described in §8. The 
group belonging to it is of order 11-:10-9-8, as we have seen, and hence 
is much larger than the group of order 11-10-6 which belongs to each of 
the parts from which we have formed the quintuple system. 

In general, when p” = 4v + 3, any two sets in A2[p"] have just v ele- 
ments in common; these and the vy + 1 elements absent from both pairs form 
a set of 2v-+ 1 elements; thus we have a configuration B.[p"] consisting of 
Vn"(p"—1) sets of 2v-+-1 elements each; combining A.2[p"] and B.[p"] 
we have a configuration C.[p"] containing the quintuple system of the pre- 
ceding paragraph as a special case. These configurations C2[p"] would doubt- 
less reward further investigation. 

Let us now consider the group G of transformations of the form 


=(at + B)/(yt +8), a5 — By = square, 


in the Galois field GF[p"] where p is an odd prime. Let S denote the set 
of 144(p"-+1) elements consisting of « and the square marks of GF[p"] 
and denote by D[p"] the configuration consisting of the sets into which 8 
is transformed by G. I have not developed a theory of the configurations 
D[p"] though they seem to be of considerable interest. The configuration 
D['7] is the quadruple system on eight elements; the group belonging to it 
is the triply transitive group of degree 8 and order 8-7-6-4. The D[11] 
is the sextuple system on 12 elements which (§ 8) characterizes the Mathieu 
five-fold transitive group of degree 12. 


10. Configurations Associated with Multiply Transitive Groups. Let G 
be a multiply transitive group of degree n whose degree of transitivity is k; 
and let G have the property that a set of m elements (k << m <n) exists 
in @ such that, when & of these m elements are changed by a permutation 
of G into & of these m elements, then all the m elements are permuted among 
themselves. Then the largest subgroup of G which permutes these m ciements 
among themselves permutes them according to a transitive group which is 
at least k-fold transitive. Moreover, of k > 4m -+ 1 (and also under certain 
other conditions) it follows (from the theory of multiply transitive groups) 
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that these m elements are then permuted by the named subgroup according 
to the alternating or the symmetric group of degree m; and it is certainly 
the symmetric group when m =k + 1. 

Denote the order of G by n(n—1)---(n—k-+1)A and let G, be 
the subgroup of G of order d leaving fixed each of a given set of & elements. 
Let. H be the largest subgroup of G which permutes the named m elements 
among themselves and denote by m(m—1)-- -(m—k-+1)z the order of 
the group I by which these m elements are permuted by H. Then yp is the 
order of the largest subgroup I, of I which leaves fixed each of & given 
elements; hence T; is a subgroup of the group induced by G,; on the m 
elements on which T' operates: therefore » is a factor of X. 

Let p be the order of the largest subgroup K of G which leaves fixed 
each of the given m elements and let o be the order of the largest subgroup 
L of G which leaves fixed each symbol of G not in the set of m given elements. 
Then G, is (p,o) isomorphic with T,. Hence Ao = pp and the order of H 
is m(m—1)-- -(m—k+1)do. 

Thence it follows that G permutes the given m elements into 


sets of m elements each, thus forming a configuration which we denote by E£. 
Since G is k-fold transitive it follows that a given set of & elements occurs 
in just as many of these sets of m each as any other set of k elements. Since 
each set of & elements must appear at least once it follows that the number 
of sets must be at least as large as 


(m—E+1). 


Therefore o = 1 and each set of & elements appears in one and just one set 
of m elements in the configuration £. 
Thus we have the following theorem: 


Let G be a multiply transitive group of degree n whose degree of transi- 
tivity is k; and let G have the property that a set S of m elements exists 
in G@ (k< m<_n) such that when k of these elements S are changed by a 
permutation of G into k of these elements then all these m elements are per- 
muted among themselves. Then the identity is the only element in G which 
leaves fixed each of the n—m elements not in S; G permutes the m elements 
of 8 into 


(m—k+1) 
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sets of m elements each, thus forming a configuration E having the property 
that any (whatever) set of k elements appears in one and just one of the 
sets which constitute E. 


It is clear that a necessary condition for meeting the hypotheses of the 
theorem is that k, m, n shall be such that each of the numbers 


n—k+1 (n—k+2)(n—k+1) 
m—k+ 1? (m—k+2)(m—k+1)’ > m(m— 1): ++ (m—k-+1) 


shall be an integer. If m—6 and k —&d it may then be readily shown that 
n is of one of the forms 6p or 6p + 10 where p is not divisible by 5. In the 
case n = 12 we have already had an illustration of the theorem afforded by 
the Mathieu five-fold transitive group of degree 12. If m=—8 and k=—5 
it may be shown that n must be of one of the forms 20% -+ 4 and 20u-+ 8 
and that it must also be congruent modulo 7 to 1, 2, 3 or 4. The smallest 
values of n (n >8) meeting these conditions are 24, 44, 88, 108. The 
Mathieu five-fold transitive group of degree 24 affords an illustration of the 
theorem for the case n = 24, m = 8, k = 5, as may be seen from § 8. 

The finite geometries PG(A, p”) afford examples of the configurations 
defined in the foregoing theorem, & being 2 and m being the number of points 
on a line. Similar examples arise also from the HG(A, p”). In these cases 
one first constructs the configuration and then determines the group. 

Again, to take up a different problem, let G be a multiply transitive 
group of degree n whose degree of transitivity is k and let G, be the largest 
subgroup of G which leaves fixed each of a given set of & symbols on which 
G operates. Let us suppose that G, has v sets of transitivity of degrees 
tv where the are all different when vy > 1 and that it has at 
least one additional set of transitivity of still another degree. Let s; be the 
number of transitive constituents in G, each of which is of degree ¢;. Then 
with each set of & symbols from the n on which @ operates associate all the 
remaining symbols in the transitive constituents of degrees ti, t2,° °°, tv. 
We thus have symbols in the set where + s,t, + + + Svlv <n. 
With each set of & symbols in G form in this way a set of J symbols and let 
\ denote the number of sets so formed. They constitute a configuration F. 
Then A is not greater than the number of combinations of n things taken 


k at a time. 
It is clear that F is invariant under G and that its sets are permuted 


transitively by G. Moreover, one set of & symbols will appear in just as many 
of the A sets of F as any other set of & symbols. Let » denote this number, 
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so that each set of & symbols will appear in just p of the A sets of F. Then 
it is easy to show that 


k! 


IIA 


A= 


Thus, for any given multiply transitive group G whose subgroup G, has 
transitive constituents of different degrees (always realized when n—k is 
a prime) we have in this way a configuration / left invariant by G, while 
its sets are permuted transitively by G. (There is nothing to indicate that F 
may not characterize a larger group containing G as a proper subgroup). 

Particular interest attaches to the case when »—1, that is, the case 
in which each set of k symbols appears in only one of the sets which con- 
stitute F. When k = 4 the conditions thus arising greatly restrict the possible 
values of n, the restrictions increasing rapidly with increasing k. 

Returning to the general case, suppose that a given set M of / elements 
in F is obtained from each of just p sets of k elements, by the method em- 
ployed in the construction of F. Consider a permutation P of G@ which 
transforms M into a set N of F'; then the p sets each of which leads to M 
are transformed into p sets each of which leads to NV; by transforming N to M 
by P-1 we then see that just p sets of & each lead to N. Since G permutes 
the A sets of F transitively it follows that each of the A sets in F’ is obtained 
from just p sets of & elements each. Since each set of & elements occurs in 
just » sets of J’ we then have 


while from the previous value of A we have 
pe 


11. Some Generalizations. By a complete A-y-v-configuration of n 
elements we shall mean a configuration of n elements taken v at a time 
so that each set of » elements shall occur together in just A sets. (Compare 
Netto’s Lehrbuch der Combinatorik, second edition, p. 325). Then a triple 
system is a complete 1-2-3-configuration; a quadruple system is a complete 
1-3-4-configuration ; and so on. A finite two-dimensional geometry PG (2, p") 
is a complete 1-2-(p" + 1)-configuration. In § 8 we have shown the existence 
of a complete 1-4-5-configuration on 11 elements, a complete 1-5-6-configura- 
tion on 12 elements, a complete 1-5-8-configuration on 24 elements, a complete 
1-4-7-configuration on 23 elements and a complete 1-3-6-configuration on 
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22 elements. These examples are sufficient to show the importance of com- 
plete A-z-v-configurations for A=1. But little has been done towards a 
general theory of complete A-y-v-configurations. In the next section we shall 
treat certain 2-2-k-configurations. 

An infinite class of complete 2-3-4-configurations may be constructed in 
the following manner. Let p be any prime of the form 6m-+-1 and let 
p be a solution of the congruence #2 —_¢t-+1==0 mod p. The set oo, 0, 1, p 
is transformed into itself by the group generated by the transformations 


==(x—1)/emodp and 2 =p/z mod p, 


a group whose order is 12. Thence it follows readily that the set , 0, 1, p 
is transformed into (p+ 1)p(p—1)/12 quadruples by the linear fractional 
group modulo p, the order of which is (py +1)p(p—1). Since this linear 
fractional group is triply transitive it follows that each triple of the p+ 1 
elements oo, 0, 1, 2,- - -,—1 occurs among the quadruples in the named 
set of quadruples, and indeed that each triple occurs the same number of 
times as any other, whence it follows that each of them occurs just twice. 
Thence it follows that these quadruples constitute a complete 2-3-4-configura- 
tion. In case m is odd (but not when m is even) this configuration breaks 
up into two equivalent configurations each of which constitutes a complete 
1-3-4-configuration, a fact which one may readily verify by showing that the 
transformations of square determinants in the named linear fractional group 
then transform o, 0, 1 into every triple of the p+ 1 elements (though as 
a permutation group it is only doubly transitive). 


12. Certain Complete 2-2-k-configurations. We shall now treat those 
complete 2-2-k-configurations of nm elements which are formed by 1 sets of 
k things each such that each two sets have just two elements in common. 
Since each of the 44n(m—1) pairs of elements occurs just twice and each 
of the n sets of & elements contains just 4%4k(k—1) pairs it follows that 
we must have 1444(k —1)n = 2-ln(n—1), whence it is necessary that 


n= —1)+1. 


The case k = 2 is entirely trivial. When & —3 we have n= 4 and the 
configuration consists of the four triples which may be formed from four 
things. When k= 4 we have n—7; then it may be shown that the con- 
figuration is that which is complementary to PG(2, 2), whence it follows that 
the group belonging to the configuration is the doubly transitive group of 
degree 7 and order 7-6-4. | 
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When & = 5 we have n—11. It is not difficult to show that there is 
just one configuration of degree 11 of the type now in consideration and that 
it is equivalent to the configuration A,[11] treated in §9 and that the group 
belonging to it is doubly transitive and of order 11-10-6. 

When k 6 we have n=16. A corresponding configuration may be 
constructed in the following manner. By means 


of the adjoining scheme form 16 sets of six A & CD 
letters each by taking for each letter in the tS OS eae 
scheme the six which are aligned with it (ex- EFGd4#H 
cluding that letter itself). Thus correspond- Se se 
ing to A and B we form respectively the sets od & & 
BCDEIM and ACDFJN. The 16 sets formed 2 es 
constitute a complete 2-2-6-configuration of the MN OP 


kind here in consideration, as one may readily 
verify. The group belonging to the configura- 
tion is the doubly transitive group of degree 16 and order 16-15-12 4. 

In this case (k = 6, n=16) the configuration is not unique; but the 
total set of inequivalent configurations seems never to have been determined. 
(In fact, the general class of configurations treated in this section seems 
never to have been previously considered). A second configuration for the 
case k = 6 and n — 16 consists of the sets in the following sixteen columns: 


AAA SEC AA F 
IE & 
HG@GFGHEA BOKER OLE 
RETF IO AAAI 


To show that this is different from the foregoing 2-2-6-configuration one 
proves that it belongs to a different group. There exists also a complete 
2-2-9-configuration (of the type here studied), consisting of the 37 sets into 
which the set 1, 7, 9, 10, 12, 16, 26, 33, 34 is transformed by the 37-9 trans- 
formations generated by /’ =¢-++ 1 mod 37 and ¢# =16¢ mod 37. 

The configurations which we have named are apparently all the known 
configurations of the class here in consideration ; but there seems to be nothing 
known to show their non-existence for any value of & greater than unity. 
In particular, it seems not to be known whether such configurations exist 
for k =7 or 8. 

With every configuration of the class here in consideration one may 
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associate an adjoint configuration, in the following manner. Number the 
sets in the configuration from 1 to n inclusive; let ai, a2, °° *, dn be the 
symbols appearing in the configuration. Now form a configuration of the 
numbers 1, 2,- - -, » by taking for the i-th set the & numbers which designate 
the k sets in which a; appears, doing this for i—1,2,---,n. Then the 
m numbers appear in n sets of & numbers each. That they form a complete 
2-2-k-configuration of the class in consideration is readily shown by observing 
that if a; and a; appear together in the A-th and y-th sets of the original 
configuration, then » and w appear together in just two sets of the new con- 
figuration, namely, in those determined by means of a; and a;. If the second 
of two configurations is adjoint to the first then the first is also adjoint to 
the second. 


